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PREFACE 


Compulations]  Fluid  Dynamics  (CFD)  play  an  increasingly  important  role  in  die  aerodynamic  design  of  flight  vehicles. 
The  mam  reasons  for  this  arc  the  rapid  developments  in  computer  hardware  and  solution  algorithms  tn  combination  with  the 
increasing  requirements  (and  potential)  for  improving  aerodynamic  quality  and  reducing  design  cycle  time  and  cost. 

The  objective  of  the  aerodynamic  design  of  flight  vehicles  can  be  described  as  to  shape  the  external  geometry  of  the 
various  pai  .s  of  a  configuration  in  such  a  way  that  they  will  exhibit  given  aerodynamic  charocterisiics  while  satisfying  a  large 
number  of  geometric  and  other,  for  instance,  structural  constraints.  CFD  can  serve  this  purpose  in  different  ways.  In  a  broad 
sense-two  categories  of  aerodynamic  design  methodology  utilizing  CFD  may  be  distinguished. 

One  category  utilizes  analysis  type  CFD  methods  in  ah  heuristic/empirical  cut-and-try  type  of  process.  In  this  kind  of 
process  the  role  of  CFD  is  to  prcd!ct  the  actodynainic  characteristics  of  a  configuration  (or  part  thereof)  of  given  geometry 
provided  by  the  designer. 

The  second  category  of  CFD-bascd  methods  addresses  the  problem  of  design  for  given  aerodynamic  characteristics  in  a 
more  direct  sense.  Examples  are  “inverse”  methods  which  provide  the  detailed  geometry  required  to  generate  a  given 
pressure  distribution  and  methods  utilizing  numerical  optiir  'zallon  techniques  to  obtain  the  geometry  that  minimizes,  subject 
to  constraints,  a  given  aerodynamic  objective  function  such  as  drag,  load  distribution,  etc. 

It  can  be  argued  that  this  second  category  of  methods  in  particular  offers  unique  possibilities  of  which  there  is  no 
equivalent  in  expet  imcntal  aerodynamics.  It  is,  therefore,  perhaps  somewhat  surprising  that  the  design  type  of  CFD  methods 
appear  to  receive  relatively  little  attention  as  compared  to  the  analyses  type  of  methods. 

It  is  tins  observation  that  led  the  Fluid  Dynamics  Panel  To  organize  a  Specialist  Meeting  on  the  subject  of 
“Computational  Methods  for  Aerodynamic  Design  (Inverse)  and  Optimization”.  This  volume  collects  the  papers  presented 
at  the  Specialists'  Meeting  and  the  concluding  Round  Tabic  Discussion. 

For  the  sake  of  statistics  it  is  mentioned  that  of  the  33  papers  offered  to  the  Program  Committee  23,  (including  .nvited 
papers)  could  be  accommodated  within  the  time  frame  available. 

These  23  papers  v/ercordercd  into  4  sessions: 

—  Invited  and  Survey  Papers  (3  papers) 

—  Inverse  Methods — Airfoils  and  Wing?  (5  papers) 

—  Inverse  Metiiods  —  Turkomachincry  (6  papers) 

—  Numerical  Optimization  Techniques  (9  papers) 

In  alphabetical  order  of  country  of  tfrigin  there  was/were 

1  paper  from  Belgium 
3  papers  front  France 
5  papers  from  Germany 
3  papers  from  Italy 
3  papers  from  The  Netherlands 
1  paper  from  Portugal 
1  paper  front  Turkey 
1  paper  from  UK 
5  papers  from  USA 

It  is  finally  remarked  that  the  Technical  Evaluation  Report  on  the  meeting  is  available  as  AGARD  Advisory  Report 
No.267. 
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PREFACE 


Les  Calcul  en  Dynanuque  dcs  Fluulcs  (CDF)  jouc  cn  role  de  plus  en  plus  important  dans  la  conception  aerodynamique 
des  vchicules  aenens.  Les  pnncipalcs  raisons  pour  ceci  sont,  les  progres  rapidcs  qui  ont  etc  realises  dans  le  domains  du 
inatenel  informatiquc  ct  des  algonthmes  dc  resolution,  ainsi  que  la  demands  (et  le  potenticl)  croissants  cn  ce  qui  conccrnc 
['amelioration  de  la  qualite  aerodynamique  ct  la  reduction  du  cout  et  de  la  duree  du  cycle  d’etude. 

La  conception  aerodynamique  des  vehicules  actions  a  pour  objcctif  dc  former  la  geometric  externe  dcs  differents 
elements  d’une  configuration  donnee  de  telle  maniere  qu'ils  presentent  un  certain  nombre  de  caractcristiques 
aerodynamiques  donnees,  tout  cn  rcspcctant  un  nombre  important  de  contraintes  gcometriques  et  autres,  parmi  lcsqucllcs 
dc  contraintes  structurelles.  Le  CDF  peut  servir  a  cette  (in,  et  de  differentes  fagons.  De  maniere  generate,  on  distingue  deux 
categories  de  methodologies  pour  la  conception  aerodynamique  faisant  appel  au  CDF, 

La  premiere  utilise  des  methodcs  analytiques  dans  un  precede  heuristique/empirique  du  type  a  experimentation 
.systematique.  Le  role  du  CDF  dans  cc  type  de  precede  ext  dc  prevoir  les  caractcristiques  aerodynamiques  de  tout  ou  partie 
d'unc  configuration  d'unegeomctrie  donnee,  fournie  par  le  conccptcur. 

La  deuxieme  catcgorie  de  methodc  permet  d'aborder  d’une  fagon  plus  directc  le  problcmc  de  la  conception  en  fonction 
decaractenstiqucs  aerodynamiques  dor  :ecs.  Parmi  les  exemplcs  de  ces  methodcs,  on  peut  citcr  les  methodcs  inverses  qui 
donnent  la  geometric  dctaillcc  necessairc  pour  unc  distribution  de  pression  donnee,  ct  les  methodcs  qui  font  appel  a  des 
techniques  ^’optimisation  numenques,  afm  d'obtcnir  une geometric,  laquelle,.,ous  reserve  de  ccrtaines  contraintes,  permet 
de  mimmalisci  une  fonction  distincte  aerodynamique  donnee,  telle  que  la  trainee,  la  repartition  des  charges  etc. 

On  peut  dire  que  cette  deuxieme  categorie  dc  methodcs  cn  particular,  offre  des  possibility  uniques,  qui  ne  trouvem 
aucun  equivalent  dans  le  domaine  de Taerodynamique  expcrimentale.  II  est  done,  quelquc  peu  surprenant  que  les  types  dc 
methodc  CDF,  pour  la  conception  suscitcnt  relativement  peu  d’interct  cn  comparaison  des  types  de  methodc  pour  l’analyse 

Cette  constation  a  amend  le  Panel  de  la  Dynamique  des  Fluides  a  organiser  une  reunion  de  specialistes  sur  le  theme  de 
Les  methodcs  de  calcul  pour  la  conception  aerodynamique  (methodcs  inverses)  et  ['optimisation".  Lc  present  volume  est  un 
rccueil  des  communications  presences  lors  dc  la  reunion  de  specialistes  ct  de  la  tabic  rondc  tenue  cn  fin  de  seance. 

Par  egard  pour  les  stattsttques,  nous  tenons  a  signaler  que  sur  les  33  communications  proposecs  au  comitc  du 
programme,  23  (dont  colics  rcalisccs  a  la  demande  expressedu  comite)  ont  pu  etre  presentees  dans  lc  temps  imparti. 

Ccs  23  communications  ont  ete  presentees  en  4  seancy: 

Communications  presentees  sur  invitation  ct  communications  presentant  l’ctat  de  l’art  (3  communications) 

Methodcs  inverses  —  Profils  aerodynamiques  ct  voilurM  (S  communications) 

Methodcs  inverses  —  les  turbomachines  (6  communications) 

TechniquM  d’optimisation  numcriquy  (9  communications) 

La  liste des  communications  par  pays  d’origine  et  par  ordre  alphabetique  s'etablit  corntne  suit: 

1  communication  de  la  Belgique 
3  communications  de  la  France 
5  communications  de  I'Allcmagnc  Fcdcrale 
3  communications  dc  l’ltalie 
3  communications  du  Pays  Bas 
1  communication  du  Portugal 
1  communication  de  la  Turquie 
1  communication  du  Royaume  Uni 
5  communications  dcs  Etats  Unis 

En  conclusion,  il  Mt  a  notcr  quo  le  rapport  devaluation  technique  pour  cette  reunion  est  disponible  sous  la  forme  du 
rapport  consultatif  de  1’AGARD  No.267. 
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PROGRESS  IN  INVERSE  DESIGN  AND  OPTIMIZATION  IN  AERODYNAMICS 

by 


Helmut  Sobieezky 

DLR  Institute  for  Theoretical  Fluid  Mechanics 
Bunsenstrasse  10 
D-3400  Gottingen 
Federal  Republic  of  Germany 


Summary 

Aerodynamic  design  has  been  developed  lo  an  advanced  slate  of  the  art:  Inverse  methods  allow  tor  strong 
control  of  aerodynamic  airfoil  or  wing  performance  so  that  oplimizalic’  ralegles  ore  no  longer  boyond 
practical  use  and  knowledge  bases  can  be  established  tor  the  Implen  .■■tatlon  in  "aerodynamic  expert 
systems".  This  paper  reviews  some  recent  steps  into  Ibis  direction. 

Introduction 

Twenty  years  ago  an  AGARO  conference  publication1  marked  the  date  ol  renewed  Interest  In  an  important 
field  of  fluid  mechanics:  Transonic  flow.  Among  other  progress,  one  ot  the  reasons  was  that  Important 
results  were  presented  for  systematically  designed  airfoil  flows  without  a  recomprosslon  shock  at  design 
conditions.  These  have  been  found  by  Nleuwland,  and  progress  also  In  wind  tunnel  experiments  now 
allowed  tho  conclusion  that' such  Hows  actually  would  be  ot  practical  interest.  Systematic  use  was  made 
by  the  fact  that  compressible  gasdynamlcs  allows  for  a  linearization  ot  the  basic  model  equation  if  the  roles 
of  Independent  (2D  space  coordinates  x,y)  and  dependent  variables  (velocity  components  u,v)  are 
switched.  Every  approach  to  gain  Insight  In  particular  How  problems  by  this  change  of  roles  was  called  a 
use  of  "the  Hodograph  Method".  In  contrast  to  the  linear  model  equations,  an  airfoil  boundary  value 
problem  In  the  hodograph  plane  (u,v)  Is  nonlinear  and  Iheretore  did  not  easily  ailow  for  the  construction 
of  practical  airfoil  (lows.  Results  were  termed  as  obtained  "indirectly",  because  the  classical  "inverse" 
problem  -  to  prescribe  the  velocity  or  pressure  distribution  and.oblaln  a  transonlc  airfoil  shape  -  was  still 
not  solved  twenty  years  ago. 

During  the  seventies  and  early  eighties,  knowledge  ot  basic  analytical  models,  as  well  as  the  resulting 
indirect  methods  and  the  avaitabitlty  ot  larger  computers  allowed  for  the  development  of  a  number  of 
computer  programs  to  design  shock-tree  transonic  airfoils’  In  addition,  faster  How  analysis  methods  with 
viscous  ctfecls  already  taken  Into  account,  were  used  for  the  direct  design  approach  by  successive  shape 
variations.  Design  methods,  termed  "Indirect*  and  "dliect"  became  available  but  finally  also  the  step  from 
indirect  to  "inverse"  techniques  completed  methodology  as  a  toolbox  available  today  for  tho  aerodynamic 
designer’. 

This  present  review  Is  not  quite  restricted  to  transonic  flows  but,  because  ol  the  author's  interest,  mainly 
adressing  this  speed  regime. 

It  starts  with  tho  observation  that  today  ihe  hodograph  transformation  has  some  renewed  value  for  phe¬ 
nomena  understanding:  refined  mathematical  modelling  is  necessary  lo  deline  a  knowledge  base  for  future 
design  and  optimization  concopls.  A  tew  of  the  successful  development  in  (ho  field  of  inverse  airfoil  and 
wing  design  methods  published  during  the  past  5  years  will  be  mentioned. 

Design  methods  are.sultable  for  optimization  strategy  development,  as  well  as  tho  availability  of  Inexpen¬ 
sive  flow  analysis  codes,  to  be  run  many  times  on  carefully  varied  geometrical  boundary  conditions. 
Geometry  generation  Is  a  large  topic  on  its  own  so  il  will  be  menlioned  here  only  as  a  basic  componenl  for 
optimization. 

Aside  from  tho  world  of  supercomputing  numerics  and  facilities  we  wifness  the  rapid  pi  ogress  in  modern 
workstation  computer  development.  New  possibilities  arise  to  make  use  ot  accumulated  aerodynamic 
experience,  Input  (or  "expert  design  systems"  within  the  technology  ot  artificial  intelligence. 

Value  of  the  Hodograph  Transformation 

Mapped  Phenomena 

Early  transonic  llov/  research  was  successfully  exploltlng-tho  tael  that  two-dimensional  compressible  How 
modelling  yields  linear  equations  for  velocity  potential  or  stream  function,  A  variety  of  attempts  to  describe 
How  singularities  was  partly  successful  by  solving  complex  problems  and  partly  not  so  successful  because 
some  approaches  lo  arrive  at  solutions  rather  confused  the  aerodynamlclst  than  simplified  the  task  to 
doslgn  practically  useful  flow:  examples.  Today  we  have  renewed  interest  In  hodograph  solutions  for  dif¬ 
ferent  reasons:  Rapid  desk-top  computers  with  interactive  graphics  allow  fc"  a  direct- evaluation,  easier 
understanding  amt  appl’calion  of  such  solullons.  One  complex  of  questions  is  related  to  the  nature  and 
sensitivity  of  supercritical  airfoil  flows  without  cr  with  tolerably  weak  recompression  shocks.  Model  sol¬ 
utions  of  a  simple-analytic  structure  describe  supersonic  bubbles  embedded  In  subsonic  flows.  These  well 
understood  How  components  and  their  mappings  in  the  hodograph  plane  may.draw.ronilpueus-  Inferosl 
hocouse  fhey  moybsusedio  support  'heuristic  models  to  tie-implemented  In  global  design  and  optimiza¬ 
tion  goals. 

Ono  example  is  our  task  lo  use  the  hodograph  of.supercrillcal  airfoil  How  fields-for  practical  design  mod¬ 
ification  fools:  Fig,  i  shows  the  result  of  an  airfoil  (low  analysis,  mapped  to  hodograph  variable's.  Here  we 
use  the  Prandlf-Meycr  function  (dopondlng  only  on  (ho  local  Mach  Number)  and  tho  H6w,anglo.  Earlier 


studies  in  this  special  hodograph  allowed  (or  a  rheoetectrlc  (low  analogy  ( 'Rheograph  '  )*•  today  we  use 
(his  knowledge  base  to  develop  simplified  models  (or  an  expert  system.  The  figure  shows  the  (low  in  the 
physical  and  In  the  rheograph  plane.  The  role  of  the  characteristics  within  the  supersonic  Held  Is  crucial  (or 
sensitivity  to  otf-destgn  perturbations. 

Analytical  particular  solutions  valid  In  the  near-sonic  domain-help  to  clarify  the  appearance  of  shocks  In 
slightly  peiturbed  shock-free  flows.  Test  cases  for  numerical  methods  are  easily  defined  by  exact  local 
solutions5.  Fig.  2  shows  a  model  for  a  cusped  Indentation  to  the  sonic  line  of  a  local  supercritical  Held 
wetting  a  smoothly  curved  airfoil  contour.  Such  Indentations  are  observed  in  experiments  and  refined 
analysis  calculations  of  airfoil  Hows  with  very  Hat  supersonic  bubbles,  If  the  lilt  or  the  Mach  number  Is 
slightly  below  design  conditions  (Fig.  3b). 

Laminar  flow  control  (LFC)  technology  rosoarch  In  the  transonic  regime  has  strossoa  the  importance  of 
very  refined  knowledge  of  local  (Invlscid)  (low  structure  because  of  Its  Intiuence  on  the  appearance  ot  vis¬ 
cous  instabilities.  In  W,  Pfennlnger's  work*  the  role  ot  the  hodograph  Is  outlined  as  a  tool  for  a  knowledge 
base  about  laminar  flow  control.  The  quality  of  local  supersonic  flow  bubble  shapes  is  found  crucial  for 
design  pressure  (Fig.  3a)  distribution  as  well  as  for  sensitivity  to  oft  design  perturbations  (Fig.  3b); 

'At  the  design  point  with  transonic  potential  flow  the  supersonic  bubble  should  be  regular  without  concave 
indentations,  which  precipitate  off-design  shock  formation.  For  this  purpose,  the  supersonic  zone,  where 
the  surface  curvature  increases  continuously,  must  decelerate  progressively  taster  to  sonic  velocity,  fol¬ 
lowed  by  a  steep  subsonic  rear  pressure  rise  with  suction. 

The  upper  surface  nose  contour  Is  characteristic  to  airfoils  with  a  far  upstream  pressure  minimum;  It 
decisively  Influences  the  entire  How  of  the  upper  surface  supersonic  zone.  The  on-design  hodograph 
streamline  of  tho  upper  surface  decelerates  continuously  over  a  wide  range  of  flow  Inclination  angles  ( i.e., 
upper  surface  slope  angles)  from  the  pressure  minimum  to  the  Hat  rooftop”. 

It  Is  exactly  such  detailed  knowledge  about  the  phenomena  crucial  for  airfoil  performance  which  should 
be  made  available  by  new  techniques  to  evaluate  model  solutions,  mappings  and  graphic  display. 

Fictitious  Gas  Concept:  a  Link  between  Direct  and  Inverse  Design  Methods 

A  detailed  knowledge  of  local  flow  phenomena  Is  undoubtedly  the  best  prerequisite  for  successful  config¬ 
uration  design.  Hodograph  mappings  have  laid  ground  for  the  nearly  -  direct  'Fictitious  Gas'  design 
concept' ,  which  has  resulted  in  a  number  of  efficient  computer  codes  to  redesign  given  2D  or  3D  config¬ 
urations  to  be  shock  -  free*'1 . 

Aerodynamlcists  have  also  developed  their  own  applications  of  the  concept,  which  can  be  implemented  in 
nearly  every  analysis  code.  However,  It  takes  creativity  and  the  courage  for  non  -  standard  approaches  to 
make  full  use  of  the  idea  which  still  seems  to  have  the  potential  to  help  gaining  a  better  understanding  of 
unresolved  mixed  type  flow  phenomena.  Starting  with  shock  •  free  redesigns  to  finally  arrive  at  aerodyna- 
mlcally  optimized  3D  configurations  seems  both  relatively  easy  and  economical,  see  some  examples  in 
review* . 

Indirect  Design  Methods 

Because  of  rapid  progress  In  direct  computational  fluid  dynamics  within  the  past  years  there  are  only  very 
few  new  methods  for  solving  the  hodograph  equations  with  boundary  conditions  resulting  from  an  indirect 
design  approach.  One  method  seems  Interesting  from  a  numerical  point  of  view; 

The  work  of  C.  Mavriplis10  Is  an  attempt  at  combining  the  hodograph  formulation  and  spectral  methods  to 
create  an  efficient  analytlcal/numerlca!  method  for  designing  two-dimensional  transonic  How.  Spectral 
methods  were  chosen  for  their  efficiency  and  accuracy.  They  are -an  extension  of  (he  classical  separation 
of  variable  methods,  capable  of  approximating  smooth  solutions  with  exponential  convergence.  An  Itera¬ 
tive  numerical  procedure  Involving  a  Chebyshev-Fourier  pseudo-spectral  method  Is  constructed  for  the 
soluilon  of  two-dimensional  shocktoss  transonic  potential  How  In  the  hodograph  plane, 

Invorso  Design  of  Airfoil  and  Wings 

The  classlcal  inverse  problem  of  aerodynamics  Is  posed  by  specifying  the  pressure  distribution  around  an 
airfoil  or  wing  and  determining  the  geometry  of  this  airfoil  or  wing  that  realizes  this  pressure  distribution 
as  soluuon.  For  incompressible  flow  past  airfoils  this  classical  problem  was  solved  by  LlghttHII”.  Com¬ 
pressible  Hows,  especlally  in  the  mixed  subsonic/supersonic  regime,  did  not  allow  for  reasonably  precise 
solutions  until  perhaps  a  decade  ago, 

Today,  with  the  help  of  faster  a  ,d  larger  computers.  Iterative  procedures  allow  for  the  solution  of  nonlinear 
model  equations  as  well  as  nonlinear  boundary  value  problems.  The  latter  are  a  crucial  part  of  inverse 
problems  and  results  at  first  were  obtained  for  potential  How  models.  Volpe  and  Melnik11  have  developed 
a.method  for  airfoils  in  llowc  with  Mach  numbers  up  to  tbe  frahsonlc  rogime.  Interesting  insight  into  the 
structure  of  transonic  (lows  can  be  gained  with  results  from  this  method; 

SpeciHration  of  shock-free  pressure  distributions- on  airfoils  In  too  high  Mach  numbers  resulls  in  flows 
where  indeed  fho  surface  pressure  distribuiion  is  shock  free,  bid -a  strong. recompression  shock  w»<e  ter¬ 
minates  a  part-of.the  supersonic  bubble  within  the  Howfield  (Fig.4),  resulting  in  strong  wavedra'  id  pre¬ 
sumably  a  very  unstableibohavlor  of  this  flow  near  the  design  condition.  We  may  ask  how  to  a  >id  such 
unwelcome  results  without  having  to  Investigate  the  How  Held  above  the  airfoil  contour  and  checking  the 
Integrated  airfoil  drag.  A  simple  answer  results  from  knowledge  of  the  hodograph  m  ipplng:  The  undesir¬ 
able  airfoil  property  of  such  a  "hanging.shock”  Is  compatible  only  with  a  part  of  tho  airfoil  surfacebeing 
concave  In  the  supersonic  region.  This  fact  allows  to  impose  an  additional  constraint  on  surface  curvature. 


Other  Inverse  potential  flow  methods  ore  proposed  by  Ooripa15  and  for  multielement  airfoils  In  Incompres¬ 
sible  flow  by  Siladlc  and  Carey'*, 

M.  Drela15  developed  a  now  design/analysis  method  for  airfoils  and  cascados.  It  solves  tho  Euler  equations 
and  allows  for  viscous  Interaction  by  a  coupling  with  a  boundary  layer  method. 

S.  Takanashl'*  uses  the  transonic  Integral  equation  to  develop  on  iterative  design  procedure  utilizing  vari¬ 
ous  reliable  analysis  codes. 

Because  of  tho  attractivlty  of  these  methods,  they  are  described  here  In  more  detail,  reproducing  some 
convincing  results  for  airfoils  and  wings  designed. 

M.  Drela's  Design-Method  using  the  Euler  Equations 

This  design/analysis  method  Is  based  on  a  novel  discretization  and  solution  technique  for  the  steady  Euler 
equations.  The  discretization  Is  based  on  an  Intrinsic  grid  In  which  one  set  of  coordinate  lines  corresponds 
to  streamlines  and  hence  (hero  Is  no  convection  across  the  corresponding  faces  of  the  conservation  cells. 
This  typo  of  coordinate  system  Is  very  attractive  for  the  steady  state  Euler  equations.  Both  the  continuity 
and  energy  equations  aro  replaced  by  the  simple  conditions  of  constant  mass  flux  and  stagnation  enthalpy 
In  each  streamtube,  thus  reducing  the  number  of  unknowns  per  grid  node  from  four  to  two.  With  conven¬ 
tional  finite-volume  discretization, all  four  equations  and  four  unknowns  por  grid  node  must  bo  retained  In 
general,  and  only  the  energy  equation  can  be  eliminated  In  the  special  case  of  constant  upstream  total 
enthalpy. 

The  key  feature  of  the  present  discretization  scheme  which  permits  Inverse  solutions. to  be  performed  Is 
that  since  the  streamline  grid  evolves  os  part  of  the  solution,  the  airfoil  shape  (which  Is  defined  by  two 
particular  streamlines)  can  evolve  as  well.  In  the  discrete  equations,  It  Is  as  easy  to  specify  that  (ho  surface 
pressure  match  some  given  distribution  as  It  is  to  specify  that  the  surface  streamlines  match  the  airfoil 
shape. 


The  boundary  conditions  for  the  analysis  code  deal  with  the  direct  problem.  A  body  geometry  was  pre¬ 
scribed,  and  the  flow  field  and  surface  pressures  were  a  result  of  a  calculation.  An  alternative  to  this  pro¬ 
cedure  is  the  Inverse  problem,  where  surface  pressures  are  presclbed  and  geometry  Is  calculated  as  a 
result.  A  straightforward  Implementation  of  this  Idea  is  to  replace  the  fixed-wall  boundary  condition  with 
tho  condition  thel  the  wall  pressure  at  each  grid  node  on  the  body  surface  equal  some  specified  value. 

In  addition  to  (he  full-inverse  formulation,  tho  program  Implementing  the  algorithms  also  handles  the 
mixed-inverse  formulation,  where  the  pressure  is  proscribed  on  part  of  airfoil,  and  the  geometry  Is  pro¬ 
scribed  on  the  rest.  This  can  In  fact  be  considered  a  generalization  of  both  the  direct  and  full-inverse  for¬ 
mulations,  since  either  the  prescribed-prossure  or  the  prescribed-goomotry  parts  can  In  principle  encom¬ 
pass  the  whole  airfoil.  The  ability  to  mix  the  two  formulations  In  arbitrary  proportions  Is  an  extremely  useful 
feature  which  glvos  the  designer  much  more  overall  control  over  both  the  aerodynamic  and  geometric 
properties  of  the  airfoil  than  Is  present  with  either. formulation  alone. 

Some  test  cases  Involve  the  RAE  2822  supercritical  airfoil.  They  are  compared  with  experiment  to  demon¬ 
strate  the  accuracy  of  the  turbulent  Integral  boundary  layer  formulation  for  transonic  flow  with  and  without 
shock-induced  separation.  The  design  case  demonstrates  the  redesign  of  the  suction  side  of  tho  2822  air¬ 
foil  using  the  mixed-inverse  design  option,  see  Fig.  5..  This  redesign  eliminates  wave  drag  and  yields  a 
21%  predicted  drag  reduction  from  the  original  2822  drag, 

•S.  Takanaslii's  Design  Method  using  the  Transonic  Integral  Equation 

A  practical  design  method  Is  presented  for  three-dimensional  transonic  wings  with  prescribed  pressure 
distributions.  Tho  method  Is  based  on  an  iterative  'residual-correction'  concept.  The  residual,  defined  as 
the  difference  between  the  computed  and  the  prescribed  pressure  distributions  at  each  Iteration  step,  Is 
determined  by  (he  use  of  an  existing  direct  analysis  code  for  a  transonic  wing  with  or  without  tho  body. 
The  wing  geometry  correction  to  compensate  for  the  residual  can  be  approximately  obtained  from  the 
Inverse  solution  code  developed  In  the  present  study.  The  Inverse  (correction)  problem  Is  mathematically 
reduced  to  a  Dlrichlet  boundary  value.problem  that  Is  solved  here  by  the  aid  of  the  transonic  Integral 
equation  method. 

The  advantage  of  the  iterative  residual-correction  procedure  approach  Is  that  only  minimal  effort  In  devel¬ 
oping  the  geometry  correction  code  Is  needed  to. compensate  for  tho.pressure  residual, while  an  analysis 
code  Is  retained  In  Its  original  form  and  can  be  treated  s/  lely  as  a  'black  box'.  As  a  result,  the  analysis 
code  can  be  easily  replaced  whenever  a  more  advanced  cv-do  becomes  available. 

The  basic  procedure  of  Iteration  for  the  wing  design  is  described  in  the  following,  1)  the  flowfleld  Is  solved 
for  an  Initial  wing  by  a  direct  analysis  code  that  provides  the  initio!  piecsure  dlsribuilon;  and  2)  (he  Inverse 
correction  corresponding  to  the  piessure  difference  between  the  aclually  computed  pressure  at  (he  first 
step  and  a  specified  pressure  distribution.  As  long  as  lhe.hlgher  -order  terms  In  the  transonic  Integral 
equation  are  small,  the  calculated  geometry  difference  can  provide  a  good-approximation  of,  the  exact 
amount  of  correciion  for  the  initial-wind  geometry  Thus,  a  now  wing  geometry  is  obtained thai,  In  turn;  can 
be  used  as  the  second  set  of  Input  data  to  the  analysis  code.  The  same  process-ls  repeated  until  conver¬ 
gence  Is  achieved  In  tho  sonso  that  the  calculated  pressure  distribution  agrecs-with  the  prescribed  one 
within  a  specified  amount  of  tolerance. 

This  procedure  requhes  neither  restrictions  on  the  formulation  nor  a  numerical  solution  scheme  for  the 
analysis  code.  The  only  reqlrement  Is  (hat  the  flow  solver  calculates  the  pressure  distribution  on  the  cor- 


reeled  wing  surface,  since  the  design  code  Is  completely  Independent  of  the  analysis  code.  Therefore,  any 
analysis  code  for  a  three-dimensional  transonic  wing  with  or  without  a  body  can  be  employod  using  the 
procedure.  FLO-22  was  at  first  used  as  a  direct  codo  for  the  nonconsorvative  infinite  difference  equations 
derived  from  the  three-dimensional  transonic  full  potential  equations. 

A  transonic  swept-wlng  design  for  a  transport  airplane  was  attempted.  The  target  pressure  distribution 
chosen  hero  Is  characterized  by  Its  particular  Isobar  pattern.  That  Is,  the  speclfiedchordwiso  pressure 
distributions  are  tho  same  at  any  span  station  botwoon  the  wing  root  and  tip,  so  tnat  the  straight  lino  Isobar 
pattern  Is  realized  over  tho  entire  wing  surface  (Fig.  6). 

The  design  method  recently  has  been  coupled  also  with  a  Navier-Stokos  code'7 .  Results  for  viscous  airfoil 
design  have  been  obtained  using  the  2D  analysis  code  IISFOIL;  on  example  Is  shown  in  Fig.  7. 

Aerodynamic  Optimization 

This  paper  deals,  In  the  previous  part,  with  Inverse  design  procedures.  Hodograph  models  and  Indirect 
design  concepts  are  considered  a  theoretical  background  and  basic  toolbox  for  development  of  practical 
Inverse  methods.  The  ultimate  goal  of  either  approach  is  tho  ability  to  find  shapes  which  perform  "opti¬ 
mally"  In  a  certain  range  of  missions.  An  optimum  may  include  many  abilities  beyond  aerodynamic  per¬ 
formance,  here  we  constrain  the  large  amount  of  practically  Important  parameters  to  the  group  within  the 
discipline  "aerodynamics"  but  we  do  this  knowing  that  aerodynamic  design  does  not  play  the  most  impor¬ 
tant  rolo  In  global  deslgn/optlmlzatlon  of  a  new  airplane  project  Optimization,  both  just  aerodynamic  or  In 
other  disciplines  like  structures,  require  a  suitable  parameterization  of  the  shapes  to  be  designed.  It  is 
therefore  the  basic  discipline  of  geometry  which  turns  out  to  be  a  key  tool  for  optimization,  utilizing  direct 
or  Inverse  design  methods. 


Using  aerodynamic  knowledge  for  geometry  parameterization 

Learning  from  test  cases  evolving  from  hodograph  models,  inverse  and  direct  design  studies,  we  develop 
a  knowledge  base  about  the  regions  of  high  aerodynamic  sensitivity  on  configuration  surfaces.  This  is  true 
especially  In  the  transonic  regime,  here  the  surfaces  wetted  by  supersonic  flow  are  most  important.  Mixed 
direct-inverse  operation  like  the  one  In  Drela's  Euler  code  mentioned  above  are  therfore  of  high  practical 
value.  Such  an  approach  may  Implement  the  best  features  of  subsonic  aerodynamics  on  the  main  portion 
of  the  whole  configuration,  but  allow  for  modifications  within  the  supersonic  domain.  Initial  geometries  as 
an  input  to  dcsign/oplimlzation  cycles  should  therefore  consist  of  accurately,  i.e.  analytically  defined  sur¬ 
faces,  but  allowing  for  local  shape  deformations  analog  to  clastic  variable  geometry  devices  on  actual 
configurations. 

Based  on  this  concept  the  author's  geometry  generator  code  E88”  "  has  been  created  as  a  tool  for  design 
aerodynamics.  Input  wing  sections  to  be  blended  arbitrarily  along  wing  span  allow  an  a-prlorl  selection  ol 
airfoils  known  to  be  suitable  for  the  desired  range  of  operation.  Spline  supports  of  these  basic  sections 
may  be  situated  densoly  where  tho  contour  Is  fixed,  but  only  a  few  support  points  are  located  within  the 
contour  portion  which  Is  allowed  to  vary.  Fig.  8  shows  such  sections:  the  single  supports  on  the  upper 
surface  are  to  bo  moved  vertically  like  Jacks  of  a  flexible  wall  in  a  wind  tunnel.  Use  of  a  reliable  analysis 
code  to  determine  aerodynamic  response  to  a  support  location  change,  the  definition  of  an  objective 
function  to  be  minimized  and  an  optimizer  complete  the  software  for  aerodynamic  optimization. 

Cosentlno  and  Holst”  have  used  a  version  of  the  abovementloned  geometry  generator  to  be  coupled  with 
a  potential  flow  wing  analysis  code,  wing  optimization  was  performed  using  litl-ovor-drag  ratio  as  objective 
function.  Fig.  8  shows  three  generating  sections  at  wing  root,  break  and  tip  with  three  movable  spline 
supports  each.  This  gives  nine  parameters  in  total  to  be  varied  In  a  gradient  method  optimization  strategy. 
Here  tho  fact  Is  stressed  that  aerodynamic  knowledge  allows  tis  to  create  shapes  with  many  fixed  but  only 
a  tew,  but  crucially  important,  movable  parameters,  located  in  areas  where  the  flow  Is  Influenced  most 
effectively.  Fig.  8  shows  a  selected  span  station  with  pressure  distribution  before  and  after  the  optimiza¬ 
tion  process. 


The  number  of  parameters  for  shape  variation  can  be  further  reduced  If  geometric  changes  can  be 
expressed  by  suitable  functions  controlled  by  fewer  parameters  than  the  number  of  moveable  spline  sup 
ports.  We  drive  the  use  of  aerodynamic  knowledge  further  If  we  .ecognlze  results  from  the  fictitious  gas 
design  procedure7:  Initial  geometries  In  a  fictitious  flow  yield  the  sonic  bubble  and  tho  domain  to  be 
modified  In  a  second  step  of  the  (non-fictitlous)>calculation.  The  modification  Is  a  difference  bump  within 
this  sonic  bubble,  its  local  amplitude  being  proportional  to  the  local  bubble  height,  as  can  bo  verified  by 
simple  continuity  considerations.  Modelling  a  bump  function  between  the  calculated  sonic  points  on  wing 
sections  and  calibrating  Its  amplitude  using  the  extent  of  the  bubble  results  in  a  one-step  method  to  modify 
a  given  wing  to  become  a.  nearly  shock-free  one.  Since  we  have  learned  that  reducing  shocks  on  otherwise 
already  acceptable  designs  may  bring  tho  configuration  very  close  to  an  optimum  aerodynamic  efficiency, 
this  method71  seems  attractive  for  arbitrary  three-dimensional  conllguralions,  utilizing  a  fictitious  gas  ver¬ 
sion  of  on  analysis  code  capable  to  analyze  such  configurations. 

The  Use  of-Known  Flow  Fields  for  Configuration  Optimization 


The  main  problem  of  aerodynamic  optimization  -  compared  to  optimization  In  other  disciplines  -  Is  the 


gel  pressure  distribution.  Integration  of  tho  whole  flow  field  at  each  iteratlon  usually/cannot  be  avoided  but 
there  are  applications  to  use  selected  pa:is  of  Just  one  flow  field,  either  known  as  a  basic  flow  element  or 
computed  just  once  for  all  following  purpose? 


Revived  Interest  In  hypersonic  aerodynamics  asks  for  optimum  performance  lifting  bodies  in  this  speed 
regime,  even  with  many  details  of  How  physics  still  neglected  or  |ust  crudely  modelled.  The  concept  ol 
supersonic  wavoridors"  dates  back  thirty  years  ago,  when  the  application  of  (low  elements  with  oblique 
shocks  and  sharp  edged  delta  wings  allowed  tor  a  complete  description  of  wing  geometry  compatible  with 
a  known  supersonic  field  plus  tho  bow  shock.  These  examples  were  and  still  ore  valuable  test  cases  for 
experiments  In  supersonic  and  hypersonic  wind  tunnels.  In  addition  today,  we  may  develop  new  numerical 
algorithms  to  evaluate  more  sophisticated  model  generation,  like  the  Euler  and  time-averaged  Navier 
Stokes  equations,  using  examples  with  known  (tnvlscld)  flow  and  shocks. 

Configuration  optimization  also  'Inds  a  field  of  suitable  case  studies  because  we  may  evaluate  lift  and  drag, 
possibly  utilizing  boundary  layer  methods  and  however  little  existing  experience  in  hypersonic  flow  tran¬ 
sition.  Bowcult  et.  al”  use  conical  flow  fields  to  be  cut  out  by  a  body  leading  edge  and  determining  the 
lower  body  surface  r, reducing  lift.  The  upper  surface  is  cylindrical  in  undisturbed  flow  or  produces  addi¬ 
tional  lift  by  utilizing  an  also  known  Prandtl-Meyer  expansion  flow.  Parametric  variation  of  the  leading  edge 
shape  allows  (or  a  fast  determination  of  the  aerodynamic  characteristics  Including  friction  drag  from  a 
boundary  layer  metlx  d.  Corda  and  Anderson”  extend  this  concept  by  using  non-conical  axlsymetric  flows 
for  body  generation,  again  just  the  leading  edge  Intersecting  with  the  shock  determines  the  body  and  the 
(low.  Leading  edge  shape  parameters  are  varied  and  a  simplex  method  Is  used  to  optimize  lilt  over  drag 
(Fig.  9).  Resulting  body  shapes,  for  the  chosen  leading  edges,  may  be  ol  rather  academic  value  only,  (Fig. 
10),  but  they  provide  an  excellent  data  baso  for  the  development  of  more  general  supersonic  and  hyper¬ 
sonic  design  and  optimization  strategies,  as  well  as  -  In  combination  with  geometry  and  CFD  grid  genera¬ 
tors  -  for  an  analysis  oi  flows  past  more  applied  configurations. 

Evolution  Theory  (or  Aerodynamic  Optimization 

Tho  purpose  ot  the  two  previous  subsections  was  to  demonstrate  the  goal  of  aerodynamic  knowledge,  to 
reduce  the  number  of  design  parameters,  by  using  classes  of  shapes  or  flow  fields.  In  cases  where  this 
knowledge  baso  is  still  Insufficient,  the  number  of  design  variables  may  have  to  be  ’  Igh  at  least  for  a  tirst 
orientation. 

As  the  number  of  design  variables  Increases,  or  as  variables  become  coupled,  the  efilciency  of  a  gradient 
search  method  Is  reduced.  In  addition,  gradient  search  methods  are  quite  complex  to  implement. 
Misegados”  suggested  tho  use  of  evolution  theory  as  an  alternative  approach.  Evolution  theory  Is  a  very 
simple  method  that  can  be  used  with  any  number  of  variables,  which  do  not  have  to  be  completely  Inde¬ 
pendent  of  one  another.  In  addition,  evolution  theory  Is  Insensitive  to  step  functions  in  the  processing 
function  and  to  local  minima  and  maxima. 

Gregg  and  Mlsegades”  presented  a  wing  optimization  method  based  on  evolution  theory  and  making  use 
of  multitasking,  one  of  tho  options  to  use  multiple  processors  for  a  single  job,  executed  on  a  Cray  XMP 
computer  with  multiple  CPUs.  While  total  CPU  lime  Is  not  decreased  by  multitasking,  elapsed  time  can  be 
substantially  reduced  to  improve  turnaround  time. 

Toward  Aerodynamic  Expert  Design  Systems 

Aerodynamic  engineers  are  accumulating  expertise  In  the  field  of  CFD,  design  aerodynamics  and  In  many 
practical  fields  related  to  and  resulting  from  their  work,  they  become  experts.  Reviewing  progress  in  the 
field  of  aerodynamic  design  and  optimization,  one  cannot  oversee  recent  developments  in  the  field  of 
Artificial  Intelligence  (At),  i.e.  in  the  study  of  how  to  make  computers  perform  tasks  that  currently  have  to 
be  done,  or  are  better  done,  by  human  beings.  An  approach  to  be  successful  In  this  direction,  Is  the 
development  of  software  formulated  with  concepts  of  Expert  Systems  (ES). 

The  coupling  of  AI/ES  with  CFD  was  generally  outlined  and  demonstrated  for  aerodynamic  turbocompo¬ 
nent  design  by  S.S.  Tong”,  This  new  field  has  begun  to  spark  development  of  now  programming  lan¬ 
guages,  because  a  problem  still  obstructing  applications  of  Al  to  CFD  and  aerodynamics  is  the  lack  of 
poworful,  portable,  fully  supported  and  well  documented  developmental  software.  With  tho  current  world- 
w1  8  Interest  In  Al,  It  Is  expected  that  much  more  commercial  Al  related  software  will  soon  be  avalablc. 

However,  it  Is  evident,  that  an  Expert  Design  System  will  be  just  as  good  as  the  knowledge  bases  used  to 
build  the  system.  Necessity  to  extract  knowledge  bases  from  experts  seems  difficult  because  of  obvious 
human  reasons.  Ai  new  Interdisciplinary  world  of  Aerospace  Sciences  and  Computer  Science  with  many 
open  problems  but  also  exciting  possibilities  opens  so  that  it  Is  certainly  not  unrealistic  to  expect  progress 
In  the  development  of  aerodynamic  Expert  Design  Systems  In  the  nearfulure. 

Conclusion 

This  article  reviews  progress  In  a  field  of  design  aerodynamics,  Results  to  model  fluid  dynamic  phenomena 
are  used  to  Illustrate  the  value  of  hodograph  mappings  for  a  belter  understanding  of  flow  structure. 
Numerical  methods  for  Inverse  airfoil  and  wing  design  are  available  now  to  give  viscous  flow  results  up  to 
high  accuracy.  Aerodynamic  optimization  should  take  advantage  from  a  refined  understanding  of  tlow 
phenomena;  the  number  of  design  parameters  to  vary  surfaces  can  so  be  reduced  to  arrive  at  faster  opti¬ 
mization  procedures.  Finally,  the  new  direction  of  coupling  Artlflcal  Intelligence  with  Aerodynamic  Design 
may  use  much  of  the  recent  progress  in  systematic-design  and  optimization  developments. 
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Fig.  1:  Supercritical  airfoil  at  optimum  aerodynamic  efficiency, 
Euler  code  plus  viscous  analysis  (  Ref.  15), (a). 
Iso-Machlines  and  selected  flow  section  (b). 

Hodograph  mapping  (Ref.  4)  of  selected  flow  section  (c). 


Fig.  2:  Breakdown  of  shock-free  supercritical  flow 
wetting  a  smoothly  curved  wall: 

Analytical  model  using  transonic  similarity 
solutions  (Ref.  5):  Cusped  sonic  line  separates 
subsonic  flow  (with  Iso-Machlines)  and 
supersonic  flow  (with  characteristics  drawn) 


Fig.  3:  Laminar  Flow  Control  Airfoil  flow  (Ref.  6): 
Design  conditions  (a):  Mach  =  0.783,  ct  =  0.522. 
Off  design  cond.  (b):  Mach  =  0.772,  =  0.493. 

Sonic  lines,  Supersonic  hodograph  mapping. 


Fig.  4:  Quality  of  transonic  flo  v  field  around 
anairroil  with  shock-free  surface  pressure 
but  a  strong  shock  in  the  flow  field. 
Supersonic 'expansion' characteristics, 
Sonic  and  subsonic  Iso-Machlines. 


Fig.  5:  Mixed  Redesign  of  RAE  2822  airfoil, 
(Ref.  15). 
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Fig.  6:  Inverse  Design  of  a  shock-free  wing  (Ref.  16): 

Transonic  integral  equation  plus  FL022  wing  analysis. 
Mach  =  0.74,  GL  =  0.6492,  CD  =  0.0123;  inviscid  flow. 


Fig.  7:  Viscous  Inverse  Design  of  a  shock-free  airfoil  (Ref.  17): 
Transonic  integral  equation  plus  2D  Navicr  Stokes  code. 
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SUFHARY 


Various  aerofoil  design  exercises  carried  out  at  ASA  over  the  years  are  described,  concentrating  on  the 
part  played  by  the  inverse  methods.  The  design  of  an  aerofoil  suitable  for  the  wing  of  a  combat  aircraft 
research  model  was  successful  in  meeting  a  number  of  performance  requirements  but  the  inverse  supercritical 
method  used  gave  an  unsatisfactory  intermediate  profile  and  off-oesign  calculations  were  necessary  to 
resolve  the  problem.  In  a  research  exercise  involving  the  design  of  an  aerofoil  suitable  for  the  wing  of  a 

transport  aircraft  to  take  advantage  of  full-scale  Reynolds  number,  the  inverse  supercritical  method  used 
produced  changes  to  the  geometry  in  an  opposite  sense  to  those  finally  required.  It  is  suggested  that  the 
difficulties  with  the  inverse  supercritical  methods  arose  because  appropriate  design  target  pressures  were 
not  known  and  because  viscous  effects  were  not  included  in  the  methods.  Subsequent  designs  of  laminar  flow 
aerofoils  and  high-speed  propeller  blade  aerofoils  are  described.  For  these  cases,  a  technique  was  used 
involving  a  subcritical  method,  with  progressive  adjustment  of  target  pressures  until  a  geometry  arose  with 
suitable  flow  development  according  to  a  viscous  supercritical  method,  with  little  use  of  supercritical 
inverse  methods. 


1  INTRODUCTION 


A  fair  amount  of  experience  in  aerofoil  design  for  various  applications  has  been  gained  at  ARA  over  the 
years.  The  applications  have  included  combat  aircraft  wings,  transport  aircraft  wings  with  either  largely 
turbulent  flow  or  extensive  regions  of  laminar  flow,  and  propeller  blades.  Usually,  the  work  has  consisted 
of  design  research  exercises  aimed  at  advancing  the  state  of  the  art  but  the  work  has  sometimes  had  direct 
practical  application,  notably  in  the  case  of  aerofoils  for  propeller  blades.  The  more  academic 
investigations  have  focused  on  a  primary  design  point  but  off-design  performance  and  practical  constraints 
have  been  taken  into  account  in  the  more  applied  investigations.  The  flows  of  interest  have  almost 
invariably  included  supercritical  regions  and  shuck  waves,  particularly  at  the  primary  design  point;  these 
have  a  major  influence  on  the  aerofoil  performance.  This  paper  will  review  various  aerofoil  design 
exercises  carried  out  at  ARA  and  comment  on  the  techniques  used. 

Up  until  around  1970  it  was  customary  in  the  UK  to  carry  out  aerofoil  design  work  using  subcritical  methods 
and  then  to  investigate  the  performance  of  the  aerofoil  in  wind  tunnel  tests.  Inverse  subcritical  methods 
were  available  for  the  design  work,  giving  the  aerofoil  geometry  for  a  prescribed  flow  distribution.  With 
the  advent  of  'supercritical'  aerofoils  it  was  necessary  to  develop  greater  understanding  of  the 
relationship  between  surface  geometry  and  supercritical  flow  development,  the  relationship  differing  from 
that  in  subcritical  flow  conditions. 


The  approach  adopted  in  the  UK  to  designing  the  early  supercritical  aerofoils  was  to  combine  such 
understanding  with  an  assessment  of  the  likely  supercritical  flow  development  implied  by  the  subcritical 
methods.  Elsewhere  such  aerofoils  were  developed  using  supercritical  inverse  methods  for  shock-free  flows 
(eg  Refs  1,2)  although  the  methods  were  very  difficult  to  use.  Also,  supercritical  aerofoils  of  the  type 
proposed  by  R  T  Whitcomb  were  developed  by,  presumably,  empirically  modifying  the  geometry  on  the  basis  of 
experimental  evidence;  mathematical  expressions  for  the  profiles  of  such  aerofoils  are  given  in  Ref  3. 

In  recent  years,  methods  for  calculating  viscous  supercritical  flows  about  aerofoils  have  been  developed 
and  are  in  routine  use.  The  methods  are  sufficiently  accurate  that  it  is  now  no  longer  always  considered 
essential  to  confirm  the  performance  of  the  aerofoil  by  carrying  out  wind  vunnel  tests.  The  majority  of 
such  methods  involve  analysis  of  the  flow  for  a  given  geometry  but  inverse  versions  of  some  of  the  methods 
have  been  developed.  When  the  latter  became  available  it  was  hoped  that  a  more  flexible  approach  to 
supercritical  aerofoil  design  would  be  possible.  However,  experience  at  ARA  with  two  Inverse  supercritical 
methods  showed  up  fundamental  problems  in  their  use.  These  were  not  necessarily  a  consequence  of 
deficiencies  in  the  methods  themselves  but,  rather,  of  uncertainties  as  to  what  pressures  should  be 
prescribed  to  correspond  to  an  achievable  geometry  in  the  supercritical  region  and  result  in  an  aerofoil 
with  the  required  viscous  flow  development  and  overall  performance.  As  a  result  of  such  experience,  a 
relatively  conservative  design  approach  has  been  adopted  at  ARA,  with  less  emphasis  on  the  use  of  Inverse 
supercritical  methods. 


In  this  paper,  two  aerofoil  design  exercises  will  be  considered  which  illustrate  the  problems  which  arose 
in  using  the  inverse  supercritical  methods.  These  exercises  involved  the  design  of  a  combat  wing  aerofoil 
and  an  assessment  of  the  performance  Improvement  which  could  be  expected  from  a  transport  wing  aerofoil 
designed  for  full-scale  Reynolds  number.  In  subsequent  sections,  examples  of  more  recent  aerofoils 
designed  for  laminar  flow  wings  and  the  blades  of  advanced  propellers  will  be  described  more  briefly,  with 
an  indication  of  the  techniques  used. 


in  the  vai iuus  csrufoii  design  exercises  considered  here  were  taken  from  the  following. 


(a)  lnviscid  subcritical  Weber  theory  (analysis  and  inverse),  Ref  4.  In  this  method,  solutions  for 
thickness  and  camber  are  linearly  superimposed  and  only  aerofoils  with  sharp  trailing  edges  can  be 
dealt  with. 


(b)  'DES2D',  an  inviscid  small  perturbation  (TSP)  method  (analysis  and  Inverse),  Ref  5.  This  method  was 
developed  at  ARA.  The  inverse  capability  applies  aft  of  a  fixed  leading  edge  region,  with  a  regular 
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updating  of  the  surface  geometry  during  the  calculat  in  iterations  A  normal  velocity  related  to  the 
prescribed  tangential  velocity  by  the  vorticity  equation  and  th  s  define.,  the  surface  slope  and, 
hence,  the  profile. 

(c)  TSPVISC,  a  viscous  transonic  small  perturbation  (TSP)  method  (ana'  sis),  Ref  6.  This  method  was 
developed  at  the  RAE;  the  ir.viscid  component  is  believed  to  be  a  slight  improvement  on  DES2D. 

(d)  G+K,  the  Sauer,  Garabedian  and  Korn  inviscid  supercritical  method  (analys's),  Ref  2. 

(e)  The  Traner  design  method,  Ref  7,  as  programmed  at  ARA  (analysis  and  inveroe).  A  G  +  K  analysis 
solution  is  coupled  to  an  inverse  solution  with  Dirichlet  boundary  conditions  on  the  aerofoil  surface, 
in  an  iterative  process,  to  provide  a  design  version  of  G  +  K.  The  detaileo  velocity  distribution 
around  the  leading  edge  must  be  prescribed  and  there  is  an  option  of  specifying  a  fixed  trailing  edge 
thickness. 

(f)  VGK  a  viscous  coupled  version  of  G  +  K  (analysis),  Ref  8. 

(g)  Jameson  an  inviscid  method  capable  of  providing  solutions  for  cases  with  both  subsonic  and  supersonic 
free  streams  (analysis).  Ref  9. 

Also  some  results  are  shown  which  were  obtained  using, 

(h)  8VGK,  a  development  of  VGK  which  includes  various  second  order  viscous  effects  and  provides  a  more 
accurate  solution  (analysis).  Ref  10.  This  method  became  available  after  the  design  exercises 
considered  here  were  complete. 

The  Weber  subcritical  method  provides  approximate  solutions  to  the  incompressible  potential  flow  equation, 
witri  appropriate  compressibility  corrections  included.  The  supercritical  methods  provide  solutions  to  the 
compressible  potential  flow  equation,  by  finite  difference  techniques  involving  field  grids.  The  inverse 
methods  were  subject  to  comprehensive  checks  to  ensure  that  the  correct  geometry  was  retrieved  on 
specifying  surface  pressures  obtain  I  from  the  analysis  mode  solution,  including  supercritical  cases  with 
shocks. 

Aside  from  the  above  comments,  the  details  of  the  methods  used  are  not  discussed  in  this  paper. 

In  the  next  section,  some  general  characteristics  of  supercritical  aerofoils  will  be  described,  to  set  the 
scene.  The  combat  wing  aerofoil  design  exercise  is  discussed  in  section  3  and  the  high  Reynolds  number 
design  exercise  in  section  4.  The  laminar  flow  and  propeller  blade  aerofoils  are  described  in  sections  5 
and  6,  respectively. 


2  SUPERCRITICAL  AEROFOIL  FEATURES 

Broadly  speaking,  the  design  of  supercritical  aerofoils  involves  geometric  shaping  to  control  the  flow 
development  such  as  to  maximise  lift  or  thickness/chord  at  a  given  Mach  number,  suoject  to  constraints  on 
wave  drag  and  viscous  drag,  and  the  avoidance  of  significant  flow  separation.  Typical  features  of  the  flow 
development  and  geometry  of  a  supercritical  aerofoil  are  sketched  in  Figs  1(a),  (b),  including  some 
terminology  commonly  used.  The  flow  development  shown,  with  an  isentropic  recompression  ahead  of  a  weak 
shock,  is  actually  representative  of  a  drag-"ise  cruise  point  on  a  transport  aircraft  wing.  The  flow 
development  would  be  different  at  other  conditions,  or  on  aerofoils  for  different  applications. 

A  primary  aerofoil  parameter  is  thickness/chord.  At  the  condition  shown,  the  maximum  velocity  due  to 
thickness  alone  may  oe  near  to  sonic,  and  the  thick  less/chord  which  gives  this  velocity  reduces  as  the 
freestream  Mach  number  increases.  The  thickness  form  tends  to  be  cusped  towards  the  trailing  edge,  with  a 
low  included  angle  and  some  base  thickness.  The  base-thickness  is  limited  by  the  need  to  avoid  excess  base 
drag. 

The  term  'rooftop'  refers  to  a  region  of  roughly  constant,  near-maximum  velocity  on  either  surface.  A 
near-sonic  rooftop  would  occur  on  the  upper  surface  at  a  lower  incidence  but  it  is  restricted  to  a  region 
just  downstream  of  the  shock  in  the  supercritical  condition  shown.  The  steep  pressure  rise  over  the  aft 
part  of  the  upper  surface  commences  at  the  end  of  the  rooftop. 

The  combined  effect  of  an  extensive  rooftop  and  the  cusped  thickness  form  is  to  give  appreciable  rear 
loading,  with  a  concave  lower  surface  over  the  rear  of  the  aerofoil.  The  rooftop  extent  is  constrained  by 
the  need  to  avoid  excess  viscous  drag  and/or  flow  separation  due  to  the  steepness  and  magnitude  of  the  aft 
pressure  rise.  This  is  alleviated  by  the  effects  of  the  low  included  angle  at  the  trailing  edge  and  the 
base  thickness,  which  tend  to  reduce  the  trailing  edge  pressure  towards  the  freestream  value.  The  aft 
pressure  rise  reduces  with  increasing  fieestream  Mach  number  and  so  the  corresponding  rooftop  extent 
increases.  The  combination  of  thiekreso/chord,  thickness  form  and  rooftop  extent  at  the  condition  shown 
determines  the  steepness  and  magnitude  of  the  lower  surface  aft  pressure  rise,  and-  this  should  be 
constrained  to  avoid  viscous  penalties. 

Consider  next  the  supercritical  flow  development.  Over  the  supercritical  region  the  surface  curvature 
generates  expansion  waves  which  reflect  from  the  sonic  line  as  compression  waves.  If  the  supersonic 
velocity  is  constant  the  curvature  is  such  that  there  is  an  exact  balance  between  the  rate  at  which 
expansion  waves  are  generated  at  the  surface  and  the  rate  at.  which  compression  waves  arrive  at  the  surface, 
increased  curvature  towards  the  leading  edge  together  with  reduced  ce-Vuture,  oi  flattening,  over  the  main 
supercritical  region  gives  a  trend  to  a  higher  peak  suction  followed  by  a  recompression.  The  recompression 
occurs  because  the  incoming  compression  waves  originating  near  the  leading  edge  over-ride  the  reduced 
expansion  from  the  flatter  region.  The  shock  strength  depends  on  the  total  surface  slope  change  between 
the  sonic  point  on  the  nose  and  the  shock  position,  as  a  measure  of  the  net  expansion  in  the  supercritical 
region. 
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The  peak  suction  level  may  need  to  be  constrained  to  avoid  excess  wave  drag  at  lower  Mach  numbers,  where 
the  shock  is  located  well  forward  on  the  chord.  If  the  surface  curvature  over  the  main  supercritical 
region  is  too  low,  the  recompression  may  break  down  into  a  further  forward,  stronger  shock.  If  the  region 
of  low  surface  curvature  is  followed  by  sufficiently  high  surface  curvature  at  the  end  of  the  rooftop, 
there  may  be  a  supercritical  expansion  to  a  second  shock.  The  resulting  aft  pressure  rise  may  then  give 
viscous  penalties. 

It  is  apparent  from  the  above  comments  that  the  aerofoil  design  has  a  strong  dependence  on  viscous  effects. 
Hence  Reynolds  number  is  an  important  parameter.  Also,  the  accuracy  of  representation  of  viscous  effects 
in  the  theoretical  methods  could  affect  the  quality  oc  the  design  achieved.  Only  inviscid  inverse  methods 
were  available  for  the  design  exercises  discussed  here  but  the  inviscid  designs  were  examined  using  viscous 
supercritical  methods.  Some  reassessment  of  the  earlier  designs  by  the  more  recently  available  0V3K 
supercritical  viscous  method  is  included  here. 


3  COMBAT  WING  AEROFOIL 


This  exercise  represented  an  early  (1973)  attempt  to  use  the  newly-ovailable  TSP  supercritical  theory  for 
aerofoil  design.  The  aerofoil  was  intended  to  form  the  basis  of  the  swept  wing  of  a  combat  aircraft 
research  model  which  was  to  be  manufactured  and  tested  in  the  ARA  S'xB' (2.74m  x  2.43m)  transonic  wind 
tunnel.  The  design  requirements  of  the  aerofoil  were  translated  from  those  of  tho  3-D  wing  using  simple 
sweep  concepts.  The  design  requirements,  the  test  performance  achieved  and  the  final  aerofoil  geometry  are 
shown  in  Fig  2.  It  can  be  seen  that  the  design  requirements  comprise  three  separation  boundary  points  at 
M=0.5,  0.7  and  0.75,  high  lift,  and  a  drag  rise  point  at  M=0.75,  C, =0.0.  The  aerofoil  design  and  test 
Reynolds  number  was  3.5  x  10°,  for  consistency  with  the  3-D  wing  tosr conditions.  Only  a  brief  description 
of  the  overall  design  exercise  will  be  given,  the  main  intention  being  to  discuss  the  use  of  the  DES20 
program  to  develop  the  aerofoil  geometry  to  meet  the  high  lift  requirement  at  M=0.75.  The  design 
exercise  is  described  in  more  detail  in  Ref  11. 

The  starting  point  for  the  work  was  an  existing  aerofoil  of  about  8%  thickness/chord,  derived  from  an 
earlier  wing  of  similar  planform.  The  first  design  steps  included  incorporation  of  a  drooped  leading  edge 
profile,  taken  from  a  separate  aerofoil  which  had  demonstrated  good  high  lift  characteristics  at  K=0.5,  and 
a  modification  to  the  forward  lower  surface  to  weaken  an  excessively  strong  snocl.  wave  which  was  predicted 
at  low  lift,  to  ensure  that  the  drag  rise  requirement  would  be  met.  The  lower  surface  problem  was  partly  a 
consequence  of  the  introduction  of  the  drooped  leading  edge,  and  the  m^Jification  resulted  in  an  Increase 
in  thickness/chord  to  just  over  10%.  Also,  a  blunt  trailing  edge  of  15!  thickness/chord  was  introduced,  in 
an  attempt  to  avoid  the  possibility  of  premature  flow  separation  at  the  trailing  edge,  at  the  relatively 
low  design  Reynolds  number.  At  this  stage  of  its  development,  a  calculation  using  the  DES2D  program 
indicated  that  ac  high  lift  at  M<=0.75  an  excessively  strong  shock  was  to  be  expected  on  the  upper  surface 
and  that  extensive  redesign  of  much  of  the  upper  surface  would  be  required  if  the  separation  boundary 
requirement  was  to  be  met. 

The  next  step  taken  was  to  ‘key’  the  upper  surface  geometry  to  that  of  the  Korn  aerofoil  (Ref  2),  an 
aerofoil  which  was  oelieved  to  feature  a  desirable  upper  surface  supercritical  flow  development  at  M*0.75. 

A  design  calculation  was  performed  at  M=0.75  using  subcritica)  Weber  theory,  with  target  upper  surface 
pressures  similar  to  those  calculated  for  the  Korn  aerofoil  using  the  same  theory.  The  pressures  are  shown 
in  Fig  3(a),  with  the  aerofoil  at  this  stage  of  its  development  referred  to  as  aerofoil  A.  The  minor 
differences  in  pressures  over  the  supercritical  region  were  partly  a  consequence  of  keeping  the  geometry  of 
the  leading  edge  and  much  of  the  lower  surface  unchanged  in  the  design  calculation.  It  was  necessary  to 
remove  the  thick  trailing  edge  from  aerofoil  A  to  enable  the  Weber  theory  to  cope.  The  subcritica)  theory 
cannot,  of  course,  predict  the  true  supercritical  flow  development;  the  exercise  was  purely  for  matching 
purposes.  The  intention  was  to  go  at  least  part  of  the  way  towards  a  suitable  upper  surface  geometry  and 
then  to  use  the  0ES20  supercritical  method  to  refine  the  design. 

Fig  3(b)  show:  that  the  shock  strength  was  still  high  on  aerofoil  A  iwith  the  thick  trailing  edge 
reintroduced)  according  co  0ES2D,  at  a  lift  coefficient  A  C,  =  0.1  below  the  target.  Attempts  were  made 
to  weaken  the  shock  by  specifying  the  design  target  pressures  shown.  However,  all  that  could  be  achieved, 
despite  repeated  attempts,  were  the  pressures  corresponding  to  aerofoil  B.  This  was  felt  to  be  an 
improvement  on  aerofoil  A  in  that  the  shock  was  slightly  weaker,  despite  the  re-expansion  ahead  of  the 
shock.  A  check  calculation  on  aerofoil  B  at  M=0,7  suggested  that  the  design  was  reasonably  consistent  with 
the  separation  boundary  requirement  at  that  Mach  number  but  that  the  flow  development  at  a  Mach  number 
intermediate  between  0.7  and  0.75  would  be  worth  in’  tigat’ng.  The  result  of  a  DES2D  calculation  at 
M=0.73  is  shown  in  Fig  3(c)  and  it  is  clear  that  the  1  srcritical  flow  development  has  broken  down  into  a 
two-shock  system.  Design  target  pressures  which  removed  the  second  supercritical  region  were  then 
specified,  as  shown,  and  the  program  successfully  converged ‘to  this  target.  Following  some  mild  smoothing 
of  the  blend  between  the  fixed  leading  edge  shape  and  tho  rest  of  the  aerofoil,  this  defined  the  final 
geometry. 

During 'the  course  of  the  final  design  iterations,  the  lower  surface  geometry  had  remained  fixed,  as  well  as 
the  leading  edge  geometry.  The  changes  to  the  upper  surface  left  the  overall  thickness/chord  almost 
unchanged  but  the  trailing  edge  thickness/chord  had  increased  to  about  1.4%.  It  was  assumed  that  any 
increment  in  drag  due  to  the  base  thickness  would  be  small  enough  to  be  Ignored  in  a  combat  aircraft 
context  but  the  lack  of  control  over  base  thickness  was  felt  to  be  an  undesirable  feature  of  the  design 
approach  followed. 

Having  completed  the  design  it  was  necessary  to  check  that  the  aerofoil  would  meet  the  design  targets.  For 
the  high  lift  point  at  M=0.5  and  the  zero  lift  point  at  M=0.75  the  G*K  method  was  used  because  the  shock 
was  located  fairly  close  to  the  leading  edge  in  both  cases  and  TSP  methods  typically  fail  to  provide  an 
adequate  predict.on  of  suction  peaks  around  the  leading  edge.  Allowances  for  viscous  effect  were 
estimated,  partly,  on  the  basis  of  similar  calculations  for  other  tested  aerofoils.  At  M=0.7,  0,75  the 
high  lift  performance  was  assessed  using  TSPVISC.  Predicted  pressures  at  M=0.75  are  shown  in  Fig  4(a) 
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compared  with  those  subsequently  obtained  in  the  experiment,  over  a  range  of  incidences  approaching  the 
separation  boundary.  The  likely  performance  was  inferred  from  the  predicted  shock  strength  and  boundary 
layer  development.  The  supercritical  flow  development  and  shock  strength  are  quite  well  predicted  by  the 
theory  but  there  are  substantial  differences  in  pressures  between  theory  and  experiment  over  the  aft  part 
of  the  aerofoil,  presumably  due,  in  part',  to  inadequate  modelling  of  thick  base  effects,  and  this  implies 
that  the  predicted  boundary  layer  development  was  incorrect.  However,  it  was  concluded  from  the  above 
checks  that  the  aerofoil  would  meet  this  and  other  design  targets  and  reference  to  fig  2  shows  that  this 
proved  to  be  the  case. 

Pressures  at  M=0.75  calculated  by  the  subsequently  developed  BVGK  method  are  compared  with  experiment,  at 
the  same  values  of  C, ,  in  Fig  4(b)  end  it  can  be  seen  that  the  comparison  over  tne  aft  part  of  the 
aerofoil,  in  particular,  is  much  improved  compared  with  TSPVISC.  The  remaining  differences  are  as  likely 
to  be  a  consequence  of  inadequacies  in  the  experiment  as  in  the  theory.  It  is  interesting  to  note  that  the 
BVGK  calculations  predict  the  onset  of  flew  separation  at  the  foot  of  the  shock  and  this  is  consistent  with 
examination  of  the  experimental  data,  which  suggest  that  the  aerofoil  exhibits  predominantly  ‘class  A' 
separation  characteristics  (see  Ref  12)  over  a  range  of  Mach  numbers.  This  is  presumably  the  major  reason 
for  the  satisfactory  prediction  of  performance  using  methods  with  inadequate  representations  of  viscous 
effects.  Nowadays,  a  method  such  as  BVGK  can  be  used  to  predict  aerofoil  performance  characteristics  with 
much' greater  confidence.  Note  that  had  the  design  exercise  stopped  with  aerofoil  8,  the  influence  of  the 
viscous  flow  development  would  have  been  greater  and  the  performance  would  have  been  more  difficult  to 
predict  with  the  methods  available  at  the  time. 

Looking  back  on  the  design  exercise,  it  appears  probable  that  the  target  supercritical  peak  suction  and 
recompression,  shock  strength  and  position  for  aerofoil  B,  shown  in  Fig  3(b),  were  inconsistent  with  a 
possible  surface  geometry.  The  recompression  required  a  flatter  upper  surface  aft  of  the  fixed  leading 
edge  and  so  higher  curvature  was  needed  around  the  shock  position  to  match  the  original  profile  further 
aft,  and  this  implied  a  stronger  shock.  The  supercritical  flow  development  on  the  f'nal  aerofoil  shown  in 
Figs  4(a),  (b)  suggests  that  associating  the  target  recompression  with  a  further  forward  shock  position 
would  have  proved  more  successful.  This  was  not  obvious  at  the  time,  off-design  calculations  being 
necessary  to  resolve  the  problem. 


4  TRANSPORT  WING  Ab’ROFOIL 


It  is  common  practice  to  design  transport  aircraft  wings  to  achieve  acceptable  performance  in  wind  tunnel 
tests  and  then  to  extrapolate  the  test  data  to  predict  the  performance  at  full-scale  Reynolds  number. 
Almost  invariably,  a  performance  increment,  a  consequence  of  the  thinner  viscous  layers,  is  predicted. 
Another  approach  would  be  to  design  from  the  start  to  take  advantage  of  the  thinner  viscous  layers, 
although  considerable  confidence  in  techniques  for  extrapolation  of  the  wind  tunnel  data,  or  tests  at 
appreciably  higher  tunnel  Reynolds  numbers  than  available  at  present,  would  be  required  before  going  ahead 
with  an  aircraft  project  designed  on  such  a  basis.  The  exercise  discussed  here  concerns  a  theoretical 
attempt  to  quantify  what  performance  increment  could  be  expected  of  a  2-D  aerofoil  from  such  an  approach. 
The  work  was  carried  out  shortly  after  the  VGK  and  Tranen  programs  became  available  at  ARA  (1978),  these 
methods  being  used  rather  than  the  TSP  methods  since  their  improved  accuracy  was  felt  to  be  necessary. 
Also,  the  option  of  fixing  trailing  edge  thickness  was  an  attractive  feature  of  the  Tranen  program. 

A  research  aerofoil  of  relatively  advanced  aerodynamic  standard  (although  not  an  optimum  design)  was 
selected  as  a  datura  and  a  new  aerofoil  was  designed  for  a  representative  full-scale  Reynolds  number, 
subject  to  certain  constraints  adopted  in  an  attempt  to  maintain  some  consistency  in  aerodynamic  standard. 
The  datum  aerofoil  was  a  theoretical  design  of  about  12%  thickness/chord,  with  a  nominal  cruise  point 
Hi=0.75,  C,  =»  0.7.  At  this  condition  the  flow  featured  an  isentropic  recompression  ahead  of  the  shock, 
and  viscous1-  layers  which  were  judged  to  remain  attached  and  likely  to  contribute  little  or  no  excess 
viscous  drag  at  a  Reynolds  number  of  6.0  x  10°,  according  to  a  VGK  calculation  with  transition  assumed 
close  to  the  leading  edge  on  both  surfaces.  The  base  thickness  was  about  0.5%  chord.  The  Reynolds  number 
assumed  is  typical  of  tests  on  5  inch  (127rm)  chord  models  in  the  ARA  18  inch  x  8  inch  (457mm  x  203mm)  2-D 
wind  tunnel.  Pressures  on  the  datum  aerofoil  at  the  cruise  point  are  included  in  Fig  9,  which  will  be 
discussed  later.  The  aim  in  the  design  exercise  was  to  increase  lift  for  a  given  thickness/chord,  by 
extending  the  upper  surface  rooftop  and  moving  the  shock  downstream  by  a  similar  distance.  The  constraints 
adopted  were  that  the  shock  strength,  viscous  flow  development  and  pitching  moment  of  the  full-scale  design 
should  be  similar  to  those  of  the  datum  aerofoil  and  that  the  leading  edge  suction  peak  should  not  be 
exceeded. 

In  redesigning  the  datum  aerofoil,  the  identical  base  thickness  was  retained.  In  the  calculations  referred 
to  below,  the  base  thickness  was  included  in  the  geometries  used  for  the  VGK  and  BVGK  calculations  but  was 
removed  from  the  geometries  used  for  the  Weber  calculations  because  of  the  sharp  trailing  edge  requirement. 

An  initial  aerofoil  shape  was  obtained  by  us^ng  Weber  theory  to  redesign  the  upper  surface  to  give  an 
extended  rooftop.  We  target  rooftop  extension  was  adjusted  until,  at  a  representative  full-scale  Reynolds 
number  of  35.0  x  10°,  the  boundary  layer  development  towards  the  trailing  edge  matched  that  of  the  datum 
aerofoil  at  the  lower  Reynolds  number,  according  to  VGK.  The  intention  was  to  go  most  of  the  way  towards  a 
suitable  upper  surface  geometry  using  the  suberitieal  theory  and  then  to  refine  the  design  using  the  Tranen 
program.  It  was  found  that  simply  extending  the  rooftop  had  no  effect  on  the  shock  position,  which 

remained  the  same  as  on  the  datum  aerofoil,  and  it  appeared  that  it  would  be  necessary  to  use  the 

supercritical  inverse  method  to  move  the  shock  downstream. 

For  the  Tranen  calculations,  displacement  surface  geometries  were  used  so  that  the  inviscid  pressure*  wore 
n in  Uu  different  from  what  would  be  given  by  a  viscous  calculation,  .ne  starting  point  for  the  redesign 
was  a  G+K  calculation  on  a  displacement  surface  geome-ry  given  by  smoothing  the  VGK  boundary  layer 

displacement  thicknesses  and  adding  these  to  the  initial  shape.  Fig  5  shows  pressures  given  by  this 

calculodcn  and  by  a  calculation  for  a  shape  which  arose  from  several  loops  through  the  Tranen  program, 
compared  with  the  design  target.  The  design  target  pressures  on  the  upper  surface  were  chosen  to  be  the 
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same  as  for  the  initial  shape  apart  from  the  downstream  shift  of  the  pressure  rise  corresponding  to  the 
shock.  On  the  lower  surface,  the  design  target  pressures  were  chosen  in  line  with  the  pitching  moment 
requirement ,  Also,  the  lower  surface  adverse  pressure  gradient  was  expected  to  result  in  a  match  of  the 
viscous  f'<,wi development  of  the  datum  aerofoil  in  that  region,  at  the  higher  Reynolds  number. 

It  appears  from  Fig  5  that  the  Tranen  program  has  functioned  satisfactorily  as  an  inverse  of  G+K,  apart 
from  the  fact  that  the  suction  peak  close  to  the  leading  edge  is  higher  than  specified.  The  reason  for 
this  may  be  inferred  from  the  comparison  of  aerofoil  displacement  surface  geometries  in  Fig  6,  plotted  to 
an  expanded  scale  to  illustrate  the  differences  clearly.  The  calculation  t.as  moved  the  shock  aft  by 
increasing  the  surface  curvature  downstream  of  the  original  shock  rositlon.  The  surface  slope  is  similar  at 
the  new  shock  position,  since  a  similar  shock  strength  is  required.  The  net  '“suit  is  that  the  surface 
further  forward  is  tilted  down,  giving  increased  curvature  where  the  surface  1  .ends  with  the  leading  edge 
and,  hence,  a  higher  suction  peak.  It  is  probable  that  an  upper  surface  geome  ry  could  not  be  found  which 
corresponded  precisely  to  the  target  pressures. 

The  technique  adopted  for  arriving  at  the  final  shape  involved  the  use  of  Weber  theory.  For  this  purpose 
it  was  necessary  to  define  a  sharp  trailing  ’dge  version  of  the  Tranen  design  geometry  and  this  was  done  by 
removing  displacement  thicknesses  as  well  as  the  base  thickness.  For  convenience,  the  displacement 
thicknesses  which  had  been  added  to  the  initial  shape  were  used,  although  these  took  no  account  of  the 
changed  pressures.  Fig  7  shows  the  results  of  Weber  calculations  which  were  then  carried  out  for  the 
initial  and  Tranen  designs. 

Tne  pressure  distributions  in  Fig  7  are,  again,  unrealistic  in  the  supercritical  region.  However,  the 
differences  between  the  pressure  are  qualitatively  what  might  have  been  expected  of  the  displacement 
surface  geometries  already  seen  in  Fig  6.  The  'wriggle1  in  the  pressures  for  the  Tranen  design  originated 
in  the  choice  of  the  design  target  shock  pressure  rise.  The  difference  in  suction  levels  Inwards  the  end 
of  the  rooftop  suggested  that  differences  in  upper  surface  boundary  layer  development  towards  the  trailing 
edge  would  be  expected  in  viscous  flow  conditions.  It  was  essential  to  control  this  feature  but  it  was 
felt  that  this  could  not  be  done,  adequately,  by  continuing  to  use  the  supercritical  method  to  refine  the 
flow  development  on  the  displacement  surface  geometry.  The  design  work  was  continued  using  the  Weber 
theory,  with  target  pressures  progressively  adjusted  until  what  was  thought  to  be  a  suitable  flow 
development  was  given  by  VGK. 

Fig  8  shows  the  final  geometry  compared  with  the  earlier  shapes,  with  the  coordinates  shifted  to  match  at 
the  trailing  edge.  Figs  9(a),  (b)  show  pressures  on  the  datum  and  final  aerofoils  given  by  VGK  and  by 
later  calculations  using  BVGK.  It  was  found  that  a  reduced  peak  suction  and  a  lower  rate  of  supercritical 
recompression  were  required  on  the  final  aerofoil,  to  give  a  shock  of  similar  strength  to  that  on  the  datum 
aerofoil,  at  the  further  aft  position.  The  BVGK  pressures  differ  in  detail  from  those  given  by  VGK  but 
show  similar  trends  between  the  two  aerofoils.  The  pitching  moments  are  not  given  but  were  very  similar 
for  the  two  aerofoils,  according  to  both  methods. 

The  viscous  standard  of  the  datum  and  final  aerofoils  was  compared  on  the  basis  of  the  development  of  the 
calculated  boundary  layer  incompressible  shape  parameter  H.  Figs  9(a),  (b)  include  variations  of  this 
parameter  approaching  the  trailing  edge  on  the  upoer  surface  and  around  the  maximum  value  on  the  lower 
surface  and  it  can  be  seen  that  the  values  compare  closely  between  the  two  aerofoils  according  to  both  VGK 
and  BVGK.  In  view  of  the  improved  prediction  of  viscous  effects  expected  of  BVGK,  the  comparison  of  skin 
friction  C-.  is  of  interest,  as  a  more  direct  indication  of  how  close  the  flow  is  to  separation.  Variations 
of  Cp  are  included  in  Fig  9(b)  and  it  can  be  seen  that  the  values  are  reasonably  consistent  on  the  upper 
surfaces  of  both  aerofoils  but  there  are  appreciable  differences  on  the  lower  surface,  a  result  to  be 
expected  for  flows  witli  similar  walues  of  H  (not  close  to  separation)  and  a  factor  of  6  difference  in 
Reynolds  number. 

The  lift  increment  from  designing  for  full-scale  Reynolds  number  was  assessed  to  be  over  10%  according  to 
the  VGK  comparisons,  with  the  constraints  adopted,  but  this  assessment  clearly  depends  on  the  accuracy  of 
the  viscous  representation.  The  later  BVGK  calculations  confirm  the  VGK  assessment,  apart  from  possible 
consequences  of  any  changes  to  the  lower  surface  which  might  be  desirable  in  the  light  of  the  CF 
comparison.  f 

Referring  back  to  Fig  8,  it  is  noteworthy  that  the  inverse  supercritical  method  changed  the  upper  surface 
of  the  initial  geometry  in  an  opposite  sense  to  the  changes  required  for  the  final  geometry.  This  occurred 
because  the  choice  of  supercritical  target  pressures  was  not  quite  appropriate  and  because  viscous  effects 
were  not  allowed  for  adequately  by  using  the  displacement  surface  geometry.  The  experience  gained  in  this 
design  exercise,  and  in  the  combat  wing  aerofoil  design  exercise  discussed  earlier,  has  led  to  a  reluctance 
at  ARA  to  attempt  to  make  significant  changes  to  the  supercritical  flow  development  using  the  inverse 
supercritical  methods.  Instead,  the  approach  adopted  in  more  recent  aerofoil  design  exercises  has  been  to 
get  to  know  the  effects  of  geometric  changes  on  flow  development,  using  inverse  methods  in  subcritical 
conditions,  mostly,  and  by  using  mathematical  expressions  or  drawing,  as  appropriate,  to  oefine  the 
profiles.  The  next  two  sections  contain  brief  descriptions  of  aerofoils  designed  more  recently  at  ARA 
using  this  approach. 


5  IAHIHAR  FLOW  AEROFOILS 


Fig  lo  shows  geometries  and  pressures  fur  two  research  aerofoils  designed  to  maintain  significant  runs  of 
laminar  flow  on  both  upper  and  lower  surfaces  in  conditions  corresponding  to  cruise.  The  NLF  aerofoil  was 
representative  of  the  outer  v,  -  jf  a  possible  executive  jet  aircraft,  with  a  Reynolds  number  of  10.0  x!0b 
assumed.  The  suction  aerofoi .  was  representative  of-the  outer  wing  of  a  possible  medium  sized  civil 
transport  aircraft,  with  <.  Reynolds  number  of  35.0  x  TO"  assumed.  The  sweep  was  taken  lu  be  about  20"  lii 
both  cases.  Flow  conditions  on  the  ZrO  aerofoils  were  related  to  3-0  using  simple  sweep  concepts.  The 
design  pressures  were  used  in  conjunction  with  sheared  or  tapered  wing  finite  difference  boundary  layer 
methods,  with  fansi .ion  predicted  according  to  various  simple  criteria  and  3-D  stability  analysis. 
Transition  position  has  a  strong  dependence  on  Reynolds  number  and  so  it  was  necessary  to  use  the  flight 
values  in  the  ca.culations. 
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The  pressures  on  the  NIF  aerofoil  were  given  by  a  VGK  calculation.  Both  Weber  theory  and  the  Tranen 
program  were  used  in  the  design  of  the  profile,  with  the  Tranen  program  particularly  useful  in  controlling 
the  pressure  gradients  over  most  of  the  forward  parts  of  both  surfaces.  This  was  necessary  to  constrain 
the  amplification  uf  instabilities  in  the  laminar  boundary  layer  velocity  profile,  both  in  the  streamline 
direction  (Tol Imien-Schl ichting)  and  in  the  cross-flow  direction,  and  thus  delay  the  onset  of  transition  to 
turbulent  flow.  The  detailed  leading  edge  shape  was  important  in  avoiding  both  attachment  line 
contamination  and  transition  due  to  cross-flow  in  the  favourable  pressure  gradients  imnediately  aft  of  the 
leading  edge.  It  was  fouv  Jifficult  to  control  the  detailed  leading  edge  shape  in  design  calculations 
using  the  Tranen  program,  and  empirical  modification  of  the  shape  by  drawing  was  resorted  to. 

Similar  techniques  were  used  in  the  design  of  the  suction  profile.  The  pressures  were  given  by  a  G+K 
calculation  for  the  displacement  surface  geometry,  the  boundary  layers  being  extremely  thin  at  the  high 
Reynolds  number,  with  laminar  flow  assumed  to  be  maintained  to  a  far-aft  chordwise  position  on  both 
surfaces.  The  extent  of  laminar  flow  assumed  was  reasonable  because  the  specified  suction  quantities  could 
be  increased  until  transition  was  avoided,  according  to  the  transition  prediction  methods.  The  pressures 
were  chosen  to  minimise  the  suction  quantities  required  to  maintain  laminar  flow,  with  little  or  no  wave 
drag. 

Pressure  distributions  at  two  slightly  different  freestream  Mach  numbers  are  shown  in  Fig  10(b)  and  either 
of  these  could  be  regarded  as  representative  of  cruise  conditions.  Pressure  gradients  over  the  laminar 
flow  regions  are  either  very  steep  or  near  zero.  These  features  minimise  the  tendency  to  cross-flow 
transition,  and  suction  is  mainly  necessary  to  constrain  the  amplification  of  instabilities  in  the 
streamline  direction.  Higher  suction  is  needed  in  the  shock-free  case  due  to  the  increased  amplification 
of  the  streamline  instabilities  in  the  adverse  pressure  gradient.  In  the  higher  Mach  number  case,  the 
favourable  pressure  gradient  is  more  suited  to  maintaining  laminar  flow  but  it  would  be  difficult  to  delay 
transition  beyond  the  shock  position. 

The  Tranen  program  was  used  to  smooth  the  supercritical  flow  development,  which  was  very  susceptible  to 
slight  surface  unevenness  in  the  supercritical  flow  region,  particularly  in  the  shock-i rc-e  case.  The 
program  was  also  used  to  define  the  shape  required  to  give  the  lower  surface  pressures  away  from  the 
leading.edge.  The  very  small  leading  edge  radius  was  necessary  to  avoid  attachment  line  contamination,  and 
cross-flow  transition  close  to  the  leading  edge.  It  was  found  essential  to  define  the  leading  edge  shape, 
and  the  blend  with  the  rest  of  the  profile,  by  drawing. 

Note  that  the  two  aerofoils  considered  here  are  very  specialised,  although  not  necessarily  optimised,  for 
the  different  applications.  If  changes  in  such  parameters  as  sweep  or  Reynolds  number  were  required,  the 
effects  of  changes  to  transition  position  in  the  NIF  case,  or  suction  quantities  in  the  suction  case,  would 
need  to  be  included  in  the  design  process.  Optimising  such  aerofoils  for  project  applications  could  be  a 
substantially  more  laborious  process  than  for  turbulent  flow  aerofoils  and  more  straightforward  design 
techniques  than  were  used  for  the  cases  considered  here  would  be  desirable. 


6  PROPELLER  BLADE  AEROFOILS 

Propellers  incorporating  the  ARA-0  series  of  aerofoil  sections  are  fitted  to  a  number  of  commuter  aircraft. 
The  design  these  aerofoils  has  been  described  In  Refs  13,  14  and  this  will  not  be  repeated  here,  except 
to  say  thac  the  aerofoils  are  intended  to  operate  at  significantly  higher  lift  coefficients  than  NACA 
series  16  or  65,  traditionally  used  in  propeller  blades.  This  means  that  it  is  possible  to  produce 
propellers  with  reduced  blade  chord  and  hence  weight,  higher  take-off  thrust  and  improved  climb  and  cruise 
efficiency.  Alternatively,  the  aerodynamic  advantages  can  be  exchanged  for  reduced  tip  speed  and  thus 
noise. 

Selected  sections  from  the -ARA-D/A  series  are  shown  in  Fig  11(a).  These  are  essentially  identical  to  the 
ARA-D  series  for  values  of  thickness/chord  less  than  10%  but  the  thicker  sections  have  been  modified 
slightly  to  reduce  upper  surface  super-velocities  at  the  higher  aircraft  cruise  speeds  which  are  becoming 
more  common.  The  high  camber  levels  of  the  sections  are  apparent  and  these  are  mainly  intended  foi  the 
purpose  of  improving  take-off  performance.  A  camber  factor,  referred  to  as  K1,  is  applied  to  the  tip 
sections  to  improve  the  high  Mach  number  performance,  since  blade  onset  Mach  numbers  at  the  tip  can  be 
close  to  sonic,  even  for  relatively  low  cruise  speed  aircraft.  The  camber  factor  also  varies  from  unity 
across  the  complete  radius  of  a  typical  blade,  for  structural  reasons  and  in  order  to  produce  smooth  blade 
surfaces  when  the  aerofoil  sections  are  stacked.  The  complete  ARA-D/A  series  is,  like  the  ARA-D  series, 
defined  by  simple  mathematical  expressions  which  give  the  complete  profile,  of  regular  and  smooth  shape, 
once  the  thickness/'chord  and  camber  factor  are  specified. 

The  ARA-O/A  aerofoil  sections  are  well  suited  to  propellers  designed  for  aircraft  cruise  speeds  up  to  about 
M=0.6.  For  higher  cruise  speed  cases  the  sections  provide  acceptable  performance  when  thickness  and  camber 
are  reduced,  and  the  spinner  is  shaped  to  slow  the  onset  flow  over  the  thicker  sections  towards  the  root. 
However,  the  aerofoils  were  not  optimised  for  such  conditions  and  Fig  11(b)  shows  a  selection  of  profiles 
from  a  new  series,  referred  to  as  ARA-D/S,  which  were  designed  to  maintain  high  values  of  lift/drag  up  to 
higher  Mach  numbers  than  ARA-D/A. 

Pressures  on  ARA-D/S  aerofoils  of  2%,  10%  and  20%  thickness/chord  (t/c),  representative  of  tip,  inboard  and 
root  stations,  respectively,  on  the  blade  of  a  high-speed  propeller  are  shown  in  Figure  12.  The  2-D 
freestream  Mach  numbers  correspond  to  the  helical  Mach  numbers  on  the  advancing  blade,  possibly  including 
some  reduction  due  to  spinner  shaping  for  the  thicker  sections.  The  lift  coefficients  are  around  those  for 
peak  lift/drag  at  the  given  Mach  number,  as  wouid  be  expected  cu  vccui  or,  3  vlcdc  designed  for  maxi miir* 
aerodynamic  efficiency. 

The  pressures  for  the  2%  t/c  case  in  Fig  12(a),  at  a  supersonic  freestream  Mach  number,  were  calculated 
using  the  inviscid  Jameson  method.  The  pressures  for  the  10%  t/c  and  20%  t/c  cases  were  calculated  using 
VGK  and  extensive  runs  of  laminar  flow  were  indicated  at  the  relatively  low  Reynolds  numbers  of  3.0  and 


2.0  X  IQ6,  respectively,  assumed  for  the  calculations.  These  Reynolds  numbers  are  representative  of  cruise 
conditions  on  the  blades  of  the  high-sreed  rotors  planned  for  application  to  medium-sized  transport 
aircraft. 

The  2%  t/c  aerofoil  comprises  circular  arc  components  blended  smoothly  to  a  nose  shape  defined  by  drawing, 
with  the  aerofoil  geometry  optimised  to  minimise  wave  drag  at  supersonic  speeds,  according  to  the  theory. 

The  10?  t/c  and  20?  t/c  aerofoils  have  similar  nose  radii,  trailing  edge  included  angles  and  base 
thicknesses  to  tne  corresponding  ARA  0/A  aerofoils,  and  the  surface  curvatures  vary  smoothly  along  the 
chord.  These  aerofoils  were  designed  in  subcritical  conditions  using  Weber  theory,  with  the  base 
thicknesses  removed  from  the  geometries,  and  the  supercritical  viscous  flow  development  was  checked  using 
VGK.  The  separate  design  of  thickness  and  camber  was  a  convenient  feature  of  the  Weber  theory  in  view  of 
the  geometric  constraints  on  thickness  form.  However,  the  design  of  the  thicker  aerofoil  presented 
difficulties  due  to  limitations  on  accuracy  arising  from  the  linearised  basis  of  the  theory.  It  can  be 
seen  from  Figs  12(b),  (c)  that  it  was  possible  to  define  aerofoils  with  relatively  advanced  supercritical 
flow  development  by  this  approach.  The  rooftop  extents  were  chosen  such  that,  at  the  relatively  low 
Reynolds  numbers  assumed,  well-attached  flow  was  predicted  by  VGK  calculations  with  transition  assumed  to 
occur  close  to  the  leading  edge  on  both  surfaces.  This  is  a  conservative  assumption  which  allows  for 
possible  in-service  deterioration  of  the  blade  surfaces. 

ARA-O/S  aerofoils  intermediate  thickness/chord  vary  smoothly  in  geometry  and  pressures  between  the  key 
2%  t/c,  10?  t/c  anu  .  %  t/c  aerofoils.  A  means  of  varying  camber  for  an  aerofoil  of  given  thickness/chord 
is  necessary  for  application  to  propeller  blades,  and  this  is  introduced  by  interpolating  geometries 
between  the  ARA-D/S  aerofoil,  of  nominally  zero  camber,  and  the  ARA-O/A  aerofoil  of  camber  facto,  unity. 
The  interpolated  camber  level  is  defined  by  a  K)  factor,  as  for  the  ARA-D/A  aerofoils. 

In  addition  to  enabling  a  practical  blade  geometry  to  be  defined,  the  camber  variation  introduces  the 
possibility  of  optimising  the  section  geometries  in  the  interests  of  the  overall  performance  of  the 
propeller.  Taking  the  10?  t/c  case  as  an  example,  Fig  13(a)  shows  pressures  on  ARA-O/A  and  ARA-O/S 
aerofoils  at  nomfr-’  cruise  conditions,  and  on  an  interpolated  geometry  at  an  interpolated  Mach  number. 
The  geometric  <*f'  .Mon  of  the  ARA-D/A  and  ARA-D/S  aerofoils  ensures  that  the  intermediate  geometry  is 
regular  and  smr  .  s  can  be  seen  from  the  pressures.  The  lift/drag  characteristics  also  interpolate 
smoothly,  as  cx  r..-  ren  from  Fig  13(b).  This  means  that  if  the  Mach  numbers  on  the  propeller  blade  in 
cruise  are  no:  *.  ,.ough  to  require  the  full  ARA-D/S  performance,  interpolated  sections  of  higher  camber 
than  ARA-D/S  o  .<•  used,  in  the  interests  of  take-off/climb  performance.  The  ARA-D/S  aerofoils  are 
currently  being  r,»'  >y  Dowty  Rotol  Ltd  in  the  design  of  blades  for  high  speed  propellers.  The  geometric 
constraints,  adopf  in  the  interests  of  ensuring  a  smooth  variation  acioss  the  blade  and  blending  with 
ARA-D/A  aerofoils  ,. laced  some  limitations  on  the  scope  for  detailed  refinement  of  the  individual 
aerofoils.  Even  so,  the  aerofoils  feature  .uvanced  supercritical  flow  development,  and  performances  in 
line  with  requirements. 


CONCLUDING  REMARKS 

1  The  general  features  of  supercritical  aerofoils  representative  of  a  drag-rise  cruise  point  on  a 

transport  aircraft  wing  have  been  discussed.  The  importance  of  viscous  effects  to  the  design  was 
emphasised  and  the  dependence  of  the  supercritical  flow  development  on  surface  curvature  was  described. 

2  Various  aerofoil  design  exercises  carried  out  at  ARA,  involving  the  use  of  both  subcritical  and 

supercritical  inverse  methods,  have  been  reviewed.  The  inverse  methods  used  were  inviscid  but  the 
designs  were  examined  using  viscous  supercritical  methods. 

3  A  combat  wing  aerofoil  design  exercise  was  successful  in  meeting  a  number  of  target  performance 

requirements.  However,  use  of  an  inverse  supercritical  method  gave  an  unsatisfactory  intermediate 
profile  and  off-design  calculations  were  necessary  to  resolve  the  problem. 

4  A  transport  wing  aerofoil  design  exercise  involved  assessing  the  performance  increment  to  be  expected 
from  designing  to  take  advantage  of  full-scale  Reynolds  number.  Viscous  effects  were  particularly 
important  in  this  exercise  but  it  was  felt  that  these  could  not  be  controlled  adequately  using  an 
Inviscid  inverse  supercritical  method,  which  produced  changes  to  the  upper  surface  geometry  opposite  to 
those  finally  found  to  be  required.  An  approximate  inverse  subcritical  method  was  used  to  produce  the 
final  geometry,  involving  progressive  adjustment  of  the  target  pressures  until  a  geometry  was  achieved 
with  a  suitable  flow  development  according  to  the  viscous  supercritical  theory. 

5  The  reasons  for  achieving  incorrect  intermediate  geometries  using  the  inverse  supercritical  methods 
could  be  inferred  from  the  relationship  between  surface  curvature  and  supercritical  flow  development. 
Unfortunately,  target  pressures  which  satisfy  this  relationship  are  not  known,  in  general. 

6  laminar  flow  aerofoils  have  been  designed  subsequent  to  the  above  exercises  and  the  use  of  the  inverse 
supercritical  methods  was  limited  to  design  of  the  lower  surface  and  smoothing  the  supercritical 
pressures.  The  leading  edge  shape  is  particularly  important  for  such  profiles  but  the  Inverse  methods 
were  Inadequate  for  this  purpose  and  it  was  necessary  to  resort  to  (/rawing.  The  design  of  such 
profiles  is  particularly  laborious,  since  effects  on  transition  must  be  included  in  the  iterations,  and 
improved  techniques  would  be  desirable. 

7  A  new  series  of  aerofoils  suitable  for  the  blades  of  high-snood  propell  ore  hss  been  developed  recently 
and  is  described  briefly  here.  The  geometries  were  mostly  designed  by  the  Iterative  technique 
involving  the  approximate  suocritical  theory.  The  geometric  constraints,  and  the  means  of  varying  the 
camber  level,  were  included  In  the  interests  of  practical  application. 
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8  Finally,  it  is  feU  from  experience  of  such  design  e  ercises  that  it  is  necessary  to  understand  the 
effects  of  geometric  changes  on  both  the  supercritical  and  viscous  flow  development.  Inverse 
supercritical  methods  are  unlikely  to  be  entirely  suitable  for  such  work  unless  the  supercritical 
flow/geometry  relationship  is  allowed  for  and  unless  viscous  effects  are  Included. 
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SUMMARY 

Some  general  remarks  about  aerodynamic  design  are  given  first.  Then,  a  short  survey 
of  the  design  methods  used  here  including  the  basic  ideas  and,  particularily,  an 
improvement  of  tho  design  method  of  McFadden  for  supercritical  airfoils  are  presented. 
Also,  an  overview  is  given  of  the  analysis  methods  in  use  at  the  DLR  Institute  for 
Design  Aerodynamics. 

Design  procedures,  which  use  the  forementioned  design  and  analysis  methods,  are 
explained  in  detail.  With  these  procedures,  several  designs  of  airfoils  and  nacelles 
have  been  performed.  Results  of  selected  design  examples  are  discussed. 
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chord  length  of  nacelle,  airfoil  chord,  speed  of  sound 

drag  coefficient  of  airfoils 

zero  lift  drag  coefficient  of  airfoils 

wave  drag  coefficient  of  nacelle  and  airfoils 

lift  coefficient  of  airfoils 

maximum  lift  coefficient  of  airfoils 

pitching  moment  coefficient  of  airfoils 

pressure  coefficient 

minimum  pressure  coefficient 

critical  pressure  coefficient 

mass  flow  through  nacelle 

Mach  number 

velocity 

upper  and  lower  limit  and  Mg  of  transitional  function 
radius  of  nacelle,  coordinate  Inside  unit  circle 
Reynolds  number 

arc  length  along  airfoil  contour 
transitional  function 
rectangular  coordinate  system  airfoil 
rectangular  coordinate  nacelle 
angle  of  attack 

angle  of  attack  relativ  to  zero  lift  for  velocity  specification  in 
design  mode 

area  ratio  of  the  streamtube  of  the  flow  through  the  nacelle 
amount  of  additional  artificial  viscosity 
circumferential  angle 

angle  in  circumferential  direction  of  nacelle 
reduced  flow  potential 


1.  INTRODUCTION 

One  of  the  main  tasks  in  aircraft  industry  is  to  develop  products  for  new  applica¬ 
tions  or  with  an  Increased  efficiency  for  better  achieving  economic  results  to  withstand 
the  large  competition  among  producers  and  among  users.  For  this  purpose,  aerodynamics 
can  contribute  with  new  or  belief  suited  shapes  for  those  parts  which  are  surrounded  by 
the  flowing  fluid.  The  design  of  well  suited  shapes  is  an  old  difficult  problem  in  aero¬ 
dynamics  because  of  its  mathematical  difficulties.  Therefore  a  lot  of  work  is  spent  on 
developing  better  design  calculation  methods  or  at  least  procedures  with  which  success¬ 
ful  aerodynamic  designs  can  be  realized.  In  the  last  15  years,  the  Institute  for  Design 
Aerodynamics  has  been  involved  in  a  number  of  design  tasks  in  the  area  of  airfoils  and 
wings.  It  started  with  the  development  of  an  airfoil  for  a  sailplane  of  the  "Akademische 


Fliegergruppe"  of  the  Technical  University  in  Braunschweig.  This  sailplane  has  won  the 
world  championship  1978  in  the  FAI-15m  class.  The  institute  has  gained  a  lot  of  experi¬ 
ences  in  the  following  years  in  designing  laminar  airfoils  for  sailplanes  and  many  of 
the  german  modern  sailplanes  are  equipped  with  these  airfoils  Cl) .  For  the  transonic 
range  two  rear-loading  airfoils  have  been  developed  [2]  of  which  the  latter  one  was  the 
basis  for  the  F4-wing  which  was  tested  in  all  important  european  transonic  windtunnels 
as  a  standard  test  wing  [3,4].  Since  then,  additional  transonic  airfoils  have  been  de¬ 
signed  and  investigated  [5,6,7).  in  cooperation  with  the  Cornier  company  several  air¬ 
foils  for  an  advanced  propeller  for  commuter  aircraft  have  been  designed  and  some  of 
them  tested  in  the  windtunnel  18) .  The  manufactured  propeller  revealed  improved  perform¬ 
ance  when  tested  in  flight  [91 .  Also  a  cooperation  with  the  MBB  company  on  the  field  of 
helicopter  rotor  airfoil  development  has  been  started  in  1981  which  showed  successful 
results  as  we  shall  see  below  [10,11,12).  Laminar  airfoils  for  commuter  and  transport 
aircraft  have  become  more  and  more  important  .  This  fact  has  stimulated  design  work  on 
this  type  of  airfoils.  In  the  course  of  this  work  three  laminar  airfoils  have  been  de¬ 
signed  partly  in  cooperation  with  aircraft  Industrie  (13-17) .  For  basic  research  on 
transition  prediction  several  gloves  for  a  general  aviation  (18)  and  a  transport  type 
aircraft  wing  section  have  been  developed  and  tested.  As  the  design  procedures  for  lami¬ 
nar  airfoils  showed  good  results,  they  have  been  extended  on  the  development  of  a  lami¬ 
nar  flow  nacelle  for  Airbus  Industrie  of  which  some  results  are  shown  below  (19). 

This  paper  gives  a  brief  survey  of  the  used  design  and  analysis  methods  and  de¬ 
scribes  in  short  some  of  the  procedures  used  for  the  design  of  the  different  types  of 
airfoils  and  nacelle  contours.  For  one  of  the  design  methods,  an  Improvement  developed 
at  the  institute  is  also  presented.  Some  design  examples  complete  this  paper. 


2.  AERODYNAMIC  DESIGN 
2 . 1  General  remarks 

For  the  design  process  four  essential  parts  are  necessary 

•  detailed  and  accurate  description  of  the  design  requirements 

•  design  methods  for  providing  the  basic  shape 

•  analysis  methods  to  confirm  the  design  and  estimate  the  off-design  performance 

•  experience  how  to  use  and  to  combine  results  from  design  and  analysis  methods  to 
do  a  successful  design,  e.g.  the  development  of  certain  design  procedures  which 
may  be  different  from  task  to  task  but  which  have  the  same  components. 

In  the  following  paper,  the  latter  three  points  will  be  discussed.  Although  the 
design  requirements  should  be  provided  by  the  customer,  and  one  may  argue  that  they  are 
therefore  out  of  discussion,  their  Impact  on  the  result  is  very  strong  and  some  state¬ 
ments-  are  necessary.  Only  reasonable  and  feasible  requirements  can  lead  to  a  successful 
design.  Therefore,  permanent  discussions  between  design  engineer  and  customer  are  neces¬ 
sary  to  clarify  the  problems  and  to  end  up  In  design  requirements  as  accurate  as  pos¬ 
sible. 


2.2  Design  methods 

For  designing  airfoil  and  fan  cowl  contours  a  low  speed  design  method  for  airfoils 
according  to  Eppler  and  Somers  [20]  has  been  employed.  This  method  is  based  on  a  confor¬ 
mal  mapping  procedure.  The  flow  arcund  the  airfoil  is  mapped  into  a  flow  around  a 
circle.  The  circle  is  split  into  segments.  For  each  segment  an  angle  of  attack  a*  has  to 
be  chosen.  The  calculation  of  the  airfoil  contour  then  implies  that  the  velocity  is 
constant  in  each  segment  at  the  chosen  value  of  a*. 

The  velocity  decrease  at  the  rear  part  of  the  airfoil  can  be  defined  by  a  set  of 
parameters  and  the  closure  condition  is  automatically  realized.  It  should  be  pointed  out 
that  this  unusual  way  of  specifying  the  velocity  distribution  enables  the  user  to  take 
different  design  points  into  account. 

As  a  method  for  designing  supercritical  airfoils  the  artificial  viscosity  method  of 
McFadden  has  been  used  [21] .  It  Is  a  design  mode  of  the  wellknown  analysis  code  of 
Bauer,  Garabedian,  Korn,  Jameson  [22,23]  in  which  the  full  potential  equation  is  solved 
and  the  exterior  to  the  airfoil  is  conformally  mapped  into  the  interior  of  the  unit 
circle  (Pig.  1)  .  The  code  solves  the  inverse  design  problem  by  an  Iteration  process  In 
which  the  actual  pressure  distribution  calculated  with  the  use  of  additional  artificial 
viscosity  is  compared  with  the  desired  one  and  a  correction  to  the  estimated  airfoil  is 
made  until  the  airfoil  shape  has  converged. 

It  should  be.  mentioned  that  further  desian  methods  have  been  used  in  the  Dast.  One 
of  these  is  the  method  of  elliptic  continuation  of  Sobieczky  and  Eberle  [24,25),  with 
which  some  transonic  airfoils  for  basic  research  have  been  developed.  The  other  one  is 
the  mevhod  of  Carlson  (26)  who  also  solves  the  full  potential  equation  but,  in  contrary 
to  Bauer,  Garabedian,  Korn,  Jameson,  by  using  cartesian  coordinates.  Both  methods  need 
an  initial  airfoil  which  is  then  changed.  For  solving  future  design  problems  in  the 
field  of  airfoils  the  method  of  Giles  and  Drela  (27)  have  to  be  taken  Into  account. 
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2.3  Improvement  of  the  design  code  of  McFadden 

In  subsonic  flow,  the  airfoils  designed  with  the  original  McFadden  code  do  exhibit 
the  target  pressure  distribution.  However,  if  there  are  supersonic  regions  in  the  target 
distributions,  the  calculated  pressure  distributions  from  the  designed  airfoils  are  in 
general  different  from  the  prescribed  ones  above  ell  near  the  shock  waves  (Fig.  2) 
(28)  . 

Therefore,  this  method  was  investigated  in  more  detail  in  cooperation  between  DLR 
and  INTA  [291  in  order  to  suppress  or,  at  least,  diminish  as  far  as  possible  the  discre¬ 
pancies  between  the  analysis  and  the  design  code,  one  result  of  those  investigations 
will  be  given  here  in  short. 

The  iterative  process  developed  in  the  original  code  seems  to  converge  very  well 
for  subsonic  flows.  In  contrast,  for  transonic  flows  some  problems  may  appear.  They  are 
due  to  the  presence  of  shock  waves,  that  is,  to  the  presence  of  large  gradients  in  the 
derivative  of  4>(s,m)  which  may  cause  a  logarithmic  singularity. 

The  problem  can  be  avoided  on  coarse  grids  because  the  artificial  viscosity  inher¬ 
ent  in  the  finite  differences  scheme  smoothes  the  shock  wave.  This  effect  allows  the 
process  to  converge  even  in  the  case  of  transonic  flow.  For  modelling  the  flow  accurate¬ 
ly,  we  need  to  use  fine  grids.  In  that  case,  converged  results  are  obtained  by  adding  an 
artificial  viscosity  to  the  potential  equation  with  the  form: 

el  1  ‘  -fu  £V(M>  • 

The  factor  is  included  for  changing  the  amount  of  artificial  viscosity  to  be 
used,  and  V(M)  is  a  smooth  function  of  the  local  Mach  number  with  the  shape  shown  in 
Fig.  3.  In  [21],  it  is  suggested  to  use  QPt,  =  0.85  and  QPU  =  0.95  as  boundary  values  for 
this  function. 

The  main  problem  to  be  solved  concerns  the  discrepancies  between  the  analysis  and 
the  design  code,  which  are  due  to  the  use  of  the  added  artificial  viscosity.  Fig.  4 
shows,  that  the  artificial  viscosity  does  not  only  influence  the  flow  field  in  the  su¬ 
personic  area  and  at  the  shock  wave,  but  also  far  away  from  it  depending  on  the  values 
given  to  the  input  parameters  QPL  and  QPU.  The  influence  of  these  parameters  is  shown  in 
Fig.  5. 

There  are  a  couple  of  reasons  indicating  that,  away  from  the  shock,  the  added  arti¬ 
ficial  viscosity  is  overestimated.  First,  it  should  not  be  necessary  to  use  any  additio¬ 
nal  artificial  viscosity  at  subsonic  points  near  the  sonic  line.  On  the  other  hand  the 
value  of  the  artificial  viscosity  does  not  need  to  be  so  high  as  it  originally  is  in 
most  of  the  supersonic  zone,  where  the  gradient  of  is  small  enough.  An  improved  func¬ 
tion  V(M)  should  therefore  satisfy  the  following  conditions: 

•  be  zero  In  the  whole  subsonic  region, 

•  be  large  enough  in  the  supersonic  area  and  near  the  shock  wave, 

•  falling  to  zero  on  the  sonic  line. 

The  fact  of  using  a  first  order  retarded  differences  scheme  for  <PMU  at  all  superso¬ 
nic  points  introduces  an  error  in  the  potential  equation  of  the  form: 

Am  •  max  C  (u*  -  c»),  0]  • 

that  gives  the  idea  of  using  the  new  function 

max  (M»  -  1),  0] 

of  which  an  example  is  displayed  in  Fid,  6.  in  this  way,  the  difference  between  the 
analysis  and  the  design  codes  becomes  smaller. 

The  new  artificial  viscosity  is 

ex  •  Aw  •  max  J(M*  -1),  Q]  • 
instead  of  the  original  one 

S1  ’  Aw  •  ‘fa  IV(M)  *  'W- 

The  velocity  distribution  derived  from  the  analysis  of  the  K0RN1  airfoil  with  the 
BGKJ-code  (M  =  0.75,  c,  =  0.629)  in  Fig.  7,  has  been  used  as  input  data  for  the  improved 
design  code. 

The  flow  over  the  redesigned  airfoil  was  then  again  computed  using  the  BGKJ-code 
and  is  presented  in  Fig.  8.  It  is  shown  that  the  results  obtained  with  the  modified  code 
are  essentially  equal  to  the  input  data  in  the  subsonic  region  and  also,  the  input  data 
could  nearly  be  reached  in  the  supersonic  part.  These  calculations  indicate  very  clearly 
that  by  using  the  artificial  viscosity  only  inside  the  supersonic  field  deviations  cut- 
side  of  it  can  be  avoided  and  that  the  new "artificial  viscosity  which  is  concentrated  on 
areas  with  large  pressure  gradients  gives  a  good  agreement  with  the  input  data.  When 
using  the  original  smooth  design  pressure  distribution  of  the  Kornl  airfoil  and  carrying 
out  the  same  procedure  as  in  the  example  before  nearly  the  same  behaviour  is  obtained. 
The  modified  code  yields  a  much  better  result  (Fla.  9) . 
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The  third  example,  Fig.  10.  shows  an  input  pressure  distribution  with  a  prescribed 
shock  obtained  from  an  analysis  run  including  the  effect  of  boundary  layer  displacement 
thickness.  The  airfoil  designed  with  the  modified  code  yields  a  result  which  is  nearly 
the  same  as  the  input  data.  It  has  also  been  found  that  the  thickness  at  the  trailing 
edge  of  the  designed  airfoil  was  almost  the  same  as  the  thickness  of  the  boundary  layer 
displacement  thickness  at  that  point. 


2.4  Analysis  methods 

For  verifying  designed  shapes  and  estimating  their  off-design  behaviour  it  is  con¬ 
venient  to  use  well  proved  and  reliable  analysis  methods  which  are  also  numerical  stable 
and  easy  to  handle  and  which  have  been  checked  against  experiments  and  other  methods. 
Essentially  two  methods  are  employed  for  flows  around  airfoils  without  significant  sepa¬ 
ration.  In  the  case  of  incompressible  and  lower  subsonic  flows  the  analysis  part  of  the 
computer  program  of  Eppler/Somers  [20)  has  been  chosen.  It  is  originally  a  higher  order 
panel  method  for  incompressible  flow  which  has  been  extended  by  Rade  piel  (30)  to  sub¬ 
sonic  flow  by  introducing  a  combination  of  two  different  compressibility  rules.  For 
transonic  flow  the  well-known  Bauer/Garabedian/Korn/Jameson  method  [22,23)  is  employed 
which  is  based  on  a  finite  difference  approximation  of  the  full  potential  equation  in  a 
transformed  mesh  to  fulfil  the  exact  boundary  conditions.  In  both  methods  viscous  ef¬ 
fects  are  taken  into  account  by  adding  the  boundary  layer  displacement  thickness  to  the 
airfoil  contour  during  the  Iteration  process.  The  calculation  of  laminar  and  turbulent 
compressible  and  incompressible  boundary  layers  has  been  performed  with  the  Integral 
method  of  Wait  (31,32),  method  II,  which  is  based  on  the  numerical  integration  of  the 
Integral  equations  of  momentum  and  energy.  The  friction  drag  is  obtained  by  integrating 
the  local  shear  stresses  whereas  the  pressure  drag  is  calculated  after  a  proposal  of 
Precsch  (331  by  application  of  the  momentum  law  around  the  airfoil.  For  estimation  of 
the  laminar-turbulent  boundary  layer  transition  the  method  of  Granville  (34)  is  used  in 
which  a  relation  between  an  average  shape  parameter  and  the  Reynolds  number  based  on 
momentum  thickness  between  the  point  of  neutral  stability  (35)  and  the  transition  loca¬ 
tion  is  employed.  For  laminar  airfoils  at  high  Reynolds  numbers,  the  transition  location 
prediction  method  based  on  the  -lability  theory  of  laminar  boundary  layers  is  used.  This 
method  defines  transition  by  a  certain  limiting  amplification  exponent  or  N-factor  of 
the  laminar  boundary  layer.  Transition  is  predicted  if  the  limiting  N-factor  is  exceeded 
by  the  calculated  amplification  values.  The  method  is  described  in  detail  in  (36). 

For  the  analysis  the  transonic  inviscid  flow  around  isolated  nacelles  an  exten¬ 
sion  of  the  three-dimensional  DFVLR  Euler  code  CEVCATS  is  used.  This  code  is  based  on  a 
cell-vertex  finite-volume  scheme  for  the  three-dimensional  Euler  equations.  The  scheme 
uses  central  differences  for  the  calculation  of  the  flux  balances  and  therefore  artifi¬ 
cial  dissipative  terms  are  used  to  damp  high-frequency  oscillations  in  the  solution. 
Steady  state  solutions  are  obtained  using  a  Runge-Kutta  time  stepping  scheme.  The  scheme 
is  analysed  In  detail  in  (37,38).  The  extension  of  CEVCATS  for  the  calculation  of  nacel¬ 
le  flows  is  described  In  (391 . 

The  code  uses  a  computational  domain,  which  is  divided  into  three  blocks  as 
sketched  in  Fig.  11.  In  the  streamwise  direction  an  H-type  grid  topology  is  used  whereas 
a  polar  grid  is  used  in  the  circumferential  direction.  In  the  present  version  of  the 
code  the  grid  is  rotationally  symmetric  and  the  core  jet  is  simulated  by  a  cylindrical 
body.  The  total  number  of  grid  points  is  around  56000.  Although  characteristic  boundary 
conditions  are  applied  at  all  inflow/outflow  boundaries  of  the  computational  domain  for 
a  proper  convergence  behaviour  to  the  steady  state,  the  code  accurately  reproduces  the 
mass  flow  into  the  inlet  of  the  nacelle  as  specified  by  input. 

For  the  calculation  of  laminar  and  turbulent  compressible  boundary  layers  around 
the  nacelle  outer  contour,  the  integral  method  according  to  Rotta  (40)  has  been  used. 
The  method  is  also  based  on  the  numerical  integration  of  the  integral  equations  for 
momentum  and  energy  and  can  be  used  for  axisymmetric  or  plane  flows.  In  the  axisymmetric 
case  both  external  and  internal  flows  can  be  calculated. 

The  use  of  an  axisymmetric  boundary  layer  code  is  certainly  justified  under  cruise 
conditions  where  the  angle  of  attack  is  less  than  1.5°.  For  the  take-off  case,  however, 
a  much  larger  angle  of  attack  has  been  specified  and  three-dimensional  boundary  layers 
within  the  inlet  are  expected.  In  this  case  the  result  of  an  axisymmetric  boundary  layer 
code  is  of  less  value. 

The  transition  location  of  the  laminar  boundary  layer  into  a  turbulent  one  is  also 
computed  by  means  of  the  forementioned  stability  theory  of  laminar  boundary  layers. 

For  applying  this  2D  transition  location  prediction  procedure  it  is  necessary  to 
investigate  the  influence  of  3D  effects  due  to  an  axisymmetric  geometry  on  the  laminar 
boundary  layer.  This  has  been  done  in  [41!  with  the  Rotta  method  (40).  The  main  result 
of  (41)  is,  that  for  a  relative  nacelle  radius  r/c  z  0.5  the  differences  of  the  boundary 
layer  parameters  between  the  axisymmetric  flow  and  the  2D  flow  are  negligible. 
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Using  the  present  Euler  code  for  the  lnviscid  flow  around  the  nacelle  a  direct 
integration  of  the  pressure  drag  is  not  possible  for  two  reasons: 

•  The  contour  of  the  nacelle  is  not  closed  as  shown  in  Figure  11. 

•  Usually,  the  pressure  drag  is  a  small  value  which  is  obtained  from  large  inte¬ 
grands.  Therefore,  a  direct  integration  of  the  pressure  drag  is  not  very  accu¬ 
rate. 

•  The  present  Euler  code  does  not  account  for  the  pressure  drag  due  to  viscous- 
inviscid  interaction. 

On  the  other  hand,  it  is  possible  to  calculate  the  sum  of  pressure  drag  and  fric¬ 
tion  drag  of  the  outer  flow  around  the  nacelle  from  the  stagnation  point  at  the  leading 
edge  to  the  trailing  edge  from  the  boundary  layer  results  at  the  trailing  edge  according 
to  Squire  and  Young  [421.  Hence,  it  is  possible  to  estimate  the  drag  increment  between 
nacelles  with  laminar  and  turbulent  flow. 

Furthermore,  the  wave  drag  due  to  shock  waves  in  transonic  flow  is  neglected  in  the 
squire/Young  formula.  Experiences  with  transonic  airfoils  indicate,  that  the  wave  drag 
is  negligible  in  comparison  with  the  viscous  drag  if  the  Mach  number  upstream  of  the 
shock  does  not  exceed  Mj^  =  1.15.  At  higher  Mach  numbers,  where  the  local  Mach  number  M^ 
upstream  of  the  shock  wave  is  larger,  the  wave  drag  cDW  is  estimated  by  subtracting  the 
pressure  drag  at  a  lower  Mach  number  without  shock  waves  from  that  at  the  high  Mach 
number. 


3.  DESIGN  PROCEDURES 

By  means  of  the  analysis  and  design  methods  described  in  the  preceding  chapters, 
the  following  design  procedures  have  been  proved  advantageous  for  the  design  of  airfoil 
shapes  for  different  purposes. 


3.1  Sailplane  airfoils 

When  designing  airfoils  for  sailplanes  at  least  two  design  conditions  have  to  be 
taken  into  account:  the  circular  climb  at  low  speed,  low  Reynolds  number  and  high  lift 
coefficient  and  the  distance  flight  at  high  speed,  higher  Reynolds  number  and  lower  lift 
coefficient.  Such  a  design  task  can  be  carried  out.  with  some  experience,  using  the 
calculation  system  of  Eppler  and  Somers  (20)  if  the  boundary  layer  method  in  the  analy¬ 
sis  part  is  accompanied  with  a  reliable  and  accurate  method  to  determine  laminar- turbu¬ 
lent  boundary  layer  transition  location.  The  Eppler  design  code  is  well  suited  for  the 
design  of  laminar  airfoils  because  both  design  points  can  be  taken  into  account  in  a 
simple  manner.  The  angles  of  attack  related  to  the  design  points  can  be  used  as  input 
data  a*  (see  chapter  2.2)  of  the  design  code. 

The  same  technique  can  be  used  for  subsonic  airfoils  if  the  Mach  numbers  in  the 
flow  field  are  not  to  high,  i.e.  for  airfoils  for  low  and  medium  speed  general  aviation 
and  commuter  aircraft  and  for  propellers. 


3.2  Helicopter  airfoils 

The  flow  around  helicopter  rotor  blades  is  very  different,  depending  on  circum¬ 
ferential  location  of  the  blades  and  the  flight  conditions.  Therefore,  the  blade  sec¬ 
tions  have  to  be  designed  for  high  lift  coefficients  at  low  Mach  numbers,  for  low  drag 
at  medium  lift  coefficients  and  Mach  numbers  and  for  low  drag  at  low  lift  coefficients 
and  high  Mach  numbers.  In  all  cases  the  pitching  moment  coefficient  should  be  small. 

It  has  been  proved  that  a  combination  of  the  Eppler/*'  ,rs  design  code  and  the 
transonic  Bauer/Garabedian/Korn  analysis  method  is  very  efnclent  for  such  a  multiple 
objective  design.  The  different  steps  in  the  complicated  design  process  for  such  air¬ 
foils  are: 


1.  Choice  of  a  prescribed  velocity  distribution  or  change  of  a  velocity  distribu¬ 
tion  used  In  a  step  before. 

2.  Calculation  of  airfoil  contour  and  aerodynamic  coefficients  at  maxn  design  ob¬ 
jectives  by  means  of  the  subsonic  code  of  Eppler  and  Somers. 

3.  Reiteration  of  step  1  and  2  until  the  desired  subsonic  airfoil  characteristics 
are  obtained. 

4.  Calculation  of  the  transonic  behaviour  at  all  design  objectives  by  means  of  the 
Bauer/Garabedian/Korn  III  method. 


5.  Reiteration  of  step  1  to  4  until  the  desired  subsonic  and  transonic  behaviour  is 
obtained. 


! 

t 
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As  both  codes  are  unable  to  calculate  separated  flow  regions  they  cannot  predict 
the  maximum  lift  coefficient  c,  max.  Comparison  of  measurements  and  calculation  of  simi¬ 
lar  airfoil  types  have  shown  that  the  following  auxiliary  criterions  can  be  used  for  the 
estimation  of  cL  max  values.  At  Mach  number  of  M  =  0.3  cL  _ax  is  reached  when  the  pres¬ 
sure  coefficient  at  the  calculated  separation  point  is  equal  zero.  At  M  =  0.4  either  the 
above  separation  criterion  or  a  limiting  maximum  local  Mach  number  of  1.4  was  used. 
Maximum  lift  coefficient  at  M  =  0.5  was  estimated  by  limiting  the  local  Mach  number  Just 
ahead  of  the  shock  pressure  rise  to  a  value  of  1.4. 


Some  essential  results  of  helicopter  rotor  blade  airfoils  designed  with  this  proce¬ 
dure  will  be  presented  in  the  following.  A  9%  thick  airfoil,  DM-H1,  chowed  the  expected 
zero  lift  drag  vs.  Mach  number  (Fig.  121  but  the  comparison  of  the  measured  and  calcula¬ 
ted  drag  polar  at  M  =  0.7  seemed  not  to  be  satisfying  for  lift  coefficients  larger  than 
0.4  (Fig.  13) .  An  oil-flow  pattern  indicated  that  a  turbulent  separation  bubble  was  the 
reason  for  this  behaviour  which  could  not  be  detected  by  the  analysis  method  used  here. 
As  a  consequence,  the  Mach  number  and  shock  strength  on  the  upper  side  (Fig.  14)  was 
reduced  in  order  to  avoid  such  separation  bubbles.  The  experimental  results  of  the  im¬ 
proved  airfoil,  DM-H3,  given  in  Fig.  IS  and  16,  reveal  the  increase  in  the  drag  rise 
Mach  number  as  well  as  the  improvement  of  the  drag  polar  at  M  =  0.75. 


The  measured  and  calculated  minima  of  the  pressure  coefficient  for  the  12%  thick 
airfoil  DM-H2  at  M  =  0.4  differ  from  each  other  at  large  lift  coefficients,  Fig,  17. 
Indicating  that  the  expected  maximum  lift  coefficient  could  not  be  realized.  The  transo¬ 
nic  calculation  gives  no  indication  of  a  shock  in  contrast  to  the  experiment.  The  lack 
of  the  transonic  calculation  in  this  case  may  be  caused  by  a  unsufficient  number  of  grid 
points  which  leads  to  a  wrong  boundary  layer  calculation  shifting  the  predicted  maximum 
lift  coefficient  to  a  higher  value  To  increase  the  maximum  lift  coefficient  the  small 
local  supersonic  flow  field  has  to  be  extended  (Fig.  18) ,  using  a  higher  contour  curva¬ 
ture  near  the  end  of  the  supersonic  region  and  corresponding  changes  of  curvature  up- 
and  downstream.  This  modification  influences,  of  course,  the  aerodynamic  characteristics 
at  other  operational  points.  Windtunne.l  experiments  confirmed  the  increased  maximum  lift 
coefficient  of  the  modified  airfoil  DM-H4,  Fig.  19. 


These  two  examples  may  demonstrate  that  in  such  a  design  process,  the  reliability 
of  the  analysis  methods  is  of  decisive  importance.  Therefore,  it  is  necessary  for  such 
cases  to  use  methods  which  are  able  to  calculate  wave  drag  more  accurately  and  to  deal 
with  separated  flows  like  separation  bubbles  behind  shocks,  laminar  separation  bubbles 
or  trailing  edge  separation.  One  can  expect  that  the  methods  of  Drela  and  Giles  (43)  in 
which  a  panel  method  for  incompressible  flow  and  an  Euler  method  for  compressible  flow 
is  combined  with  an  inverse  boundary  layer  method  can  fulfill  these  requirements. 


This  design  procedure  can  be  completed  with  the  improved  McPadden  code  especially 
for  designing  supercritical  airfoils  or  changing  parts  of  them  as  can  be  shown  in  the 
following  example  for  a  helicopter  tail  rotor  blade  airfoil.  On  the  upper  and  lower 
sides  of  this  airfoil  supersonic  areas  appear  at  the  outer  part  of  the  advancing  blade 
which  cannot  be  avoided  because  of  other  requirements.  Fig.  20  shows  the  pressure  dis¬ 
tribution  of  the  initial  airfoil.  The  design  aim  was  to  reduce  the  wave  drag.  Fig,  21 
compares  the  lnviscld  flow  velocity  distributions  of  the  initial  airfoil  and  the  target 
distribution  in  the  supersonic  areas  for  use  in  the  McFadden  design  code.  The  result 
presented  in  Pig.  22  indicates  very  clearly  the  improvement  of  the  pressure  distribution 
and  wave  drag. 


This  described  design  procedure  has  also  been  used  successfully  in  the  development 
of  high  subsonic  and  transonic  laminar  airfoils  for  transport  aircraft  [16, 17).  Here, 
the  lanwnar- turbulent  transition  location  prediction  has  been  carried  out  by  means  of 
the  forementioned  stability  theory  of  laminar  boundary  layer  (eN-procedure  [36] )  which 
yields  more  reliable  results  for  high  Reynolds  numbers. 


3.3  Design  of  a  nacelle  with  natural  laminar  flow  on  the  fan  cowl 

For  the  design  of  a  natural  laminar  flow  nacelle  three  main  flight  conditions  have 
to  be  taken  into  account.  Cruise  conditions  are  characterised  by  high  Mach  number,  low 
angle  of  attack  and  a  medium  mass  flow  ratio  t  which  is  defined  by  the  relation  of  the 
inlet  stream  tube  area  at  infinity  and  the  highlite  area  of  the  nacelle.  At  take-off 
conditions  low  Mach  number,  high  angle  of  attack  and  high  mass  flow  ratio  are  present. 
At  landing  conditions  the  parameters  are  similar  except  of  the  mass  flow  ratio,  which  is 
very  low. 

The  design  of  the  nacelle  contour  has  been  done  iteratively  by  means  of  the 
methods  described  in  chapter  2.  It  has  to  be  mentioned  that  the  subsonic  code  of  Eppler/ 
Somers  is  valid  for  2D  flow  only  and  the  pressure  distribution  for  three-dimensional 
transonic  flow  around  a  nacelle  may  be  quite  different  from  that  of  the  low  speed  air¬ 
foil. 


Nevertheless,  the  angle  of  attack  in  the  design  code  can  be  chosen,  so  that  the 
stagnation  points  on  tuc  low  speed  airfoil  and  on  the  transonic  ncce!’©  coincide.  Then, 
the  flows  around  the  nose  of  airfoil  and  nacelle  beha’e  very  similar  and  the  input  para¬ 
meters  of  the  airfoil  des  gn  code  can  be  systematically  used  to  change  the  transonic 
behaviour  of  the  nacelle.  With  some  experience  the  flow  around  the  nacelle  can  be  effec¬ 
tively  influenced  by  changing  the  input  of  the  low-speed  code. 
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The  different  steps  in  the  design  process  are: 

1.  Choice  of  a  velocity  distribution  taking  into  account  the  2D  subsonic  and  the  3D 
transonic  calculation  of  a  given  nacelle  contour  or  of  an  iteration  step  before. 

2.  Calculation  of  nacelle  contour  by  means  of  the  2D  subsonic  design  code. 

3.  Reiteration  of  step  1  and  2  until  the  desired  pressure  distribution  characteris¬ 
tics  in  the  different  design  points  are  obtained. 

4.  Calculation  of  the  3D  transonic  inviscid  pressure  distribution  at  the  design 
points  by  the  Euler  code. 

5.  Reiteration  of  step  1  to  4  until  a  desired  transonic  pressure  distribution  is 
obtained. 

6.  Calculation  of  boundary  layer  characteristics  by  means  of  the  Rotta-method  and 
prediction  of  laminar-turbulent  transition  by  means  of  a  stability  code. 

7.  Reiteration  of  step  1  to  6  until  the  design  objectives  are  fulfilled  as  good  as 
possible. 

Some  of  the  nacelle  contours  designed  in  this  way  are  shown  in  Figure  23.  The  con¬ 
tours  LN1A  to  LN1D  show  the  modifications  from  the  complete  adverse  outside  pressure 
distribution  of  a  conventional  nacelle  to  a  typical  natural  laminar  flow  pressure  dis¬ 
tribution  with  a  slight  pressure  drop  up  to  60%  of  chord  length.  Figure  24.  Thus,  the 
maximum  thickness  is  increased  from  7.4%  to  9.6%  and  the  location  of  maximum  thickness 
is  shifted  downstream. 

Another  important  design  point  is  the  take-off  case  with  low  Mach  number  and  high 
angle  of  attack.  Figure  2S  shews,  that  the  inside  pressure  peak  at  the  6  =  180°  section 
can  be  reduced  by  a  careful  design.  From  LN1D  to  LN1  the  contour  curvature  is  decreased 
in  the  supersonic  region  and  increased  behind  it,  resulting  in  a  reduced  supersonic 
expansion. 


4.  CONCLUSIONS 

In  order  to  perform  the  different  design  tasks  successfully,  the  following  essen¬ 
tial  conditions  have  to  be  fulfilled: 

•  Detailed  and  accurate  description  of  reasonable  and  feasible  design  requirements 

•  Both  reliable  design  methods  and  efficient  and  validated  analysis  methods  have  to 
be  available 

•  Physically  established  efficient  design  procedures  have  to  be  developed  for  dif¬ 
ferent  tasks  using  suitable  design  and  analysis  methods 

or.  the  basis  of  these  principles  a  number  of  design  tasks  for  industry  and  research 
have  been  carried  out  with  good  success. 

These  tasks,  of  which  some  results  have  been  shown,  comprise  the  design  of: 

•  Laminar  airfoils  for  sailplanes  (sailplane- industry) 

•  Supercritical  airfoils  (basic  research) 

•  Propeller  airfoils  (Dornier  TNT  Experimental) 

•  Helicopter  rotor  blade  airfoils  (MBB  BO-108) 

•  Laminar  airfoils  for  high  Reynolds  numbers  (Dornier,  gloves  for  LFU-205  and  ATTAS 
research  aircrafts,  Airbus  310  type  aircraft) 

•  Natural  laminar  flow  nacelle  (Airbus  Industrie,  A320  type  aircraft) 
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SUMMART 

The  classical  problem  of  constructing  an  airfoil  profile  that  corresponds  to  an  arbitrarily 
prescribed  3peed  distribution  is  discussed  and  recast  hero  in  a  form  suitable  for  transonic 
applications.  The  problem,  In  general,  Is  not  well  posed  unless  the  specified  speed  distribution 
satisfies  certain  constraints.  Thus,  a  solution  exists  only  if  the  speed  distribution  contains  a 
sufficient  number  of  free  parameters  with  values  that  can  bo  adjusted  In  order  to  satisfy  the 
constraints.  This  paper  discusses  the  nature  of  the  constraints  and  proposes  several  strategies  for 
Introducing  the  necessary  freedom  In  the  speed  distribution.  The  computational  method  described  in  this 
paper  determines  the  values  of  the  parameters  as  part  of  the  solution.  It  Is  based  on  the  numerical 
solution  of  the  full  potential  equation  In  conservation  form  with  Dlrlchlet-type  bourlary  conditions  by  a 
multlgrld-ADI  scheme.  The  general  applicability  and  the  accuracy  of  the  numerical  method  are  Illustrated 
by  several  examples. 

1.  INTRODUCTION 

The  problem  of  designing  airfoil  profiles  has  aroused  considerable  theoretical  Interest  for  well 
over  half  a  century  because  of  the  tremendous,  practical  implications.  The  aerodynamic  performance  of  an 
aircraft  can  bo  greatly  enhanced  by  tailoring  the  airfoil  to  it3  specific  commercial  or  military 
requirements.  An  aircraft  design  usually  calls  for  the  wing  profile  to  exhibit  specified  lift  and/or 
drag  characteristics,  a  particular  lift  distribution,  or  a  specific  velocity  distribution  that  would 
provldo  a  measure  of  control  on  the  behavior  of  the  boundary  layer.  In  these  case3,  the  airfoil  design 
problem  Is  reduced  to  the  specification  of  a  desired  speed  or  pressure  distribution. 

Mangier1  and  Llghthlll7  discussed  thi3  "Inverse"  problem  of  airfoil  theory  for  the  case  of 
Incompressible  flow  and  proposed  various  analytical  solutions.  Their  methodology  was  refined  and  adapted 
for  application  on  large  and  small  computers  by  successive  researchers.*' 7  However,  the  difficulty  In 
extending  the  methodology  developed  for  Incompressible  flow  to  the  transonic  regime  eventually  gave  rise 
to  a  number  of  alternate  methods.  In  a  pure  inverse-type  method  of  airfoil  design  —  such  as  those  of 
Mangier  and  Llghthlll  --  the  speed  (or  pressure)  distributions  desired  on  the  surfaco  of  the  profile  are 
specified  along  with  the  magnitude  and  direction  of  the  free  stream.  In  contrast  to  the  direct  problem 
In  which  the  shape  of  the  airfoil  profile  13  specified  and  the  surface  speed  Is  computed  through  a 
solution  of  a  Neumann-type  problem,  the  Inverse  problem  does  not  necessarily  have  a  solution.  A  solution 
to  the  Inverse  problem  exists  only  If  a  certain  constraint  between  the  free-stream  speed  and  the  surface 
spoed  Is  satisfied.  In  incompressible  flow,  which  can  be  described  by  Laplace’s  equation,  this  can 
easily  bo  shown  and  the  constraint  can  be  expressed  In  closed  form.  If,  In  addition,  It  is  required  that 
the  airfoil  profile  be  closed  (or  have  a  particular  trailing  edge  thickness),  two  additional  constraints 
appear.  They  can  al3o  be  expressed  In  closed  form  for  Incompressible  flow.  The  existence  of  these 
constraints  has  boen  known  since  the  work  of  Mangier  and  Llghthlll,  and  Hoods  has  extended  the  analysis 
to  suberltlcal  compressible  flow3  of  a  Karman-Tslen-type  gas.  The  work  of  these  authors  Indicated  that  a 
specified  surface  speed  distribution  had  to  be  altered  In  such  a  manner  a3  to  satlsry  the  three 
constraints  In  order  to  guarantee  a  solution.  In  their  methods,  as  In  the  refinements  that  followed,*”7 
the  approach  was  to  prescribe  the  surface  speed  distributions  with  three  free  parameters  whose  values 
were  to  be  adjusted  to  satisfy  the  three  constraints. 

An  obvious  advantage  of  inverse  methods  is  the  control  the  designer  has  over  the  force 
characteristics  of  the  airfoil  profile  and  over  the  boundary  layer  development  on  Its  surfaco,  a  control 
gained  through  the  pressure  (speed)  dls.  .'ibution  that  Is  specified.  This  control  can  still  be  retained 
when  making  the  changes  that  might  be  necessary  to  satisfy  the  constraints.  The  introduction  of  the 
three  free  parameters  can  be  arranged  such  that  an  "ideal"  speed  distribution  Is  modified  only  over 
selected  segments  of  the  airfoil  surface.  Desired  characteristics  of  a  speed  distribution  (e.g., 
"rooftops,"  Stratford-type  pressure  recovery,  roar  or  front  loading)  can  be  retained  with  little  or  no 
modifications. 

The  formulation  of  an  Inverse  method  at  supercritical  speeds  has  been  problematic  because  of  the 
lack  o'  closed-form  expressions  for  the  three  constraints.  The  existence  of  constraints  for  the 
transonic  design  problem  was  Intuitively  true  becauso  the  incompresslole  design  problem  was  a  subset  of 
the  more  general  compressible  problem.  The  lack  of  a  clear  understanding  of  the  nature  of  the  first 
constraint  was  the  main  source  of  the  difficulties.  A  number  of  alternate  approaches  to  airfoil  design 
were  thus  developed,  each  approach  having  Its  particular  advantages  and  disadvantages.  A  number  of 
methods,  such  as  those  of  Hicks  ot  al.,*  Dayls,’  McFadden,10  Tranon,11  and  Carlson17  can  be  classified  as 
"direct"  methods.  In  those  methods  the  solutions  (pressure  and/or  force  characteristics)  for  the  flow 
over  some  vbitrary  Initial  airfoil  conluui  aie  compared  with  a  desired  set  of  values  lor  the  pressure 
distribution  or  forces.  The  differences  between  the  "target"  and  "current"  characteristics  are  used  in 
some  rational  way  to  modify  the  airfoil  profile  In  the  hope  of  reducing  those  differences.  The  process 
obviously  has  to  be  iterated.  One  advantage  of  such  methods  Is  that  a  realistic  airfoil  profile  Is 
always  obtained  at  every  step  o"  the  iteration.  The  biggest  disadvantage,  however,  lc  tho  lack  or  a 
guarantee  that  tho  Iteration  will  converge  with  the  differences  between  computed  and  target  values 
reduced  to  arbitrarily  small  levels.  The  question  of  the  existence  of  an  airfoil  solution  for  a 
particular  "target"  pressure  distribution  is  skirted  in  these  methods  and,  in  fact,  they  will  not 
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converge  for  arbitrarily  prescribed  pressure  distributions  that  do  not  satisfy  the  throo  constraints. 

This  approach  to  airfoil  design  is  be3t  suited  to  applications  where  the  target  pressure  distribution  is 
a  "snail"  modification  of  the  one  computed  over  the  initial  profile. 

Another  approach  pioneered  by  Sobleczky”  is  built  around  tho  concept  of  the  fictitious  gas  in 
regions  of  supercritical  flow.  This  approach  is  Ideally  suited  to  the  redesign  of  an  existing  contour  in 
a  way  that  the  new  ocniour  will  have  shock-free  flow.  This  technique  is  much  easier  to  implement  than 
hodograph  methods  for  tno  design  of  shock-free  airfoils  such  as  those  of  Garabedian  and  Korn  (see  Ref. 
it)  and  Boerstoel.”  In  n6lthor  of  these  classes  of  methods  doe3  the  user  have  control  of  the  pressure 
distribution,  however.  Such  control  can  be  exercised  only  with  an  inverse  method. 

A  formulation  of  the  inverse  problem  for  airfoil  design  at  transonic  speeds  was  finally  given  by 
Volpo  and  Melnik.1*  They  devised  a  method  in  which  the  first  constraint  could  be  satisfied  by  treating 
the  value  of  the  free-stream  speed  as  a  free  parameter  that  is  determined  as  part  of  tho  solution  of  the 
Dlrlchlet  problem.  Alternatively,  the  target  surface  speed  distribution  could  be  scaled  keeping  the 
free-stream  speed  fixed.  The  two  options  are  equivalent  in  practice  since  the  quantity  of  Interest  is 
tho  ratio  of  the  surface  to  free-stream  speed.  The  discovery  of  a  mean  by  which  the  first  constraint 
mlfeht  be  satisfied  essentially  completed  the  extension  of  the  nethodology  of  Mangle,  and  Llghthlll  to 
transonic  flow.  In  the  method  described  in  this  paper,  three  free  parameters  are  adjusted  numerically  to 
drive  the  values  of  the  free-stream  speed  and  trailing  edge  gap  dimensions  to  prescribed  values.  The 
trailing  edge  parameters  are  introduced  in  such  a  way  that  each  mainly  affects  only  one  of  the 
constraints.  This  permits  the  formulation  of  a  diagonal-type  iterative  schema  in  which  the  three 
parameters  can  be  determined  from  three  uncoupled  one-dimensional  relaxation  methods.  Tho  result  is  a 
robust  method  for  the  design  of  airfoils  that  generate  speed  distributions  in  close  approximation  to  an 
arbitrarily  prescribed  ideal. 

2.  FORMULATION  OF  THE  INVERSE  DESIGN  PROBLEM 

The  problem  being  addressed  is  the  construction  of  the  airfoil  profile,  which  has  a  surface  speed 
distribution,  q„,  equal  to  some  desired  function,  F,  everywhere  along  Its  are  length, s.  This  is  to  be 
measured  «..ockwi3e  around  the  airfoil  contour  starting  at  the  lower  surface  trailing  edge  point.  The 
airfoil's  coordinates,  x,y,  can  bo  parameterized  as  functions  of  s.  A  feature  of  practical  airfoil 
contours  is  that  the  trailing  edge  be  either  closed  or  have  a  very  small  gap.  Thus,  a  requirement  on  the 
to-be-dotermined  airfoil  is  that  the  upper  and  lower  surface  trailing  odge  points  be  separated  by 
prescribed  distances  Ax  and  Ay.  The  horizontal  gap,  Ax,  is  usually  set  to  zero,  while  the  vertical  gap, 
Ay,  is  3et  to  zero  (a  closed  airfoil)  or  to  a  small  positive  number.  Tne  free  stream  is  also  defined  by 
prescribing  values  for  the  free-stream  velocity  q»,  temperature,  and  pressure  (or  density).  These  in 
turn  determine  the  free-stream  mach  Humber,  M*.  In  Incompressible  flow,  of  course,  it  is  only  necessary 
to  specify  the  velocity  in  order  to  identify  the  free  stream  uniquely.  Our  formulation  applies  in  its 
entirety  if  we  specify  a  surface-pressure  distribution  instead  of  a  surface  speed  since  the  two  are 
uniquely  related.  Formally,  then,  the  problem  is  to  determine  the  airfoil  profile  of  a  specified 
trailing  edge  thickness  corresponding  to  the  speed  distribution 
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Without  loss  of  generality,  sma„  can  be  set  equal  to  one;  q„  13  taken  as  positive  in  the  clockwise 
direction  around  tho  airfoil.  The  strategy  followed  is  to  Iteratively  modify  some  initial  contour  until 
the  desired  speed  distribution,  q0,  is  achieved.  This  initial  contour  can  be  mapped  into  the  unit  circle 
by  the  unique  conformal  transformation 
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whore  z  -  x  ♦  ly  and  q  -  ro1'*'  are  the  coordinates  In  tho  physical  and  mapped  planes,  respectively,  and  en 
is  the  Included  trailing  edge  angle.  This  equation  can  be  separated  into  its  real  and  imaginary  parts. 
Thu3,  on  r  «  1, 
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.hero  9  is  tho  local  slope  of  the  airfoil.  Q  is  the  Fourier  series 
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and  P  is  its  conjugate  series.  Because  9  Is  known  as  a  function  of  s,  the  coefficients  of  the  scries  can 
be  found  by  standard  Fourier  analysis  a3  described  in  Ref.  4.  With  this  mapping  procedure,  the  leading 
Lei  ms  uf  the  sel  lea  are  related  to  tile  ti  ailing  edge  gap  (AX, Ay)  by 
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In  the  case  of  lncompro33iblo  flow,  If  q0  were  deflnod  in  terras  of  tho  oirole  plane  coordinate,  o>, 
then  the  airfoil  contour  corresponding  to  q0  could  be  constructed  lraraedlately.  The  complex  potential,  w, 
for  the  incompressible  flow  past  the  circle  (to  which  the  unknown  airfoil  is  napped)  is 

w  -  qjqe-10  +  |— )  ♦  ir  log  c 

where  a  is  tho  angle  of  attack  of  the  free  stroam  and  r  is  the  circulation  around  tho  oirole.  '.,e  value 

dw 

of  r  is  obtained  by  requiring  that  the  voloclty  -j-  be  zero  at  the  point  on  the  circle  corresponding  to 
the  airfoil's  trailing  edge.  Now  5 


and,  in  the  physical  plane,  ||£|  *  qQ.  The  right  hand  side  of  Eq.  (8)  i3  then  completely  known  as  a 
function  of  u.  Using  Eq.  (3)  and  (5)  tho  coefficients  of  the  series  of tho  transformation  can  be 
evaluated.  Once  ha3  been  expressed  as  a  trigonometric  series  in  u,  the  airfoil  coordinates,  z,  are 
found  by  integration. 

If  q0  is  prescribed  as  a  function  of  aro  length,  3,  sorao  iteration  will  bo  required  in  this 
procedure  since  ,  which  is  needed  in  Eq.  (8),  will  not  be  known  as  a  function  of  o  until  after  s(o) 

is  found.  However,  tho  design  of  the  airfoil  is  still  a  straightforward  process. 

For  compressible  flow  of  a  perfect  gas,  the  flow  past  the  circle  cannot  be  expressed  in  closed 
form.  However,  it  can  be  computed  numerically,  and  a  similar  iterative  procedure  can  be  formulated  for 
compressiblo  flow. 

Specifically,  the  procedure  will  be  as  follows:  An  Initial  airfoil  contour  is  mapped  into  the  unit 
circle  and  the  flow  around  tho  circle  is  solved  subject  to  the  conditions  on  tho  oirole  boundary  that  the 
tangential  speed  be  the  required  total  speed.  The  passage  from  q0(s)  to  qQ(u)  is  done  U3ing  tho  current 

s(u).  In  this  flow  the  circle  boundary  13  not  necessarily  a  streamline  and  the  departure  of  the  boundary 

from  a  streamline  can  be  used  to  find  a  correction  to  the  aircraft  contour.  U3lng  the  new  metric  the 
process  can  then  be  repeated. 

The  following  sections  will  describe  a  numerical  scheme  for  computing  tho  compressible  flow  in  tho 
circle  plane  and  a  method  for  updating  the  airfoil  contour. 

3.  TRANSONIC  FLOW  FIELD  SOLUTION 

The  Infinlto  flow  field  around  a  unit  circle  can  be  transformed  Into  tho  finite  region  inside  the 
circle.  Tho  modulus  of  tho  transformation  cf  the  physical  plane,  z,  to  tho  inside  of  the  circle  is  then 
written  as 
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dz/dq  is,  of  course,  the  quantity  we  seek  since  it  describes  tho  transformation  of  tho  unknown  airfoil 
profile  into  the  circle.  It  should  be  recalled  that  the  transformation  Is  conformal  everywhere  except  at 
the  airfoil's  trailing  edge  where  the  metric  h-0. 

The  flow  in  the  circle  plane  la  assumed  to  be  governed  by  the  continuity  equation 


TS  <p«>H?<pv>-o 


(10) 


U  and  V  are  the  transformed  circle  plane  velocity  components  In  the  r  and  u  directions,  respectively. 
For  irrotatlonal  flow  they  can  be  expressed  as  gradients  of  a  potential  function  thu3 
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As  long  as  shock  waves  In  the  flow  remain  of  moderate  strength,  the  above  assumptions  will  not  Introduce 
significant  errors  in  the  flow  solution.  The  density,  p,  is  found  from  tho  speed  of  sound,  a,  through 
the  relation 
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where  Y  is  the  ratio  of  spooifln  h*?**?.  In  turn,  s  can  b"  thiuugu  Ino  energy  relation 
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Hero  a0  13  the  stagnation  speed  of  sound  and  u  and  v  are  the  velocity  components  In  the  physical  plane. 
Theso  are  related  to  the  cooponents  in  the  circle  plane  by 
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Wo  see  that  the  flow  within  the  circle  cannot  he  co.-cuted  If  h  13  not  known;  the  assumed  Initial  shape 
for  the  airfoil  provides  the  Initial  estimate  for  h.  »..  the  Holt  of  M.  going  to  zero,  equation  (10) 
reduces  to  Laplace's  equation.  Then,  the  solution  for  the  flow  within  the  circle  is  Independent  cf  the 
mapping  metric  h,  and  It  13  given  by  Eq.  (7). 


The  mapping  Introduces  singularities  at  Infinity,  but  they  can  be  removed  by  subtracting  from  the 
potential  its  behavior  In  the  far  field.  As  discussed  by  ludford,17  the  solution  in  the  far  field  Is 
made  up  of  a  uniform  stream  plus  a  circulatory  component.  The  potential  functions  describing  those  terns 
are  known.  Thus,  we  can  define  a  reduced  potential  function. 
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where  E  Is  a  circulation  constant.  This  reduced  potential  is  continuous  and  3lngle  valued  everywhere. 

At  Infinity  (r-0)  G-0„,  a  constant  that  can  bo  set  at  zero  In  direct  (Neumann)  problems,  but  which 
oust  be  determined  as  part  of  the  solution  In  inverse  (Dlrlchlet)  problems  by  extrapolating  from  the 
Interior  of  the  flow  field. 

For  the  direct  (analysis)  problem,  q„  Is  usually  set  to  unity  and  the  boundary  conditions  demand 
that  v-0  at  the  surface.  The  solution  for  the  flow  field  I3  computed  numerically  by  discretizing  the 
flow  field  In  conservation  form  along  a  polar  coordinate  mesh.  The  set  of  difference  equations  that 
approximates  equation  (10)  I3  solved  for  the  discrete  values  of  the  reduced  potential,  G,  at  the  nodes  of 
the  computational  mesh  by  an  approximate  factorization  multigrid  scheme  similar  to  the  one  described  by 
Janoson.1*  The  value  of  the  circulation  constant,  E,  Is  determined  from  the  Kutta  condition,  which 
requires  that  u  be  finite  at  the  trailing  edge.  Since  h-0  at  the  trailing  edge,  U  must  be  made  to  vanish 
at  this  point.  In  this  direct  problem  the  surface  speed  q0(s)»(s)  is  computed  from  the  potential 
function  G. 

For  the  Inverse  design  problem  the  boundary  conditions  at  r-1  are  Imposed  on  u  rather  than  v.  Using 
the  known  functional  relation  between  3  and  a  for  the  current  contour,  the  target  speed  distribution  q0 
can  then  be  expressed  as  a  function  of  u.  Then,  at  the  boundary  In  the  circle  plane  we  set  u0«u(o)  e  ’al 
to  q0(s(u)).  Of  course,  this  would  be  true  If  h  were  the  true  mapping  metric;  In  general,  It  Is  not. 
Hence,  the  boundary  Is  not  necessarily  a  streamline  of  the  flow.  In  other  woras.  v  Is  not  necessarily 
zero  at  the  boundary.  The  flow  field  Is  computed  subject  to  the  boundary  condition  u0-q  (s(u>)  at  r-1  by 
a  numerical  scheme  Identical  to  the  one  used  for  the  direct  problem.  The  Dlrlchlet  boundary  conditions 
are  implemented  b.  Integrating  q0  around  the  airfoil  to  find  the  reduced  potential  G  at  tho  boundary 
points  U3lng  Eq.  (11-13).  A  constant  of  integration  G„  can  be  presc'-lbed  arbitrarily.  The  numerical 
problem  that  has  boundaries  at  both  r-0  and  r-1  Is  well  posed  since  the  value  at  the  inner  boundary,  G„, 
Is  determined  as  part  of  the  solution.  The  circulation  constant  Is  determined  by  Integrating  u.  around 
the  full  boundary.  In  general,  in  the  Dlrlchlet  problem  there  13  a  net  mass  flow  emitted  from  the 
boundary.  To  allow  for  this,  a  source  term  0  log  r  13  substractod  from  tho  potential  leading  to  a  new 
reduced  potential,  G,  defined  by 


G  -  G  t  olog  r 


The  far-fleld  boundary  condition  will  then  have  the  additional  term 


|log[l-H^  sin2(u*or)] 


The  source  term  has  a  role  similar  to  that  of  the  circulation  term  for  the  Neumann- problem.  The  value  of 
0  Is  determined  by  setting  V  equal  to  zero  at  the  trailing  edge.  Tho  Introduction  of  the  source  term 
guarantees  compatibility  of  surface  and  far-fiold  boundary  conditions  during  the  Iteration  process.  This 
source  term  vanishes  as  the  design  process  converges  to  its  final  contour. 

.1  non-zero  normal  velocity  v  will,  In  general,  bo  computed  on  the  circle  boundary.  This  can  be  used 
to  modify  the  original  airfoil  contour. 

4.  CONTOUR  MODIFICATION 

A  non-zero  normal  velocity  v  at  the  circle  boundary  Implies  that  the  actual  streamline  Is  (to  first 
order)  rotated  from  tho  boundary  by  an  angle  of  magnitude 


60  -  tan^1  {— } 


(14) 


The  mapping  of  a  new  streamline  contour,  z, 
Eq.  (2) 


to  the  unit  circle  13  accomplished  by  a  mapping  similar  to 
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dz 

dc 

which  Implies  relations  similar  to  Eq. 


Q  - 


.  (,  .  i)  (l-c)e(MQ) 

(h)  and  (5>.  Letting 
N 

.  E  (A  sin  nu-B cos  nw) 


and  A'  -  A  -  A„  and  B'  -  B_  -  B„  It  follows  that 
n  n  n  n  n  n, 

N 

48  -  ^  4c(b-u}-  E  (A^sln  nu-B^  cos  nu) 
n»0 

where 

4c-  j  (40,-492jJ) 


(15) 


69j  and  ftOgn  are  the  values  of  69  at  the  two  sides  of  the  trailing  edge  point.  Since  6Q  is  known  as  a 

function  of  w,A^  and  B^  can  be  evaluated  by  a  standard  Fourier  anlaysis  of  Eq.  (15).  The  new  components 

of  the  series  of  the  tranfornation,  3L  and  B  ,  can  be  formed.  The  new  derivative  of  the  arc  length, 

n  n' 

ds/dw,  is  calculated,  in  turn,  as  well  as 


dx 

dto 


ds  . 

cos  0 
du 


e.  |sc  „  _  £>  3ln  g 

du  du 


The  actual  ordinates  of  the  new  airfoil  contour  are  then  obtained  hy  Integration.  This  new  airfoil 
provides  a  new  approximation  for  the  metric  h  and  a  new  relation  3<u),  which  are  needed  to  set  up  a  new 
Dirichlot  problem  In  the  circle  piano.  Thl3  process  can  be  repeated  until  a  desired  tolerance  in  the 
maximum  value  of  v/u  Is  reached.  At  this  point  the  tangential  velocity  is  equal  to  the  total  target 
speed  prescribed  on  the  surface,  and  the  target  speed  will  have  been  modified  appropriately  to  satisfy 
the  constraints. 

5.  COHSTRAINTS  IH  INCOMPRESSIBLE  FLOW 

The  question  that  must  bo  asked  at  this  point  Is  whether  an  airfoil  solution  exl3ts  for  an 
arbitrarily  prescribed  speed  distribution.  For  Incompressible  flow,  Mangier  and  Lighthlll  showed  that, 
in  fact,  a  solution  exists  only  If  certain  integral  constraints  are  satisfied  by  q0,  and  this  can  be 
demonstrated  as  follows.  ' 

Since  a  lifting  flow  over  a  circle  can  be  reduced  to  the  non-lifting,  symmetric  flow  as  shown  In 
Ref.  Z  and  19,  it  Is  sufficient  to  consider  the  nonlifting  case  In  order  to  simplify  the  discussion.  The 
mapping  between  the  z  and  t  planes  must  have  the  form 


z  -  C  ♦  l  a  c"n 
n-0  n 

if  the  flow  in  the  far  field  la  to  remain  unsealed.  Here,  the  an's  are  complex  constants.  Therefore, 


dz  .  r 

d?  ’  1  -  }.  "V 

n- 1 


■(n*l ) 


From  Eq.  (7),  we  see  that 


Hence,  combining  the  last  two  equations,  we  find  that 


<**  I  v") 

n-2 


(16) 


Since  (dw/dz)  -  qQe  1  ,  It  follows  that 


108  1^1  ‘  A  hn  C’" 


07) 


As  pointed  out  by  Lighthlll  and  Thwaltes,  log|q„/q.|  is  an  analytic  function  In  the  domain  outside 
the  circle  (It  falls  to  be  analytic  at  stagnation  points  on  the  circle  where  q0  »  0).  Tnercfore,  It  can 
be  expanded  in  a  Fourier  series  on  the  circle  it3elf.  However,  from  Eq.  07)  we  see  that  the  series 
cannot  have  terms  of  zero  or  first  order.  In  fact,  q0  must  be  such  that 
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.  q  1 

/**  log  |-p|  |ooa  wl  do  «  0  08) 

o  '*«  sin  o 

These  ape  the  three  Integral  constraints  that  the  proscribed  speed  distribution  must  satisfy  for  an 
airfoil  solution  to  exist.  These  three  constraints  have  arisen  from  the  requirements  that  the  airfoil  be 
closed  and  from  the  Imposition  of  a  value  on  the  free  stream.  It  can  be  safely  assumed  that  similar 
constraints  exist  also  at  supercritical  speeds.  The  above  discussion  Indicates  that  the  prescribed  speed 
distribution  should  contain.  In  general,  three  adjustable  parameters  to  guarantee  that  the  constraints 
may  be  satisfied.  Thus,  the  surface  speed  distribution  should  be  prescribed  In  the  form 


q 

■—  -  f(s/s 


oax’pr  P2.  P3) 


(19) 


where  pj,  p,,  and  p.  are  the  three  parameters  that  are  found  as  part  of  the  solution.  For  compressible 
flow  (M„  ^  o),  Eq.  (18)  Is  no  longer  an  adequate  expression  for  the  constraints.  One  oust  then  formulate 
alternative  means  of  evaluating  the  parameters  while  still  ensuring  that  the  constraints  are  satisfied. 
The  particular  functional  forms  chosen  to  Introduce  the  parameters  will,  of  course,  affect  the  class  of 
airfoil  solutions  that  can  be  obtained.  These  will  be  discussed  later. 

6.  AH  ALTERNATE  LOOK  AT  THE  COMSTRAIHTS 

In  order  to  formulate  a  well-posed  Inverse  design  procedure  which  would  be  valid  at  compressible 
speeds,  the  nature  of  the  constraints  must  be  re-examined  since  the  above-derived  closed  form  expressions 
are  valid  only  for  Incompressible  flow.  It  Is  logical  to  do  this  In  the  context  of  the  computational 
method  that  has  been  outlined.  The  two  constraints  that  arose  because  of  the  required  trailing  edge  gap 
are  of  a  geometrical  nature.  Hence,  one  can  set  up  a  procedure  in  which,  by  monitoring  the  trailing  edge 
gap  3ize,  the  target  speed  can  be  modified  In  order  to  drive  the  gap's  dimensions  to  Its  specified 
values.  The  first  constraint  creates  a  problem  because  there  Is  no  single,  physical  quantity  that 
reflects  the  constraint.  This  first  condition  is  a  statement  of  "compatibility"  between  the  prescribed 
surface  speed  and  the  free-stream  speed.  If  the  latter  is  also  being  prescribed,  as  Is  usually  the  case, 
the  surface  speed  prescription  has  to  be  modified  for  the  constraint  to  be  satisfied.  If  the  free-stream 
speed  Is  not  specified,  In  the  case  of  Incompressible  flow  Its  value  can  be  found  from  Eq.  (18).  In  the 
absence  of  a  clo3ed-form  expression,  which  would  be  valid  at  compressible  speeds,  the  problem  Is  to 
define  a  procedure  whereby  either  the  surface  speed  or  the  free-stream  speed  might  be  changed  to  bring 
about  "compatibility." 

Let  us  consider  the  incompressible  flow  over  a  circle  again.  Aa  mentioned  oarller,  It  will  be 
sufficient  to  consider  the  nonllftlng  symmetric  flow.  The  general  solution  for  the  flow  on  the  outside 
of  a  circle  o»  unit  radius  can  be  represented  in  the  form 


C  •  a 

o 


r  cos  a)  ♦ 


l  cos  no 
n-1  rn 


H  being  a  sufficiently  large  number. 

This  Is  the  most  general  solution  to  Laplace’s  equation  that  yields  a  uniform  free-3tream  flow  In 
the  far-fleld  (r  ■*  »).  Heneo 


and 


30 

3r 


N 

l 


n-2 


cos  nw 


(20) 


i 

r  do 


u 
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l 


n-2 


sin  nw 


(21) 


It  follows  that  the  total  velocity 


«V  -  r  e"1U 


must  be  of  the  form 


In  the  far  field,  as  ?  *  -,  q  -  q» 


q  ’  3'  '  nK  b“C’n 

Hence,  as  -  q„  and 


(22) 


9  -  9.  -  I  K  c’ 


which  reflects  the  result  expressed  In  Eq.  (17).  Thus,  If  the  flow  over  the  circle  is  determined  with 
the  condition  that  q  -  q0(w>  on  the  boundary  -  1,  we  see  that  when  wc  expand  q0(u)  in  a  series 

qe(»)  -  +  Z  o  e  lna  (2b) 

n-1 
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restrictions  on  q0  Immediately  arise,  echoing  the  constraints  described  by  Llghthlll  and  Mangier.  In 
particular,  we  see  that  c0  -  q„,  the  flr3t  constraint.  Also,  we  see  that  c,  -  0,  Implying. two  additional 
restrictions  on  the  speed,  since  o.  Is  a  complex  constraint.  For  the  rest  of  this  section  wo  will 
concentrate  on  the  flr3t  constant. 


It  is  interesting  to  note  that  Eq.  (23)  can  be  factored  Into  the  fora 


<1 


a.  -l  V'n> 

C  n«2 


(25) 


Since  the  first  part  on  the  right-hand  side  of  this  expression  represents  the  solution  for  the  flow  over 
the  unit  circle,  the  expression  in  brackets  formally  gives  the  napping  |dc/dz|  which  generates  the 
airfoil  corresponding  to  q-q0(co)  (assuming  q0  satisfies  the  constraints). 

At  thi3  point  it  should  bo  mentioned  that  a  proper  speed  distribution  for  an  airfoil  should  contain 
at  least  one  zero  corresponding  to  the  loading  edge  stagnation  point,  and  two  zeroes  If  the  trailing  edge 
Is  not  cusped.  Hence,  the  zeroes  of  q  should  match  the  zeroes  of  the  flow  over  the  circle  If  the  metric 
Is  to  be  free  of  singularities  with  the  possible  exception  of  the  trailing  edge. 

In  the  procedure  described  in  the  previous  sections,  the  airfoil's  contour  Is  to  be  found  by 
successively  modifying  some  starting  profile.  The  modifications  are  to  be  guided  by  the  solution  of  a 
Dlrichlet  problem.  Consider  now  such  a  Dlrlchlet  problem  In  the  case  of  Incompressible  flow.  Boundary 
conditions  are  now  Imposed  on  the  tangential  velocity  and  can  be  expressed  as  -r-  «  g(o)  .  Expanding 
g(u)  In  a  trigonometric  series,  one  obtains 


N 

o'  ♦  I  c'  sin  u  . 
o  .  n 


(26) 


A  comparison  of  Eq.  (26)  and  (21)  loads  to  11*1  conditions  for  the  constant  a,  and  the  It  Fourier 
coefficients  bn.  However,  c'0  Is  Identically  zero  since 


r 


IS 


du  »  0 


Thus,  there  are  really  only  N  conditions,  and  a,  --  the  term  representing  the  free  stream  —  can  be 
specified! 


Having  determined  the  values  of  the  b's,  the  speed  normal  to  the  boundary  can  be  found  from  Eq. 

(20),  The  total  speed  on  the  boundary,  as  anywhere  else  in  the  flow  field,  must  have  the  form  given  In 
Eq.  (22).  Thus,  the  solution  to  the  Dlrlchlet  problem  yields  a  now  in  which  the  free  stream,  and  the 
speed  on  any  closed  path  that  can  be  drawn  within  the  flow  field  are  automatically  compatible;  there  is 
no  "first"  constraint.  Hot  all  paths  are  of  Interest,  aowover.  Only  the  contours  that  pass  through 
branch  (stagnation)  points  of  the  flow  can  yield  alrfoil-llke  profiles.  Tho  location  of  the  stagnation 
polnt3  of  the  flow  computed  from  th»  solution  of  the  Dlrichlet  problem  depends  on  the  value  assigned  to 
the  free-stream  term,  a,.  Regardless  of  the  'alue  assigned  to  a,  ar,  airfoil  contour  can  be  traced  from 
the  stagnation  points,  but  the  speed  distribution  on  the  contour  Is  i.ot  necessarily  equal  to  the  one 
prescribed,  or  oven  close  to  It.  The  fl"3t  constraint  has  teen  removed  at  the  expense  of  retaining 
control  over  the  speed  on  the  airfoil,  which  13  an  undesirable  result. 

If  the  circle  boundary  were  to  bo  truly  a  streamline,  Gu  would  bo  Identically  equal  to  the  sought  • 
after  total  speed.  If  tho  branch  points  of  the  flow  were  to  be  on  tho  circle  boundary,  it  would  be 
reasonable  to  expect  that  the  streamline  passing  through  them  wotld  be  "close"  to  the  circle  and  the 
total  speed  on  the  streamline  would  be  "close"  to  Gu,  The  contou  "-^perturbation  process  described  above 
may  have  a  chance  to  work  In  such  a  situation.  This  "closeness"  can  be  brought  about  by  choosing  a.  In 
such  a  way  that  the  branch  points  do  fail  exactly  on  the  circle  boundary.  Since  points  where  Gu  Is1 
already  zero  arc  already  specified,  It  Is  natural  to  enforce  these  points  to  be  the  stagnation  points  of 
the  flow.  This  Is  guaranteed  by  forcing  Cr  to  be  zero  at  these  two  joints  by  appropriately  choosing 
vaxues  for  the  free  stream  and  for  tho  mass-flow  term,  a.  Since  tho  formulation  already  called  for  o  to 
be  chosen  in  3uch  a  way  as  to  make  Gr-0  at  the  trailing  edge,  the  procedure  Just  outlined  has  reinstated 
the  constraint  between  the  free  dtream  and  the  prescribed  surface  speed.  The  advantage  consists  In  the 
fact  that  the  constraint  Is  now  satisfied  by  making  G_«0  at  the  leading  edge  stagnation  point  rather  than 
through  an  Integral  relation.  Thi3  new  approach  to  the  constraints  generates  a  profile  with  a  speed 
distribution  that  automatically  satisfies  the  Integral  expression  without  invoking  it  explicitly.  In 
this  new  procedure,  as  In  the  classical  one,  the  free-stream  speed  can  be  kept  at  a  specified  value  by 
Introducing  f-ee  parameters  In  the  specified  surface  speed,  as  in  Eq.  (16);  pt  In  Eq.  (16)  can  be 
adjusted  to  return  a,  to  its  desired  value. 

In  summary,  an  airfoil  design  procedure  that  satisfies  the  first  constraint  and  Is  equivalent  to  the 
Hanglor/blghtnlll  method  can  be  formulated  a3  follows.  The  design  strategy  calls  for  the  computation  of 
a  flow  field  about  a  circle  on  which  the  boundary  conditions  are  that  tho  tangential  velocity  u 
(equivalent  to  G0  in  incompressible  flow)  Is  set  equal  to  tho  target  speed  distribution  n.  <*>;  o.>  <w?-»r» 
still  ncglc  .-ting  trailing  eu’gu  closure).  At  convergence,  u  must  be  equal  to  q».  if  we  adjust  the  value 
of  p.  In  3Uch  a  way  that  v  «  0  at  tho  point  on  the  circle  whore  u  -  0,  this  point  will  be  a  stagnation 
point  for  the  flow.  Hence,  the  streamline  representing  an  alrfoil-llke  contour  must  pass  through  that 
point.  The  speed  distribution  along  that  streamline  is  not  equal  to  the  target  speed,  but  It 
automatically  satisfies  the  free-3tream  3peed  constraint.  The  mapping  metric,  h,  can  then  be  updated  as 
described  above.  It  is  worth  mentioning,  at  this  point,  that  setting  v»0  where  u-0  ensures  that  the 
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ratio  expressed  in  Eq.  (I1))  remains  finite  at  all  tines.  With  the  now  metric  one  can  set  up  another 
Dirlchlet  problem  that  has  a  streamline  passing  closer  to  the  clro'e  and  the  speed  along  it  will  be 
closer  to  the  target  speed.  If  one  repeats  thl3  process  until  the  circle  itself  becomes  a  streamline, 
the  speed  distribution  on  the  streamline  will  then  be  equal  to  the  specified  target  and  will  satisfy  the 
constraint.  Hence,  adjusting  p,  in  such  a  way  that  v  -  0  at  u  «  0  at  all  times  leads  to  the  design  of 
the  airfoil  that  corresponds  to  q0(w;  p, ) ,  and  the  value  of  p,  13  the  value  that  ensures  satisfaction  of 
the  free-stream  speed  constraint. 

This  technique  for  satisfying  the  constraint  can  be  applied  at  supercritical  speeds  as  well  as  for 
incompressible  flow.  The  constraints  Imposed  by  the  trailing  edge  closure  requirements  can  be  accounted 
for  by  monitoring  the  trailing  edge  gap  during  the  iteration  process  and  adjusting  tho  two  additional 
parameters,  p2  and  pj  in  Eq.  (16). 

7.  ENFORCEMENT  OF  CONSTRAINTS 

The  discovery  of  a  method  that  ensures  that  the  first  constraint  can  be  satisfied  at  compressible 
speed  opens  the  way  to  the  formulation  of  schemes  whereby  the  necessary  freedom  can  be  introduced  in  tne 
speed  distribution.  For  the  remainder  of  this  paper,  it  will  be  assumed  that  the  target  speed  13  of  the 
form 


~  -  ^(siPjjff^s)  +  f2(s;p2)  *  fjlsiPj)]  (27) 

where  f0(s)  represents  the  ideal  target  speed  distribution  that,  in  practice,  is  usually  a  tabulated 
function.  The  functions  fj ,  f2,  and  f,  are  introduced  to  modify  the  ideal  target  in  order  to  satisfy 
tho  three  constraints.  In  general,  it  is  desirable  to  localize  the  effect  of  f, ,  f •>,  and  f,  so  that  the 
resulting  surface  speed  will  be  close  to  the  ideal  speed  distribution,  f0(s),  over  most  of  the  airfoil 
surface.  Since  in  transonic  flow  it  is  not  possible  to  relate  p,,  p2,  and  p,  to  the  three  constraints  in 
closed  form,  a  numerical  search  for  the  parameters  mu3t  be  made.  The  search  .s  greatly  facilitated  by 
choosing  fj,  f2,  and  f  3  in  such  a  way  that  each  significantly  affects  only  one  of  the  constraints.  Wo 
would  then  have  three  one-dimensional  searches  for  Pj,  p2,  and  Pj.  In  Ref.  20  tho  sensitivity  of  a 
designed  airfoil  contour  to  various  changes  in  the  target  speed  distribution  is  reported.  These  results 
have  guided  the  definition  of  f, ,  f2,  and  f,  in  Eq.  (27).  Three  separate  schemes  have  been  tried,  but 
they  hardly  exhaust  the  number  of  possibilities  and  many  more  can  be  constructed. 

Satisfaction  of  the  first  constraint  13  guaranteed  by  adjustment  cf  p,.  By  definition,  r,  causes  a 
scaling  of  surface  speed  (qQ/q„).  In  scheme  1,  wo  choose  f,  -  p,,  which  results  in  a  scaling  that  is 
unirorm  along  the  airfoil.  In  this  case  we  could  consider  p,  as  a  scaling  on  either  q0  or  q„.  In  tho 
latter  case  we  would  essentially  have  q,  floating,  and  it  would  be  determined  as  part  of  the  solution. 

As  discussed  above,  the  value  of  p,  is  chosen  to  guarantee  that  the  specified  leading  edge  stagnation 
point  will  truly  bo  a  branch  point  of  the  flow. 

Control  over  Ay,  the  vertical  separation  between  the  upper  and  lower  surface  trailing  edge  points, 
can  be  exercised  by  defining 


f2  -  p2  sin  (|  u)  ,  o  i  |  n  (28) 

0ut3ide  this  range  f2  is  zero.  Here,  we  are  substituting  the  ordinate  u  in  the  computational  plane  for 
the  arc  length  s.  It  is  more  convenient  to  use  u  rather  than  s,  and  the  formulation  of  the  problem  is 
not  affected  by  this  substitution.  The  function  fj  is  the  hardest  to  define.  Tho  horizontal  separation 
between  the  two  trailing  edge  points,  Ax,  is  affected  primarily  by  the  location  of  the  leading  edge 
stagnation  point.  As  shown  in  Rer.  20,  a  small  shift  in  this  stagnation  point  along  the  surface  of  the 
airfoil,  on  the  order  of  2J  of  the  chord  length,  can  alter  the  horizontal  gap  by  5-6t.  It  should  be 
pointed  out  that  a  2>  shift  in  tho  stagnation  point  along  the  surface  is  hardly  noticeable  when  viewed  as 
a  3hlft  along  the  chord.  In  ordsr  to  maintain  a  loose  coupling  among  p, ,  p2,  and  p, ,  the  shift  mu3t  be 
accomplished  without  altering  tho  local  velocity  gradients.  This  can  be  accoopliohed  by  shifting  the 
functional  dependence  of  q0  on  s  locally,  near  the  loading  edge.  Thus,  wo  let 


f3(s)  -  r0(s')  -  r0(s) 

with 


where 


s'  -  3  -  Pjh(s) 


h(s)  -  i[l-oos(jjj(3-3T*2As))]  ,  sT-2Asis'SsT-As 

*cos(|j  (s-3t*A3))]  ,  3t»AsSsSst+2A3 

Elsewhere,  h(s)  is  zero.  Tho  point  sT  denotes  the  location  where  f0(s)  is  zero  in  the  leading  edge 
region  and  As  is  some  appropriate  distance,  typically  2.5X  of  the  total  arc  length.  This  form  for  fj 
shifts  the  leading  edge  stagnation  point  smootluy  without  introducing  any  "wiggles"  in  the  target  speed 


distribution  and,  In  addition,  has  hardly  any  effect  on  the  values  of  p,  and  p2.  This  forn  for  f j  Is 
common  to  all  the  three  schemes  we  have  tried. 

A  second  scheme  for  modifying  the  target  distribution  uses  a  different  definition  for  f2  In  Eq. 

(27).  The  expression  given  in  Eq.  (28)  alters  the  target  speed  distribution  only  on  the  lower  surface  or 
the  airfoil.  It  would,  therefore,  bo  unsatisfactory  if  we  were  trying  to  design  a  symmetric  airfoil.  An 
alternative  form  for  f2  is 

f2  ■  p2  (l  -  ^  s  *1 


“  P2  -  O  ,  “  a  2*  -  t>j 

This  function  symmetrically  alters  the  magnitude  of  the  speed  in  the  neighborhood  of  the  trailing  edge. 
In  our  computational  scheme,  the  speed  takes  on  opposite  signs  on  the  upper  and  lower  surfaces, 
accounting  for  the  sign  difference  between  the  two  parts  of  Eq.  (29);  u,  Is  typically  taken  a3  »/3.  A 
third  scheme  is  formulated  by  substituting  for  f,  -  p,  In  scheme  1  the  function 


which  concentrates  the  scaling  in  the  front  half  of  the  airfoil. 

Regardless  of  which  scheme  is  used,  the  three  parameters  are  adjusted  periodically  during  the 
solution  of  the  Dirlchlet  problem  that  precedes  each  contour  modification.  At  the  end  of  every  sweep  of 
the  flow  field,  q„  and  o  are  determined  by  forcing  v  to  be  zero  both  at  the  leading  edge  point  where  u  is 
zero  and  at  the  trailing  edge.  The  factor  p,  is  then  adjusted  to  scale  q„  back  to  Its  specified  value, 
and  the  flow  field  Is  swept  again.  The  value  of  the  normal  component  of  velocity  at  the  leading  edge 
stagnation  point,  v,  goes  to  zero  quite  fa3t  (due  to  the  continuous  resetting  of  p, ).  When  v  is  below  a 
given  tolerance  (typically  10"^  -  10"6),  estimates  are  made  of  the  values  that  A,  and  B, ,  the  first-order 
terms  of  the  series  In  Eq.  (5),  would  have  If  the  airfoil  were  modified  at  that  stage.  These  values  are 
compared  with  the  values  they  should  have  for  the  airfoil  to  have  the  desired  trailing  edge  gap 
dimensions,  as  given  by  Eq.  (5).  The  differences  between  the  current  and  desired  values,  OA.  and  6B, , 
are  then  used  to  change  p2  and  p,,  respectively.  The  change  In  p2  is  made  proportional  to  6A,  and  the 
change  In  p3  is  proportional  to  (-6B, ) .  Since  p,  Is  introduced  as  a  multiplier,  a  change  in  the  surface 
boundary  conditions  due  to  a  new  p,  can  be  transmitted  through  the  entire  now  field  by  scaling  the 
entire  potential  field.  Using  this  procedure  we  can  update  p,  after  each  multigrid  sweep  of  the  flow 
field  without  seriously  affecting  tho  convergence  rate  of  the  numerical  scheme.  This  procedure  is  not 
possible  with  p2  and  Pj;  therefore,  they  are  updated  infrequently.  However,  the  method  of  false  position 
can  be  used  to  accelerate  convergence  of  p2  and  Pj.  The  flow  field  Is  assumed  to  be  converged  whon  all 
the  residuals  at  all  the  flow  field  node  points  are  below  a  specified  tolerance,  and  v  at  the  leading 
edge  stagnation  point  together  with  AAj  and  {B,  are  below  their  respective  tolerances.  At  this  point  the 
airfoil  contour  is  modified  and  another  Dirlchlet  problem  13  sot  up.  There  Is  no  need  to  analyze  the  new 

airfoil  contour  with  this  procedure.  A  direct  analysis  Is  -ado  at  the  vory  ond  of  the  calculation  Just 

to  chock  our  results. 

To  ensure  convergence  of  the  design  process,  It  Is  necessary  to  under-relax  the  changes  to  the 
contour  shape.  Thus,  only  a  fraction  of  the  changes  suggested  by  Eq.  (14)  is  actually  taken  in  the  early 
design  cycles.  After  several  contour  modifications  the  factor  can  be  increased.  The  tangential  velocity 
u(u)  at  the  boundary,  which  is  Interpolated  from  the  desired  q0  -  F(s),  is  also  under-relaxed  when  a  now 
design  cycle  13  started. 

8.  RESULTS 

A  considerable  number  of  airfoil  contours  have  been  designed  by  tho  method  over  a  wide  range  of 
speed  (or  pressure)  distributions  including  cases  in  which  shock  waves  were  present  In  the  flow  fielo. 

All  the  examples  that  will  bo  presented  in  this  section  have  been  computed  on  a  mesh  containing  192 

points  in  the  circumferential  direction  and  32  points  in  the  radial  direction.  Five  mesh  levels  were 

used  in  the  multigrid  sequence.  In  each  case  the  angle  of  incidence  of  the  designed  contour  was  set  at 
zero.  In  the  present  formulation  the  angle  of  attack  can  be  specified;  different  cholcos  for  the  angle 
result  In  different  oriontatlons  of  an  otherwise  Identical  contour  within  the  given  coordinate  system. 

A  strong  test  of  the  system  Is  Illustrated  in  the  redesign  of  the  Korn  airfoil  using  as  a  target  the 
pressure  distribution  computed  on  the  profile  at  »  0.750,  a 0.5“.  At  these  flow  conditions  a  shock 
is  present  in  the  flow  on  tho  upper  surface  as  can  be  seen  in  Fig.  1.  Using  the  distribution  given  by 
the  circles  in  Fig.  1  and  using  the  NACA  0012  airfoil  as  a  starting  contour  (see  Fig.  2),  the  Korn 
airfoil  is  recovered  exactly  in  about  a  dozen  iterations  of  the  airfoil  3hape.  A  measure  of  the 
convergence  rate  of  the  procedure  Is  given  by  Fig.  3  which  gives  the  maximum  value  of  |v/u|  at  eacn 
cycle.  The  program  was  run  through  30  cycles,  but,  usually,  no  changes  In  the  shape  can  be  noticed  once 
the  maximum  value  of  |v/u|  has  been  reduced  below  0.01.  The  pressure  distribution  computed  on  the  re- 
is~2iybn  by  «Alf<§  I!*i*  fn-Pjg,  1,  And-  lfc  !a  prank.! rally  IdrnfciOAl  ho  tho  opoolflod 
target  (the  3yabol3>.  Obviously,  since  the  target  was  a  direct  solution  for  the  flow  over  a  known 
profile,  it  satisfied  the  three  constraints  of  the  inverse  problem,  and  it  should  have  generated  an 
airfoil  solution  without  need  of  modifications.  The  actual  values  computed  for  the  three  parameters  were 
(scheme  1  wa3  used  in  this  example':  p(  »  1.000023,  p2  “  0.000090,  and  p5  -  -0.000668,  all  well  within 
the  specified  numerical  tolerances.  The  slight  differences  near  the  3hock  are  due  to  the  fact  that 
values  for  the  target  distribution  wore  computed  by  central  difference  formulas  at  midpoints  of  tho  mesh, 
while  the  values  associated  with  the  recomputed  profile  were  computed  at  node  points.  The  Korn  profile 


Is  recovered  exactly,  without  any  "wlggle3,"  In  Fig,  9  the  slope  distribution  of  the  computed  profile  In 
the  leading  edge  region  Is  compared  with  the  values  of  the  original  contour.  Even  In  the  vicinity  of  the 
shock,  the  redesigned  profile  Is  as  smooth  as  the  original  Korn  airfoil,  as  can  ba  seen  In  Fig.  5.  An 
Interesting  exercise  Is  to  use  the  pressure  distribution  In  Fig.  1  a3  the  target  for  designing  airfoils 
at  a  free-stream  Mach  number  other  than  0.75.  This  was  tried  with  free-stream  Mach  numbers  of  0.730  and 
0.770.  As  the  results  of  Fig.  5  and  6  show,  the  recoopresslon  through  the  shock  Implied  by  the  target 
distribution  can  no  longer  be  achieved  over  a  smooth  profile.  Thus,  even  though  the  "modified"  target, 
distributions  for  these  two  cases  differ  only  slightly  (see  Fig.  6)  from  the  original  target;  the 
designed  airfoil  profiles  have  dramatically  different  uppar  surfaces.  As  Fig.  5  shuW3,  the  profile 
designed  for  M„  -  0,730  ha3  a  convex  (to  the  flow)  corner  underneath  the  shock,  while  the  profile 
obtained  for  M„  -  0.770  has  a  concave  corner  at  that  point.  This  13  consistent  with  expectations.  For 
the  M„  -  0.730  case,  the  specified  shock  Is  too  strong.  The  opposite  13  true  for  the  case  at  M„  ■> 

0.770.  The  vertical  extent  of  the  supersonic  regions  in  these  several  cases  Is  of  some  Interest  as  can 
be  noticed  In  Fig.  7.  The  corners  for  the  designs  in  Fig.  5  are  real  features  of  the  airfoil  solutions 
and  are  not  due  to  numerical  Inaccuracies. 

Evidence  for  the  equivalence  botweon  the  presont  design  procedure  and  the  one  described  for 
Incompressible  flow  can  be  generated  by  trying  to  design  a  profile  using  as  a  target  speed  the 
distribution  obtained  by  the  analysis  at  a  low  Mach  number  of  a  known  profile,  which  we  will  call  q,, 
multiplied  by  some  arbitrary  factor,  p.  Since  q,  automatically  satisfies  Eq.  (!9),  <pq.)  cannot  satisfy 
the  constraints.  Straightforward  application  of  Eq.  (19)  suggests  that,  for  a  contour  to  exist,  either 
q„  must  be  scaled  by  the  same  factor,  or  p  must  be  scaled  back  to  one.  The  numerical  procedure  described 
In  this  paper  accomplishes  this  same  result  a3  shown  in  Fig.  8.  The  Korn  airfoil  was  analyzed  at 
M„-0.100,  o»1.7°  and  the  resulting  speed  distribution  was  scaled  to  provide  a  target.  The  scaling  factor 
wa3  assigned  a  value  In  the  range  of  0.2<q_<2.  As  was  expected,  u3lng  the  above-mentioned  Scheme  t,  the 
multiplier  was  scaled  back  to  one  In  each  case.  A3  can  be  seen  In’ Fig.  8  the  scaling  Is  accomplished 
almost  entirely  within  the  first  design  cycle  —  before  any  airfoil  updates.  Also,  as  expected,  tho 
resulting  profile  was  the  Korn  airfoil. 

Those  examples  demonstrate  the  robustness  and  self-con3lsteney  of  tho  numerical  scheme.  The 
remaining  examples  Illustrate  the  use  of  the  various  schemes  for  satisfying  the  constraints  In  the  design 
of  airfoils.  Rarely,  If  ever,  pressure  distributions  with  shocks  in  the  flow  field  are  prescribed.  At 
supercritical  speeds,  ''shockless"  alrfoil3  are  usually  the  goal.  A  reasonable  target  might  be  the 
distribution  depleted  by  the  symbols  in  Fig.  <)•  The  free-stream  Mach  number  in  this  case  Is  0.800,  and, 
again,  the  exercise  Is  to  design  a  closed  airfoil  using  scheme  1  to  make  any  necessary  changes  In  the 
target  distribution.  The  modified  target  speed  distribution  Is, given  by  the  solid  line  In  Fig.  9. 

The  shift  In  the  location  of  the  stagnation  point  should  be  noticed  In  this  figure.  The  shift  Is 
achieved  smoothly  and  makes  It  possible  to  close  the  x-gap  In  the  airfoil.  The  designed  airfoil  Is 
depicted  In  Fig.  10  along  with  the  computed  pressure  distribution.  This  pressure  distribution  Is  the 
result  of  a  direct  solution  of  the  flow  field  over  the  designed  airfoil  contour,  and  It  agrees  to  three 
decimal  places  with  the  pressure  distribution  that  corresponds  to  the  target  speed  distribution  (the 
solid  line  In  Fig.  9).  This  airfoil  solution  13  obtained  regardless  of  the  airfoil  contour  Initially, 
prescribed  to  start  the  Iteration  procedure.  In  Fig.  11  the  designed  airfoil  contour  is  compared  with 
four  different  starting  shapes:  the  Korn  airfoil,  the  MACA  0012,  the  NACA  0002,  and,  finally,  a  "needle" 
--  two  straight  lines  Joined  at  the  trailing  edge  and  at  the  leading  edge  tangent  to  a  semicircle  of 
radius  equal  to  0.25J  of  the  chord. 

It  Is  satisfying  to  noto  that  the  values  of  pj,  p2,  and  p,  are  Identical  regardless  of  the  starting 
shape  (l.e.,  the  modified  target  speed  distribution  Is  the  same  In  all  case3).  Apparently,  by  decoupling 
tho  three  parameters,  we  have  ensured  that  only  a  single  set  of  values  exists  that  satisfies  the  three 
constraints.  It  Is  possible  that,  If  the  three  parameters  had  been  coupled,  more  than  one  set  of  values 
might  oxl3t  that  would  satisfy  the  constraints.  Even  though  we  have  no  formal  proof  of  this,  decoupling 
appears  to  guarantee  a  unique  solution  as  well  as  making  tho  search  simpler  and  faster.  The  convergence 
rate  of  the  method  for  the  various  "starter"  profiles  Is  given  In  Fig.  12,  which  depicts  the  maximum 
value  of  | v/u |  as  a  function  of  design  cycles.  Again,  after  10-12  cycles  It  13  difficult  to  distinguish 
any  changes  In  the  airfoil  shape.  Typically,  we  run  the  code  to  a  level  where  the  maximum  |v/u]  Is  0.001 
or  smaller.  A  converged  solution  generally  requires  9-5  rain,  on  a  Cray-IM  computer  and  about  20  min.  on 
the  IBM  3081  machine. 

Tho  pressure  distribution  depicted  In  Fig.  10  appears  to  have  very  desirable  features;  In 
particular,  the  "plateau”  region  on  the  upper  surface  suggests  the  absence  of  a  shock.  However,  a  very 
large  drag  (Cp  «  0.0232)  Is  present  even  at  the  design  point.  If  we  look  at  the  Mach  number  contours  In 
Fig.  13,  we  3ee  that,  while  there  Is  no  shock  at  the  airfoil  surface  Itself,  a  very  strong  shock  Is 
present  off  the  surface.  The  contours  represent  Increments  of  0.01  In  Mach  number,  and  only  contours  for 
vaiue3  greater  than  the  free  stream  are  shown.  At  off-de3lgn  conditions,  the  shook  reaches  the 
surface.  Several  authors  have  observod  this  feature.  A  smooth  recoropresslon  along  the  surface  does  not 
necessarily  mean  that  the  flow  field  Is  shockless.  Thu3,  the  airfoil  shown  In  Fig.  10  Is  Impractical 
because  of  It3  high  drag. 

A  truly  shock! es3  closed  airfoil  Is  depicted  In  Fig.  19,  along  with  the  computed  pressure 
distribution  (l.e.,  modified  target)  and  the  original,  unmodified  target.  Koto  tho  low  computed  drag  (Cp 
»  0.0005)  of  this  airfoil.  The  computed,  lsomach  pattern  in  Fig.  15  shows  that  the  flow  over  this  airfoil 
is  truly  shock  free,  and  at  off-deslgn  points  only  a  weak  shock  develops.  This  case  was  computed  using 
scheme  2  described  above.  It  should  also  ba  noted  that  In  this  case  the.modlflcatlons  made  to  the  ideal 
target  pressure  distribution  are  considerably  larger  than  those  that  resulted  in  the  previous  case.  The 
changes  on  tho  lower  surface  reflect  mostly  the  effoc„  of  f2,  as  given  by  Eq.  (29).  An  example  of  an 
airfoil  designed  using  scheme  3' Is  shown  in  Fig.  16.  Note,  in  this  case  again,  the  vory  low  value  for 
tho  drag  and  the  considerable  lift  coefficient.  The  modifications  to  the  Ideal  target  that  should  be 
noticed  apart  from  tho  scaling  are  concentrated  near  the  trailing  edge. 

A  very  Interesting  profile  designed  to  an  unusual  pressure  distribution  Is  depleted  in  Fig.  17.  Tho 
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airfoil  was  designed  for  laminar  flow  (remember  that  the  present  method  Is  purely  lnvlscld)  to  a 
distribution  devised  by  Pfennlnger11  for  M»  -  0.766.  It  Is  only  one  of  a  series  of  airfoils  designed  for 
such  purposes.  The  scheme  used  was  scheme  1.  Since  the  Ideal  pressure  distribution  wa3  based  oh  the 
considerable  personal  experience  of  its  designer,  minor  modifications  were  needed  to  generate  the  airfoil 
solution.  The  computed  Mach  number  contours  are  depicted  In  Fig.  18.  Notlco  the  shallowness  of  the 
supersonic  region  as  compared  to  Its  length.  This  airfoil  exhibits  very  low  drag  for  a  considerable 
range  of  flow  conditions  around  Its  design  point. 

As  mentioned  earlier,  the  method  will  generate  airfoil  contours  of  arbitrary  trailing  edge  thick¬ 
ness.  The  contour  shown  In  Fig.  19  has  a  trailing  edge  thickness  equal  to  21  of  Its  chord.  Like  the 
previous  example,  this  represents  an  Interesting  design  that,  In  addition  to  front  loading,  has  a  long 
and  shallow  supersonic  flow  region.  A  final  sot  of  examples  depicts  airfoils  designed  at  a  moderate 
free-stroam  Mach  number  (M„  -0.675).  All  were  designed  to  have  a  trailing  edge  thickness  equal  to  IK  of  the 
chord.  The  two  examples  shown  In  Fig.  20  and  21  were  designed  to  original  target  pressure  distributions 
that  differed  only  in  the  leading  edge  region.  The  resulting  airfoils  both  have  a  substantial  thickness  — 
maximum  values  are  12.5)1  and  13.7%  of  the  chord,  respectively.  The  contour  in  Fig.  22  Is  not  as  thick  (11> 
of  chord),  but  It  generates  considerably  more  lift.  The  very  shallow  suporsonic  region  present  on  thl3 
profile  at  Its  design  point  is  of  Interest  in  Fig.  23. 


9.  CONCLUSIONS 

An  Inverse  method  for  the  design  of  airfoils  for  supercritical  applications  has  been  described  In 
this  paper.  The  problem  imposes  constraints  on  the  speed  distribution  to  which  the  airfoil  Is  to  be 
designed.  An  effort  has  boon  made  to  illustrate  the  most  elusive  of  the  constraints  --  the  one  relating 
the  target  surface  speed  to  the  free-stream  speed  —  and  to  Interpret  it  within  the  context  of  the 
numerical  scheme  presented.  All  the  constraints  on  the  speed  are  accounted  for  In  our  formulation.  The 
method  Is,  therefore,  well  posed  both  theoretically  and  numerically.  It  Is  also  quite  general  In  the 
sense  that  the  Ideal  specified  speed  distribution,  represented  by  f0(s),  Is  general,  and  an  airfoil 
solution  will  always  be  found  by  modifying  the  target  speed  In  order  to  satisfy  the  constraints.  Also, 
the  Initial  airfoil  contour  needed  to  start  the  procedure  need  not  be  close  to  the  final  contour  to 
achieve  convergence. 

The  particular  forms  proposed  for  f,,  f2,  and  f,  are  by  no  means  exhaustive  or  even  necessarily 
best.  They  do,  however,  provide  the  freedom  needed  to  satisfy  the  constraints  automatically,  without 
user  Intervention,  and  to  Introduce  only  a  loose  coupling  among  their  respective  multipliers  -  making 
their  evaluation  simpler  and  computationally  cost-effective.  Other  forms  for  f2  and  fj  are,  of  course, 
possible,  although  the  search  for  p,,  p2,  and  p3  might  be  more  difficult.  Most  alternative  formulations 
for  Introducing  free  parameters  will  probably  require  a  multidimensional  search  for  the  parameters. 
Techniques  exl3t,  however,  for  optimizing  this  search.  Also,  following  the  approaches  of  Arlinger, 
Strand,  and  Pollto,  It  would  be  possible  to  develop  formulations  that  would  keep  changes  to  a  minimum. 
Additional  free  parameters  could  conceivably  be  Introduced  to  prevent  crossovers  of  the  upper  and  lowor 
surfaces  of  the  airfoil,  a  possibility  not  ruled  out  by  the  present  formulation.  In  Its  present  form, 
however,  the  approach  presented  is  a  reliable  and  efficient  method  Tor  the  design  of  airfoil  profiles  of 
given  trailing  edge  thicknesses  at  transonic  speeds. 
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I  0  0  0  0  ORIGINAL  TARGET 

MODIFIED  (SCHEME  1)  TARGET 
AND  DIRECT  SOLUTION 


Fig.  1  Target  pressure  distribution  (computed  on 
Korn  airfoil  at  0.5°);  redesigned  Korn  airfoil 
and  direct  solution:  =  0.750,  a  =  0°  Ci 

=  0.8334,  CD  s  0.0063  ’  L 


Fig.  2  Starter  olrfoll  contour  (NACA  0012)  and 

computed  pressure  distribution:  MOT  = 

“  =  0°,  CU  =  0.0,  CD  =  0.0001 


Fig.  3  Convergence  history  of  maximum  velocity 
ratio;  Kom  airfoil  redesign;  Mw  s  0.750,* 


0  °  °  ORIGINAL  KORN  AIRFOIL 


Fig.  4  Computed  and  actual  slope  distribution  for 
Kom  airfoil  design  In  leading  edge  region 


Fig.  6  Slope  distribution  In  shock  wave  region  for 
Korn  airfoil,  and  for  airfoils  designed  to  Korn 
pressure  distribution  in  Fig.  1  at  various 
free-stroam  mach  numbers 


Fig.  6  Direct  solutions  (modified  target  distributions) 
for  airfoils  designed  to  Korn  pressure 
distribution  from  Fig.  1;  a  s  0°; 

=  0,770:  CL  =  0.8359,  CD  =  0.0026 
Mo,  =  0.750:  CL  =  0.8334,  CD  =  0.0063 
Moo  =  0.770:  CL  s  0.8316,  CD  =  0.0167 
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Fig.  8  Convergence  history  of  scale  factor  for  Kom 
airfoil  design;  Mg,  =  0.100 


riy.  iv  tsuSiyiivu  contour,  origins!  target  one! 

computed  pressure  distribution;  "shockless” 
case,  Mo,  =  0.800,  a  =  0°,  s  0.4801, 
Cq  =  0.0232 


Fig.  9  Original  and  modified  target  speed 

distributions;  "shockloss”  case,  M„  =  0.800, 
a  =  0° 


a)  FINAL  PROFILE  AND  KORN  AIRFOIL 


b)  FINAL  PROFILE  AND  NACA  0012 


c)  FINAL  PROFILE  AND  NACA  0002 


d)  FINAL  PROFILL  AND  "NEEDLE" 


Pig,  ^  Fins*  c.'rfc!!  profile  (oclld  Jins)  ccjn^srsd  Vfllh 
starting  profiles  (dashed  line) 


Fig.  12  Convergence  history  of  maximum  surface 
velocity  ratio  for  various  starter  profiles; 
"shockless”  case,  Mn  =  0.800,  a  =  0° 


Fig,  13  Design  point  Isomachs;  “shockless”  case 
Mo,  =  0.800,  a  =  0°;  contours  shown  at 
0.01  Intervals  beginning  with  M  =  0.810 
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SUMMARY 

An  airfoil  design  procedure  is  described  that  has  been  incorporated  into  an  existing  2-D  Navicr-Stokes  airfoil 
analysis  method.  The  resulting  design  method,  an  iterative  procedure  based  on  a  residual-correction  algorithm,  permits 
the  automated  design  of  airfoil  sections  with  prescribed  surface  pressure  distributions.  This  paper  describes  the  inverse 
design  method  and  the  technique  used  to  specify  target  pressure  distributions.  It  presents  several  example  problems  to 
demonstrate  application  of  the  design  procedure.  It  shows  that  this  inverse  design  method  develops  useful  airfoil 
configurations  with  a  reasonable  expenditure  of  computer  resources. 


NOTATION 


a®  speed  of  sound 

Cr  airfoil  section  liftcoelficient 

Cm  airfoil  section  moment  coefficient 

Cp  local  pressure  coefficient 

Cp0  pressure  coefficient  at  location  of  peak  Mach  number 

Cprg  trailing  edgo  pressure  coefficient 

Cpt_c  target  (t)  or  computed  (c)  pressure  coefficient 
c  total  energy  per  unit  volume 

II  boundary  layer  energy  form  parameter 

I  identity  matrix 

k  thermal  conductivity 

K  coefficient  in  generalized  recovery  distribution  equation 

M0  peak  Mach  number 

M2  Mach  numberaftof shock  wave 

M®  frccsiream  Mach  number 

n  coefficient  in  generalized  acceleration  region  equation 

p  surface  pressure 

P0  pressure  at  peak  Mach  number 

1*2  pressure  aft  of  the  shock  wave 

q  heat  transfer  rate 

qc  computed  speed  distribution 

qi  target  speed  distribution 

Re  Reynolds  number 

S  aerodynamic  surface  ordinate  value 

Sj  airfoil  surface  length  measured  from  stagnation  point 

S0  location  of  peak  Mach  number  on  airfoil  surface 

t  time  coordinate 

T  temperature 

TE/c  trailing  edge  thickness-to-chord  ratio 

u  instantaneous  x  component  of  velocity 

v  instantaneous  y  component  of  velocity 

x,y  cartesian  coordinates 

4>  coefficient  in  generalized  recovery  distribution  equation 

A  shock  strength  effective  wedge  angle 

At,  specified  time-stop  factor 

y  ratio  of  specific  heats 

eg  artuicial  dissipation  coefficient,  explicit  factor 

eg  artificial  dissipation  coefficient,  implicit  factor 

p  coefficient  of  dynamic  viscosity 

Pr  roughness  parameter  for  transition  criterion 

PT  turbulent  eddy  viscosity 

p  density 


S-2 


shear  sli  css 

coordinates  in  transformed  plane 
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l.  INTRODUCTION 

The  aerodynamic  design  of  aircraft  components  is  often  carried  out  by  means  of  one  of  the  following  four  approaches, 
a)  "cut  and-try”  analysis,  b)  indirect  methods,  c)  optimization  techniques,  and  d)  inverse  design  techniques.  The  cut-and- 
try  approach  consists  of  multiple  applications  of  direct  aerodynamic  analysis  methods.  The  design  engineer  specifies  a 
geometry,  and  then  uses  the  computed  flowficld  to  guide  further  changes  to  the  geometry  definition.  This  approach  to 
aerodynamic  design  is  time  consuming,  and  usually  requires  considerable  expertise  to  produce  optimum  configurations. 
Unlike  the  cut-and  try  method,  the  latter  three  design  techniques  are  far  more  automated,  requiring  fewer  "ongineer-in- 
the  loop”  interactions  to  achieve  specific  design  goals.  These  automated  design  methods  can  reduce  the  overall 
engineering  effort  and  calendar  time  for  developing  aircraft  components  and  configurations  that  have  favorable 
aerodynamic  performance  or  aerodynamic  interference  characteristics.  A  variety  of  different  analytical  and  numerical 
design  algorithms  has  been  developed,  and  Sloof  has  summarized  a  number  of  the  most  successful  methods  in  Reference  1. 

Automated  design  methods  of  the  "design-to-pressure”  type  are  normally  used  to  generate  aerodynamic  geometries 
that  have  favorable  surface  pressure  distributions  at  given  freestream  conditions.  For  example,  high  speed  aircraft 
lifting  surface  geometries  that  generate  "shock-free”  or  "weak-shock”  flow  fields  are  usually  sought  in  order  to  minimize 
wave  drag  performance  penalties.  Obviously,  the  use  of  these  automated  design  methods  requires  that  the 
acrodynamicist  can  specify,  a  priori,  the  desired  pressure  distributions  for  a  particular  application. 

By  far  the  majority  of  aerodynamic  design  procedures  are  based  upon  potential-flow  Computational  Fluid  Dynamic 
(CFD)  methods.*.2*6  Although  it  is  likely  that  potential-flow  design  procedures  wilt  continue  to  be  used  as  the 
"workhorses”  in  industry  due  to  their  reasonable  computer-resource  requirements,  there  is  now  an  increasing  interest  in 
developing  similar  design  procedures  that  use  higher-order  CFD  methods  such  as  the  Euler  equations6*8  and  the 
Reynolds-averaged  Navier-Stokes  equations.9  If  used  during  the  design  process,  these  higher  order  CFD  methods  help 
the  aerodynamicist  to  account  for  the  occurrence  of  rotational  flow  effects,  vortical  flow  field  structures,  and  a  number  of 
significant  viscous  effects  such  as  flaw  separations  and  strong  shock/boundary-layer  interactions. 

In  Reference  10,  Garabedian  and  McF addon  described  an  inverse  aerodynamic  design  procedure  based  on  a  residual- 
correction  algorithm  Their  design  method,  which  we  will  refer  to  here  as  the  GM  method,  can  be  used  to  generate 
aerodynamic  surfaces  with  prescribed  surface  pressure  distributions.  They  demonstrated  their  design  method  by 
incorporating  it  into  a  3-D,  compressible-flow,  full  potential  equation  (FPE)  aerodynamic  analysis  code. 

In  Reference  1 1,  Malone  ct  al  presented  a  modified  Garabedian  McFadden(MGM)  residual-correction  design 
algorithm  that  removed  some  limitations  of  the  original  GM  technique.  These  authors  applied  the  new  MGM  design 
method,  also  using  FPE  aerodynamic  analysis  codes  as  a  basis,  to  airfoil,  axisymmetric  nacelle  inlet,  and  3-D  nacelle  inlet 
design  problems  Most  recently,  Hazarika  and  Sankar12  used  an  FPE  CFD  method  to  apply  the  MGM  procedure  to  the 
design  of  blended  wing-body  configurations . 

This  paper  describes  the  first  use  of  the  MGM  residual-correction  design  algorithm  coupled  with  a  2-D  Navier-Stokes 
solution  procedure.  It  describes  the  2-D  Navier-Stokes  computational  procedure,  the  MGM  design  algorithm,  the 
implementation  of  the  design  procedure,  and  the  technique  used  to  define  target  pressure  distributions,  and  also  presents 
the  results  of  several  sample  design  problems. 


2.  NAVIER-STOKES  SOLUTION  PROCEDURE 
2.1  Mathematical  Formulation 


The  two-dimensional  Navier-Stokes  procedure  used  in  the  present  work  was  originally  developed  by  Sankar  and 
Tang,18  and  later  extended  by  HufT  and  Sankar.!1!  Their  method  solves  the  Reynolds-averaged  form  of  the  full  Navier- 
Stokes  equations,  which  arc  given  below  for  a  cartesian  coordinate  system. 


1=  Rx  +  Sy 

(1) 

=  ( p,  pu,  pv,  C  |f 

(2a) 

=  [  pu,pu2+p,  puv,  u(c+p)  ]T 

(2b) 

=  [  pv,  puv,  pv2+p,  v(c+p)  )T 

(2c) 

~  (  0,  tXI,  Cxy,  Utxx  +  VXxy  **  qx  F 

(2d) 

=  (  0,  Cxy,  Cyy,  UCXy  +  Vtyy  —  qy  F 

(2c) 

:  =  2/3p(2ux  -  Vy) 

(20 
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tyy  =  2/3  g  (  2  Vy  -  Uj  ) 

(2g) 

txy  =  P(uy  +  Vx) 

(2h) 

qr  =  -  kT, 

(2i) 

qy  =  —  kTy 

(2j) 

p  =  ( y  -  1  )l  e  -  .5  p(  u2  +  v2 )) 

(2k) 

Ir.  Equations  1  and  2,  (Q|  is  the  vector  of  conserved  flow  variables.  The  vectors  (F|  and  (G)  are  the  inviscid  flux 
vectors  in  the  x  and  y  coordinate  directions,  respectively.  Also,  the  vectors  |H)  and  IS1  are  the  viscous  fiux  terms  in  the 
corresponding  cartesian  coordinate,  directions. 

Equations  1  and  2  are  solved  in  a  generalized,  body-fitted  coordinate  system,  after  the  equations  arc  first  non- 
dimensionahzed  in  a  manner  consistent  with  that  of  Reference  15.  That  is,  the  time  coordinate  is  scaled  by  l/a®, where  1  is 
an  arbitrary  reference  length  (here  taken  as  1  ~  1).  The  coordinate  dimensions  are  likewise  scaled  by  1.  The  fluid  density 
is  scaled  by  p»,  while  the  cartesian  velocity  components  are  each  scaled  by  a„.  The  energy  and  the  fluid  pressure  are  both 
scaled  by  the  term,  p<»a«2.  Finally,  the  viscosity,  p,  is  scaled  by  its  freestream  value,  p». 

Then,  aftvr  the  appropriate  coordinate  transformations  have  been  performed,  Equation  1 
strong-conservation  form  as  follows: 

can  be  rewritten  in  a 

Q,  +  F*  +  Gn  “  Mo, Re~'  (R(  -h  ) 

(3) 

where  the  vectors,  Q,  F,  G,  R,  and  S  are  transformed  quantities,  given  by: 

Q=  Q/J 

(4a) 

F  =  ( itQ  +  +  fyG  )/J 

(4b) 

G  =  ( qtQ  +  H  x  F  +  >lyG  )/J 

(4c) 

R  =  (  ftQ  +  ^R  +  fyS)/J 

<4d) 

S  =  ( qtQ  +  qxR  +  *lyS  )/J 

(4e) 

f  =  ^(x,  y,  t) 

(40 

n  =  n(x,y,t) 

(4g) 

and  the  Jacobian,  J,  is  given  by 

<1  =  SxHy  -  Hxfy 

(4h) 

2.2  Numerical  Solution  Procedure 


The  techniques  used  to  solve  Equation  3  are  given  in  References  13  through  15,  and  readers  interested  in  specific 
details  should  refer  to  those  publications.  Here  we  present  only  a  brief  description  of  the  Navier-Slokes  solution 
procedure 

The  Na/ier-Stokes  system  of  equations  given  by  Equation  3  is  solved  on  a  structured  mesh  by  means  of  a  finite- 
difference  technique.  The  system  of  equations  is  integrated  in  time  with  the  implicit  Beam-WarminglG  ADI  algorithm. 
Second-order  finite-difference  expressions  are  used  for  spatial  derivatives,  while  first-order  differences  arc  used  for 
temporal  terms.  A  combination  of  second-  and  fourth-order  artificial  dissipation  is  added  for  numerical  stability.  Then,  if 
we  let  ( )n  represent  a  quantity  evaluated  at  the  nth  time  level,  the  resulting  factored  equation  can  be  expressed  as  follows: 


[  1  +  At  (6^  A  -  e[J"'5yJ))[  I  +  At  (8nB  -  epf'S^J))  Aq»+1  =  Rn  (5a) 

where 

R„  =  [  -  ( SjF"  +  8qGn )  +  +  5rSn  -f  Dn  J  At  (5b) 

Do  =  cEJ-'(5uu(QJ)  +  8nwn(QJ)  1 A^4  Aq'  (5c) 

A  =  3F/JQ  (58) 

B  =  dG/aQ  (5c) 

Aqo+l  =  Qn  +  1  —  Qn  (5f) 


The  Navier-Stokes  code13  that  was  developed  to  solve  Equations  5  can  be  used  as  a  time-accurate  procedure,  or  as  a 
variable  time  stepping  algorithm  to  speed  calculations  where  a  steady-state  solution  exists.  For  time-accurate 
calculations,  the  value  of  At  is  held  constant  throughout  the  computational  mesh  For  computations  that  are  not  time- 
accurate,  the  value  of  At  is  set  proportional  to  a  spatially  variable  quantity,  Aty, where 

Aty  —  Atftl.O  +  (abs(J))5)"l  (6) 

Finally,  some  observations  are  made  about  the  manner  in  which  several  of  the  terms  are  modeled  in  the  present 
solution  proceduie  The  artificial  dissipation  terms  used  on  the  implicit  side  of  Equation  5a  are  second  order  so  that  the 
tridiagonal  ADI  formulation  will  remain  unchanged.  The  explicit  dissipation  shown  in  Equation  5c  is  a  blended 
combination  of  second-  and  fourth-order  terms.  The  contribution  of  each  of  these  terms  throughout  the  computational 
mesh  is  controlled  by  a  pressure-gradient  switching  function  devised  by  Jameson  and  described  in  Reference  15.  And,  as 
indicated  in  Equation  5b,  the  procedure  models  the  viscous  stress  terms  in  an  explicit  manner  by  keeping  these  terms  on 
the  right  hand  side  of  the  equation  This  explicit  treatment  of  the  viscous  terms  reduces  the  computational  effort  required 
and  normally  provides  stable  calculations  for  moderate-  to  high-Reynolds-number  flows.13 

2.3  Turbulence  Modeling 

For  the  present  work,  the  Baldwin-Lomax1?  algebraic  eddy  viscosity  model  was  used  to  simulate  turbulent  fiowfield 
effects  In  this  model,  the  eddy  viscosity,  px,  replaces  the  dynamic  viscosity,  p,  given  in  Equations  2f  through  2h.  Values 
of  px  are  then  computed  throughout  the  mesh  with  a  two-layer  formulation.  This  formulation  is  related  to  the  Cebcci- 
Smith  turbulence  model,  but  docs  not  require  an  accurate  determination  of  the  boundary-layer  edge  location.  A  complete 
description  of  the  turbulence  model  formulation  is  given  in  the  cited  reference. 

2.4  Computational  Grid 

The  computational  grid  used  in  the  present  application  is  a  C-Grid  topology.  The  grid  is  generated  algebraically 
with  the  shearcd-parabolic  technique  of  Jameson.13  An  example  of  this  type  of  computational  mesh  is  shown  in  Figure  1. 
For  the  present  design  applications,  this  type  of  algebraic  grid  generation  procedure  is  desirable  because  it  is  extremely 
fastand  computationally  efficient. 


* 


y 


Figure!.  Sheared  Parabolic  Grid 
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2.5  Boundary  Conditions 

The  present  solution  procedure  treats  the  boundary  conditions  in  an  explicit  manner,  assigning  them  values  at  each 
iteration  after  the  flow  variables  have  been  updated  in  the  interior  of  the  computational  domain.  Then  the  boundary 
conditions  applied  at  the  outer  edges  of  the  computational  domain  are  divided  into  three  different  regions;  the  airfoil 
surface,  the  wake,  and  the  freestream  boundary. 
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At  the  airfoil  surface,  the  velocity  components  are  set  to  zero  for  viscous  flow  calculations.  In  addition,  the  density 
and  pressure  are  extrapolated  from  values  at  interior  mesh  points.  The  extrapolation  for  pressure  is  obtained  from  a 
second-order  expression  through  the  use  of  a  3 p/on  =  0  criterion.  Then  the  energy  values  at  the  airfoil  surface  are 
computed  with  the  updated  surface  values  of  velocity,  density,  and  pressure.  Along  the  wake  cut,  values  of  density, 
velocity,  and  energy  are  averaged  across  the  cut  by  the  use  of  values  just  above  and  below  the  boundary  points.  And 
finally,  at  the  outer  boundary,  freestream  conditions  are  assumed,  so  that  Aqn+ 1  is  taken  as  zero  along  this  boundary. 


3.  MGM  DESIGN  PROCEDURE 

The  MGM  design  method  can  be  classified  as  a  residual-correction  technique,  in  which  the  residuals  arc  the 
difference  between  the  desired  pressure  or  speed  distribution  and  the  computed  distribution.  Over  the  past  decade  a 
number  of  residual  correction  methods  have  been  developed,  such  as  the  "wavy-wal!”  approach  of  Davis. >8  The  methods 
differ  primarily  in  the  manner  in  which  changes  in  residual  are  related  to  changes  in  surface  shape.  The  MGM  algorithm 
itself  consists  of  an  auxiliary  PDE  that  is  solved  for  incremental  changes  in  surface  coordinates  during  each  design  cycle. 
The  final  aerodynamic  shape  is  approached  in  a  stepwise  fashion  through  a  cyclical  iteration  between  the  flow  solver  and 
the  MGM  algorithm. 

3.1  Mathematical  Formulation 

For  two-dimensional  configurations,  the  MGM  auxilliary  equation  is  given  by 

F0St  +  F,S„t  +  F2S»t  =  Q2  +  F3Q,2  (7) 

where  the  coefficients  Fo,  Fj,  F„,  and  F3  are  constants  chosen  to  produce  a  stable  iterative  process,  and  Q2  =  residual  = 
qt2  -  qc2  As  qc  approaches  qt,  the  right-hand  side  o.  Equation  7  vanishes,  and  the  aerodynamic  surface  stops  varying 
with  lime,  t. 

Figure  2  shows  how  the  MGM  algorithm  is  typically  incorporated  into  existing  flow  solution  procedures,  The 
computed  surface  velocities  arc  normally  obtained  from  partially  converged  numerical  solutions  to  the  flow  equations 
under  consideration  at  a  given  value  of  time,  t.  The  flow  equa'ions  may  be  solved  in  either  a  time-accurate  or  variable 
time-stepping  manner  Note  that  the  time  coordinate  in  Equation  7  is  not  equivalent  to  the  time  coordinate  in  the  flow 
solver,  but  rather  is  a  psuedo-time  coordinate  used  to  interpret  the  PDE  as  an  expression  relating  a  change  in  coordinate 
value,  S,  to  a  change  in  the  residual,  Q,  as  follows: 


St  =  AS/At  =  AS 

where  we  have  chosen  At  =  1.  Equation  7  can  then  he  written  as: 

F0AS  +  Fi(AS)x  +  F2(AS).„  =  Q2  +  F3QX2  (8) 


MAVIER-STOKES 
ANALYSIS  PROCEDURE 
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Figure  2.  Implementation  of  the  MGM  2-D  Inverse  Design  Algorithm 


The  present  inverse  design  procedure  is  formulated  in  a  manner  similar  to  that  of  the  original  GM  scheme,  but  with 
several  Important  differences.  In  the  MGM  method,  the  auxiliary  equation  is  solved  directly  in  the  physical  domain, 
rather  than  in  the  computational  domain,  as  was  done  in  Reference  10.  Additionally,  whereas  the  GM  method  was 
recommended  for  use  only  on  a  portion  of  the  airfoil  surface,  excluding  the  leading  and  trailing  edges,  and  then  only  with 
an  increase  in  the  airfoil  thickness  away  from  some  thinner  starting  configuration,  the  MGM  design  algorithm  was 
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developed  as  an  airfoil  design  method  through  which  arbitrary  changes  to  the  complete  airfoil  geometry  could  be 
generated,  including  situations  where,  modifications  to  the  leading-edge  shape  are  required.  This  capability  helps  to 
eliminate  the  need  for  a  starting  configuration  that  is  close  in  shape  to  the  final  designed  airfoil  shape. 

A  further  difference  is  shown  in  Figure  3,  where  the  surface  perturbations  generated  with  the  MGM  procedo-o  arc 
interpreted  as  changes  in  the  coordinate  direction  perpendicular  (y  direction)  to  the  longitudinal  axis  of  the  geometry  (x 
direction).  This  choice  for  the  movement  of  the  surface  coordinates  (which  differs  from  the  original  GM  method)  leads  to 
smoother  leading-edge  geometry  and  eliminates  chordwise  stretching  of  the  airfoil. 


b.  Modified  Garabedian-McFadden  Method 

Figure  3.  Schematic  of  Geometry  Perturbations  for  Original  and  Modified  (MGM)  Design  Algorithms 


3.2  Numerical  Solution  Procedure 

We  solve  the  auxiliary  PDE  by  writing  finite  difference  expressions  for  each  term  of  Equation  8,  The  computational 
grid  used  to  solve  this  equation  is  the  same  grid  used  for  the  fluid-dynamic  equations,  which,  for  the  present  Navier- 
Stokes  solver,  is  an  algebraically  generated  C-grid  topology  (Figure  1).  Of  course.  Equation  8  is  solved  only  along  the 
airfoil  surface,  so  that  only  the  grid-line  clustering  in  the  x  or  streamwise  direction  i3  of  importance. 

Then,  under  the  assumption  that  there  are  a  total  of  N  computational  points  on  the  airfoil  surface,  Eolation  8  is 
written  for  each  of  these  points,  i,  where  1  <  i  <  N.  A  typical  equation  evaluated  at  the  ith  point  on  the  surface  is 

AiAYj+i  +  BjAYi  +  C|AYm  =  Rj  (9) 

Here  the  coefficients  Aj,  I),-,  and  Cj  are  evaluated  by  means  of  standard  finite  difference  expressions,  and  AYi  is  the 
incremental  change  in  surface  coordinate,  AS,  at  the  ith  computational  point.  The  use  of  the  Y  coordinate  here  results 
from  the  direction  chosen  for  incrementing  the  airfoil  surface.  First-order,  accurate,  spatially  upwinded  derivatives  are 
used  to  discretize  the  (A  Y)x  terms,  while  second-order  accurate  expressions  are  used  to  model  the  (AY)IX  terms. 

For  points  on  the  airfoil  upper  surface,  the  following  expressions  are  obtained: 


Aj=  -  2Fa/((xi+i  -  Xj)(xi+i  -  xj_i))  (10a) 

Bj  =  F0  +  F[/(xj  -  x,.,)  +  2F?/((xi+,  -  xjXxj  -  Xi_,))  (10b) 

Ci  =  —  -  x,_i)  -  2F2/(ix,  -  X|_i)(xj+i  -  xj_i»  (10c) 

Ri  =  Qj2  +  Fa(Q,  -  Q,-_i)  (lOd) 


For  points  on  the  airfoil  lower  surface,  similar  expressions  are  derived: 


Aj  =  -  Ft/(xj  -  Xj+1)  -  2F2/((xj+i  -  XjKxi+i  -  Xj_i))  (11a) 

Bj=  Fo  +  Fj/(*i  —  Xi+i)  +  2F}/((x;+i  —  Xi)(xj  —  xj_  i))  (lib) 

Cj=  -  2F2/«X(  -  Xj_i)(Xi+i  -  Xj_j))  (11c) 

Ri=  -  Qi2  +  Fs(Qi  -  Qi+l)  (Hd) 


Since  Equations  10  and  1 1  are  written  in  physical  coordinates,  the  finite  difference  expressions  are  normally  derived 
for  non-uniform  grid-point  distributions  in  the  x,  or  streamwiso,  direction.  Hence  the  difference  terms  in  the 
denominators  are  not  usually  equal  to  each  other.  This  formulation  will  bo  referred  to  here  as  "Design  Option  No.  1.” 

During  the  derivation  of  Equations  10  and  11,  the  change  in  sign  between  slope  and  curvature  is  accounted  for  so 
that  the  coefficients  Fo,  Ft,  and  F2  are  assumed  to  be  positive  constants.  That  is,  during  consideration  of  the  appropriate 
proportionality  to  take  between  the  slope  and  the  source  term,  i  j(AS)x  ®»  Q,  Ft  should  be  positive  (locally)  if  (AS)„  and  Q 
arc  positive.  However,  for  the  curvature  term,  (AS)XXl  for  the  case  where  the  airfoil  upper  surface  has  a  positive  value  of 
the  source  term,  Q,  the  airfoil  should  be  thickened  locally.  This  leads  to  a  negative  curvature  (increase  in  thickness  on  the 
upper  surface)  and  a  negative  F2  term,  so  that  the  product,  F2(AS)XX,  will  have  the  same  sign  as  Q.  The  opposite 
observation  is  true  for  the  airfoil  lower  surface.  This  change  in  sign  for  the  curvature  term  is  accounted  for  in  Equations 
10  and  1 1  so  that  the  factor  F2  is  also  considered  a  positive  number. 

Special  treatment  is  used  in  the  evaluation  of  Equation  9  at  the  leading  edge,  where  an  ambiguity  arises  as  to  the 
direction  in  which  to  apply  the  upwind  derivatives,  especially  for  non-zero  angle-of-attack  conditions.  To  eliminate  this 
problem,  the  leading  edge  point  is  constrained  to  move  as  the  average  of  both  the  upper  and  lower  surface  points  located 
just  downstream  of  the  leading  edge  point.  This  constraint  is  treated  implicitly  by  the  replacement  of  the  coefficients  in 
Equation  9  with  the  following  expressions 


Aj  =  -  0.5 

(12a) 

Bj  =  +  1.0 

(12b) 

Cj  =  -  0.5 

(12c) 

Rj  =  0.0 

(12d) 

Thus,  the  leading  edge  is  free  to  translate  vertically,  allowing  for  relative  angle-of-attack  adjustments  to  occur  naturally 

Equation  9  is  evaluated  at  each  point,  i,  around  the  airfoil  surface,  leading  to  a  system  of  equations  with  N 
unknowns,  the  AY;  values.  Note  that  e.t  each  point  on  the  aerodynamic  surface,  AY|  is  coupled  to  values  at  neighboring 
points.  The  resulting  equations  form  a  tridiagonal  system  that  is  solved  for  values  of  AYi  by  means  of  the  well  known 
Thomas  algorithm.10 

After  Equation  9  is  solved  for  a  value  of  AYj,  the  new  surface  coordinates  are  obtained  from  the  relationship 


Y[n«w  ss  YjoM  -i-  AY; ,  for  i  =  !  to  N 


(13) 


Thia  completes  one  design  cycle. 


4.  IMPLEMENTATION  OF  DESIGN  PROCEDURE 

The  MGM  design  procedure  has  been  incorporated  into  the  previously  described  2-D  Navicr-Stokes  procedure.  The 
resulting  computer  program  is  referred  to  as  the  MGM2D  code.  One  of  the  desirable  features  of  the  MGM  residual- 
correction  algorithm  is  that  relatively  few  changes  to  an  aerodydnamic  analysis  code  can  convert  it  into  an 
analysis/design  procedure.  In  thrn  respect,  the  MGM  algorithm  is  similiar  to  optimization  methods  used  for  aerodynamic 
design,20  in  that  the  existing  aerodynamic  analysis  method  is  treated  very  much  like  a  "black  box.”  Several  of  the 
computer  program  features  are  discussed  in  the  following  paragraphs. 

4.1  Trailing-Edge  Crossover 


The  present  MGM2D  procedure  permits  the  design  of  complete  airfoil  surfaces,  including  the  leading-edge  and 
trading-edge  regions.  However,  some  choices  of  target  pressure  distributions  may  lead  to  trailing-edge  crossover,  and 
hence  to  an  unrealistic  configuration.  Therefore  an  artifice  is  used  in  the  MGM2D  code  so  that  the  trailing  edge  thickness 
can  be  controlled  by  the  program  user.  If  the  geometry  is  driven  to  a  "fish-tail”  configuration  (trailing-edge  crossover),  a 
linear  wedge  is  removed  from  the  airfoil  section  such  that  the  resulting  trailing-edge  thickness  equals  a  user  determined 
value.  In  applying.the  wedge  technique, surface  modifications  are  made  equally  to  both  the  upper  and  lower  surfaces. 
These  modifications  are  linearily  varying  from  zero  at  the  leading  edge  to  a  maximum  of  one-half  the  desired  trailing 
edge  thickness  at  the  uirfoii  trailing  eugu.  Ifnu  crossover  occurs  on  uie  ahum  suffice,  the  designed  geometry  rcmair.Tao 
produced  by  the  MGM  algorithm,  It  has  been  demonstrated  that  this  technique  can  give  some  measure  of  control  over  the 
potential  manufacturability  of  airfoil  configurations  generated  by  automated  design  procedures.21 


4.2  Calculation  of  Target  Velocity  Distributions 


Previous  FPE  applications  of  the  MOM  design  procedure' 1  used  an  expression  for  q2  as  a  function  of  Cp  that  is 
derived  from  isentropic  flow  relationships.  This  expression  is 

q2  —  { 1  —  l(Cp((y  —  1)/2)M»2  4*  l/Y-'ty  _  1|/2M„2}  (14) 

Equation  14  is  also  used  in  the  present  Navicr-Stokes  design  method  to  convert  computed  and  target  surface 
pressure  coefficient  distributions  into  equivalent  velocity  distributions.  However,  these  are  non-physical  velocity 
distributions,  since  the  numerical  boundary  conditions  used  in  the  present  numerical  formulation  arc  actually  u  =  v  =  0. 
Nevertheless,  the  "psuedo-velocity”  function  given  by  Equation  14  has  proven  to  be  effective  in  the  current  applications  of 
the  MGM  inverse  design  procedure.  That  is,  the  airfoil  geometry  perturbations  computed  during  each  design  iteration 
are  in  the  correct  direction  to  generate  either  increases  or  deci  cases  in  local  velocity  as  dictated  by  the  source  term,  Q. 

In  addition  to  Equation  14,  an  alternate  function  has  been  used  to  convert  Cp  distributions  to  q2  distributions.  This 
function  is  obtained  from  Equation  2k  through  the  use  of  the  definition  of  pressure  coefficient  and  the  boundary  condition 
dp/Dn  =  0.  The  resulting  expression  is  given  by 

q2  =  2p[ c  -  (,5(y-  1)M„2 Cp  +  l)/(y<Y- 1)))  (15) 

where  the  quantities  e  and  p  are  evaluated  along  the  first  grid  line  above  the  airfoil  surface.  The  velocity  distribution 
given  by  Equation  15  is  then  considered  to  be  a  physical  velocity  evaluated  just  above  the  surface  of  the  airfoil. 
Preliminary  comparisons  of  airfoil  designs  generated  with  cither.Equation  14  or  Equation  15  show  little  difference  in  the 
convergence  rate  of  the  design  algorithm.  However,  this  alternate  expression  is  described  here  for  the  sake  of 
completeness. 

4.3  Alternate  Difference  Expressions  of  the  Auxiiliary  Equation 

Near  the  airfoil  leading  edge,  computational  grid  points  are  clustered  to  permit  accurate  modeling  of  the  rapid 
changes  that  occur  in  fiowficld  properties  in  this  region.  The  use  of  these  non-uniform,  physical,  x-coordinate  spacings  in 
the  denominators  of  Equations  10  and  1 1  therefore  leads  to  large  values  of  the  A„  Bp  and  C(  coefficients  near  the  airfoil 
leading  edge.  The  coefficients  in  these  equations  arc  often  of  the  order  of  106  0r  107,  whereas  the  residual  terms,  R|,  are  of 
the  order  of  10-*.  Consequently,  the  solution  obtained  for  Equation  9  tends  to  produce  surface  perturbations,  AY„  that 
modify  the  rearward  portion  of  the  airfoil  more  rapidly  than  the  forward  portion,  regardless  of  the  local  magnitude  of  the 
source  term,  Qi. 

Of  course,  for  many  applications  this  characteristic  may  be  perfectly  acceptable.  However,  to  speed  convergence  of 
the  design  procedure  for  cases  that  have  converged  everywhere  except  in  the- leading-edge  region,  an  alternate 
interpretation  of  Equation  9  is  used.  In  the  alternate  approach,  the  auxiiliary  equation  is  considered  to  be  solved  in  the 
computational  domain  where  the  grid  spacing  is  uniform  and  equal  to  unity  (A?,  =  Aq  =  1),  but  the  correction  to  the 
airfoil  surface  is  still  applied  normal  to  the  airfoil  chordlinc.  With  this  option,  referred  to  here  as  "Design  Option  No.  2," 
the  individual  left-hand-side  terms  of  the  tridiagonal  matrix  are  of  the  order  of  unity.  The  resulting  surface  corrections 
that  arc  computed  tend  to  be  maximum  wherever  the  source  terms  arc  greatest,  including  the  leading-edge  area  when  the 
source  terms  in  that  region  so  dictate.  Experience  to  date  with  the  design  method  indicates  that  the  nonuniform  grid 
spacing  option  should  be  used  initially,  followed  by  the  uniform  spacing  option  to  accomplish  final  surface  modifications 
when  required. 

4.4  Design  Convergence  Considerations 

As  in  other  iterative  inverse  design  methods  or  design  procedures  based  on  optimization  methods,  formal 
convergence  criteria  are  somewhat  arbitrary.  That  is,  the  design  engineer  usually  decides  case  by  case  how  close  the  new 
airfoil  must  come  to  achieving  the  target  pressure  goals.  Also,  as  mentioned  previously,  the  target  pressures  themselves 
may  not  always  produce  a  manufacturable  airfoil  geometry.  For  these  reasons,  the  design  engineer  should  be  able  to 
monitor  the  progress  of  the  design  method  while  it  is  generating  a  new  airfoil  shape. 

The  MGM2D  code  lias  been  structured  to  facilitate  its  use  as  a  multistop  procedure,  allowing  the  design  engineer  to 
monitor  the  results  of  each  step  before  proceeding  with  a  subsequent  computer  submittal.  Of  primary  concern  to  the 
engineer  are  data  that  measure  the  "closeness”  of  the  current  computed  pressures  to  the  targets.  Therefore  the  following 
computer  program  output  is  provided  at  user-determined  intervals: 

a)  location  and  value  of  the  maximum  source  term,  Q 

b)  computed  and  target  Cp  values  corresponding  to  maximum  Q 

c)  average  Q  value  around  the  airfoil  surface 

d)  average  ACp  =  '.b3  ( Cpt-  Cpc)  around  the  airfoil  surface 

In  addition,  the  distributions  of  x/q,  Qt,  AYi,  and  Yj,  together  with  values  of  computed  and  target  Cp’s,  are  displayed  at 
each  compulation  grid  point  on  the  airfoil  surface. 

The  MGM2D  user  can  also  control  the  maximum  number  of  iterations  per  program  execution,  the  number  of  ADI 
iterations  between  surface  geometry  updates,  and  the  maximum  value  of  AY[  permitted  along  the  airfoil.  The  importance 
of  the  first  item  mentioned  is  obvious.  The  second  item  allows  the  user  some  measure  of  control  over  the  accuracy  of  tne 
computed  Cp  values.  Each  sequence  of  ADI  iterations  defines  one  design  cycle,  and  the  more  iterations  used  per  design 
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cycle,  the  better  will  be  the  approximation  of  Cp,  for  the  current  airfoil  geometry.  The  latter  item  permits  the  program 
user  to  control  the  speed  of  the  design  process  by  limiting  the  magnitude  of  the  airfoil  surface  updates.  This  control  can 
also  be  used  to  limit  any  possible  adverse  effects  that  might  arise  from  the  inadvertent  use  of  inappropriately  low  values 
ofFo.Fi.Fj.orFs. 


5.  TARGET  PRESSURE  SELECTION 

One  approach  to  selecting  an  appropriate  target  pressure  distribution  is  described  in  Reference  22.  This  method  is 
incorporated  into  a  computerized-aerodynamic  design  and  analysis  system  called  ADAM.  The  approach  taken  in  the 
ADAM  transonic  airfoil  design  methodology  is  to  assume  generalized  equations  for  the  target  velocity  distribution  along 
the  perimeter  of  the  airfoil.  Advantages  stem  from  the  fact  that  there  exists  a  series  of  expressions  with  a  small  number  of 
coefficients  that  may  be  varied  to  determine  the  velocity  distribution  that  will  best  satisfy  the  lift,  drag,  and  pitching 
moment  requirements  at  the  design  point  conditions.  These  parameters  may  be  systematically  varied  to  produce  families 
of  velocity  distribution  curves  from  which  the  best  velocity  distribution  to  satisfy  the  design  requirements  may  be 
selected.  This  approach  can  significantly  reduce  the  effort  required  to  determine  the  appropriate  input  to  an  inverse 
design  code. 

5.1  Velocity  Distribution  Equations 

The  transonic  design  method  evaluates  families  of  velocity  distributions  to  determine  which  distribution  on  the 
airfoil  will  best  satisfy  the  performance  requirements.  On  the  upper  and  lo'-er  surface  of  the  airfoil,  the  velocity 
distribution  is  divided  into  an  acceleration  region  with  one  equation,  a  deceleration  region  with  a  second  equation,  and  a 
shock  pressure  jump  between  them  if  the  flow  in  the  acceleration  region  becomes  sonic.  These  three  regions  are  indicated 
schematically  in  Figure  4. 
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Figure  4.  Parametric  Equations  Define  the  Mach  Number  Distribution  along  the  Surface  oi  an  Airfoil 

5.2  Acceleration  Region 

The  pressure  distribution  in  the  acceleration  region  is  of  the  form 

Cp  =  Cp,  +  (Cp0  -  Cp, )[  1  -  ( 1  -  Sa/S>  ]  (16) 

where 

Cp,  =  [( 1  +  0.2  -  1 1/0.7  M„2  (17) 

As  Figure  5  shows,  increasing  the  value  of  n  in  this  equation  drives  the  Mach  number  to  a  rooftop  distribution,  and 
allowG  for  airfoils  with  different  nose  radii. 

6.3  Shock  Pressure  Rise 

If  the  peak  Mach  number,  M„,  is  greater  than  one,  a  shock  will  form  at  the  start  of  the  pressure  recovery.  Yoshiara23 
indicates  that  the  pressure  behind  the  shock  on  an  airfoil  may  be  estimated  by  a  value  that  is  halfway  between  the 
ptessure  associated  with  sonic  flow  behind  an  oblique  shock  and  an  oblique  shock  detachment.  Then  an  effective  wedge 
angle  can  be  cstaolishcJ  for  the  pressure  rise  through  the  shock.  The  wedge  angle  is 

(18) 


A  =  0.5(A*  +  Am„) 

Using  small  anglo  assumptions  (M„  close  to  1.0),  the  sonic  wedge  angle  may  be  approximated24  by 
A*  =  0.296(  M02 . 1  )3/2/M02 


(19) 
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Figure  5.  Effect  of  non  Acceleration  Region  Distribution 


and  tlie  detachment  wedge  angle  by 

A[nai  =  0.3208(  - 1  )3/2/M„2 

The  pressure  rise  through  the  shock  is  approximated  by 

p2/pi  =  1  +  yMo^P  +  YMo2P-4«Y+1)M04  -  4P»)A2/4 

+  yP-WKy+1)2M,>S/32  -  (7+  12y— 3 y2)M 0*5/24 
+  3{y+  l)M<>4/4  -  M02  +  2/3)A3  +  , , , 

where 


P  =  (M02  -  l)»« 

and  the  Mach  number  behind  the  shock  wave  as  a  function  of  the  wedge  angle  can  be  determined  by 

M2  =  (342  (6Pj  +  X)  -  5(P,2  -  lll/P/Pj  +  6) 

where 


(20) 


(21) 


(22) 


Pj  =  p2/p| 


3.4  Deceleration  Region 

In  the  deceleration  region,  the  Mach  number  is  of  the  form 

M  =  M2(l  +  K(Sa  -  S„)/(l  -  S0))  -*  (23) 

This  equation  was  developed  by  F.  X.  Wortmann2®  to  produce  a  constant  form  parameter  in  the  turbulent  boundary  layer. 
Notice  that  the  parameters  S0,<J>,  and  K  may  be  varied  to  produce  an  infinite  number  of  velocity  distributions.  In  Figure  6 
the  value  of  <p  is  varied  to  produce  a  family  of  pressure  recovery  distributions. 


The  pressure  distribution  on  the  surface  as  a  function  of  the  Mach  number  is 
Cp  =  {((1  +  0.2M«2 )/( 1  +  0.2M2)]7«  _  1J/0.7M*2 


(24) 
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Figure  6,  Effect  of  <J>  on  Pressure  Recovery  System 


S.5  Integrated  Performance  Results 

The  pressure  distributions  on  the  upper  and  lower  airfoil  surface  may  be  integrated  numerically  for  lift  and  pitching 
moment  on  each  surface: 


(25) 


and 


fso 

CM=  j  (Cp  S  —  0.25  Cp)  aS  +  (CpS  -  0.25  Cp)dS  -  0.25  CPte 


(26) 


The  friction  drag  is  calculated  by  means  of  the  Squire-Young  drag  method  in  conjunction  with  the  Walz2G 
compressible  boundary  layer  theory.  The  Squire-Young  drag  method  can  be  expressed  as 

Cd  =  20xe(VTe/V.^  (27a) 

where 

A  =  (II12TE  +  5)/2  (27b) 

The  Walz  boundary  layer  method  is  also  used  to  calculate  the  separation  location.  The  transition  location  is 
determined  by  a  method  of  Epplcr27  that  allows  the  effective  roughness  of  the  surface  to  be  varied.  The  transition 
criterion  assumes  that  transition  has  occurred  if 

InReo  >  18,4  H32  -  21.74  -  0.36  (pB-  1)  (28) 

In  addition  a  capability  to  setthe  transition  point  ator  before  a  given  location  is  available. 

5.6  Perturbations  to  the  Pressure 

The  pressure  distribution  on  the  upper  and  lower  surface  of  the  airfoil  con  be  defined  by  five  parameters  through  the 
use  of  this  method  However,  in  the  design  of  airfoil  sections  with  practical  leading  and  trailing  edge  shapes,  the  simple 
pressure  distribution  produced  by  this  method  may  have  to  be  perturbed  slightly  to  generate  realistic  input  values.  One 
area  ir  which  perturbations  to  the  basic  pressure  distribution  may  be  important  is  the  trailing  edge  region.  Without 
viscous  effects  tho  pressure  at  the  trailing  edge  would  recover  to  the  stagnation  pressure.  However,  this  pressure  rise  is 
alleviated  by  the  growth  of  the  boundary  layer  as  it  nears  tha  trailing  edge  of  the  airfoil.  The  pressure  distribution  in  this 
area  usually  experiences  a  small  rise.  Figure  7  shows  a  typical  pressure  distribution  thet  is  generated  through  the  design 
“thod  An  interactive  modification  of  this  pressure  can  be  performed  and  tho  pressure  distribution  can  be  modified,  us 
shown  in  Figure  8,  to  produce  a  realistic  trailing  edge  pressure  distribution. 


6.  RESULTS 

We  now  present  three  design  problems  to  illustrate  the  application  of  the  MGM2D  airfoil  anolysis/dcsign  code.  The 
first  problem  demonstrates  that  target  pressure  distributions  corresponding  to  a  known  airfoil  geometry  can  be  used  to 
recover  the  target  geometry  starting  from  some  arbitrary  baseline  configuration  that  is  not  "close"  (thickness,  camber, 


etc.)  *o  the  target  geometry.  The  second  example  is  similar  to  the  first,  bi  t  also  demonstrates  that  the  MGM2D  algorithm 
can  be  used  to  design  airfoils  even  when  the  baseline  leading-edge  region .  cqwres  significant  changes.  The  th,rd  example 
was  chose  a  10  solve  a  specific  airfoil  design  problem  where  the  target  pressures  were  generated  with  tho  ADAM  system 
and  correspond  to  certain  desired  lift  and  moment  coefficients. 

Several-parameters  were  held  constant  for  each  of  the  sample  problems.  Theso  parameters  and  their  respective 
values  aro 

1)  Crid  sire  =  157  wrap-around  (£),  68  normal  (rj) 

2)  Nodes  in  wake  region  =  31 

3)  Grid  clustering  normal  to  airfoil  surface  =  .00005  chord  lengths 

i  4)  eg  =  5.0,  ci  =  20.0 

5)  Time-steps  between  geometry  perturbations  =  60 

6)  Variable  time-stepping  option,  =  0.5,  and  F3  =  0 

i 


* 


6.1  Design  Case  No.  1 


For  Case  No.  1,  the  MGM2D  code  was  used  ir.  the  analysis  mode  to  compute  the  surface  pressures  corresponding  to 
an  NACA  64A010  airfoil  at  M»  -  0.8,  a-  0°,  and  Re  =  6,500,000.  Two  thousand  iterations  (time-steps)  were  required  to 
reduce  the  correction  (Equation  50  five  orders  of  magnitude.  It  should  be  note.i  that  for  more  difficult  cases  the  Navier 
Stokes  code  may  require  moro  iterations  (2,000  to  4,000)  in  the  analysis  mode  to  achiove  similar  convergence  levels. 
However,  the  convergence  characteristics  described  hero  are  a  function  of  the  particular  CFD  solution  procedure  used  as  a 
basis  for  the  design  algorithm,  and  can  be  affected  by  a  variety  of  parameters,  including  grid  orthogonality,  dissipation, 
and  time-step  size. 

The  calculated  Cp  values  were  next  used  as  target  pressures  for  the  MGM2D  code  operated  in  the  design  mode.  The 
baseline  airfoil  used  for  this  case  was  an  RAE2822  section.  The  computational  grid  for  the  starting  configuration  is 
shown  in  Figure  9.  This  airfoil  has  an  afl-loadcd  camberline,  and  is  significantly  different  in  shape  from  the  NACA 
64A010  airfoil  used  to  produce  the  target  pressure  distribution. 


Figure  9.  Basclline  Airfoil  Shape  and  Computational  Grid  for  Case  No.  1 


The  MGM2D  code  was  run  in  the  design  mode  for  4,000  iterations  with  uniform  freestream  conditions  as  the  initial 
fiowficld  solution.  That  is,  a  converged  fiowficld  solution  for  the  baseline  configuration  was  not  needed  to  start  the  design 
process.  The  baseline  served. primarily  to  set  the  trailing  edge  thickness,  which  was  held  constant  during  the  design 
iterations. 

Equations  10  and  11  were  evaluated  by  means  of  nonuniform  physical  coordinates  for  the  finite-difference 
e  .pressions  (Design  Option  No.  1).  The  values  of  the  user-specified  coefficients  in  these  equations  were  fixed  at  Fo  =  Fy  = 
F2  =  4.0.  This  choice  of  coefficients  had  the  effect  of  reducing  the  AY(  distribution  to  2b  percent  of  the  values  actually 
computed  with  Equation  9. 

Figure  10  compares  the  final  "designed’’  airfoil  and  the  baseline  configuration.  To  reach  the  final  configuration, 
alues  of  the  maximum  source  term,  Qmal,  and  the  average  value  of  the  source  term  over  the  airfoil  surface  were  both 
xluccd  more  than  two  orders  of  magnitude. 

Figure  1 1  compares  the  final  and  target  pressure  distributions,  where  the  "final”  pressures  were  obtained  from  an 
analysis  run  with  the  "designed"  airfoil  geometry.  An  analysis  of  the  design  configuration  verifies  that  the  computational 
procedure  has  pioduced  a  geometry  that  matches  the  target  pressures  within  tolerances  acceptable  to  the  program  user. 
For  tins  example  case,  the  final  design  configuration  was  achieved  with  not  much  more  computational  effort  than  would 
have  been  required  to  analyze  a  single  airfoil  geometry  by  a  cut  and  try  approach. 
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Figure  10.  Comparison  of  Baseline  and  Design  Airfoil  Contours  for  Case  No.  1 


8.2  Design  Case  No.  2 

The  design  goal  for  Case  No.  2  was  to  demonstrate  that  the  MGM2D  code  can  produce  airfoils  whose  pressure 
distributions  required  significant  modifications  to  the  baseline  leading-edge  geometry.  As  in  Case  No.  1,  target  pressures 
were  first  computed  for  a  known  baseline  configuration,  and  then  the  MGM2D  code  was  used  to  reproduce  the  target 
geometry. 

For  this  example,  the  target  pressures  were  computed  for  an  NACA  0006  airfoil  section  at  M»  =  0.6,  a  =  0.0°,  and 
Be  =  1,000,000.  An  NACA  0012  airfoil  was  used  for  a  baseline  configuration.  A  converged  flcwfield  solution  for  the 
NACA  0012  airfoil  was  used  to  start  the  design  process.  Then  four  thousand  iterations  were  performed  in  the  design 
mode,  using  "Design  Option  N’o.l.”  At  this  point,  the  design  airfoil  hod  achieved  a  reasonable  match  to  the  targets 
everywhere  except  near  the  leading-edge  position,  upstream  of  the  1.7-percent  chord  location.  The  second  design  option 
was  then  applied  for  1,000  iterations,  after  this  design  cycle,  the  value  of  the  maximum  source  term  had  dropped  by  an 
order  of  magnitude.  For  this  final  design  run,  the  coefficients  Fo,  Fi,  and  F2  wore  set  to  values  of  100,  200,  and  200, 
respectively. 

Results  for  this  sample  problem  are  given  in  Figures  12  to  14.  Figure  12  shows  the  leading-edge  region  of  the  NACA 
0012  baseline  airfoil,  while  Figure  13  illustrates  the  leading-edge  region  of  the  designed  airfoil  Finally,  Figure  14 
compares  the  upper  surface  pressure  coefficient  distributions  for  the  target  pressures,  the  design  pressures  after  4,000 
iterations,  and  the  final  design  pressures  after  an  additional  1,000  iterations.  Although  Case  No.  2  is  a  relatively  simple 
design  problem,  it  demonstrates  that  the  present  numerical  procedure  can  produce  successful  airfoil  designs  even  when 
large  changes  are  required  to  a  given  baseline  shape  (100  percent  t/c  perturbation  for  this  case).  A  design  procedure  with 
this  type  of  characteristic  frees  the  aerodynamics  engineer  from  the  need  to  know  a  starting,  or  baseline  configuration 
that  will  bo  "close”  (in  camber  or  t/c)  to  the  final  design  configuration  ultimately  produced. 

6.3  Design  Case  No.  3 

For  Case  No.  3,  an  airfoil  was  to  be  designed  with  a  maximum  thickness  of  approximately  11  percent  of  chord,  a  nose- 
up  pitching  moment  coefficient  of  0.0078  at  a  Mach  number  of  0.78,  a  Reynolds  number  of  4.2  million,  and  a  drag 
divergence  Mach  number  greater  then  0.78  at  a  lift  coefficient  of  0.128.  The  ADAM  system  was  used  to  find  pressure 
distributions  that  would  satisfy  these  requirements  and  yield  low  drag  coefficients. 


figure  12.  Airfo'l  Contour  and  Computational  Grid  at  the  Leading  Edge  of  the  Baseline  Configuration 
for  Case  No.  2 


Figure  1 3.  Airfoil  Contour  and  Computational  Grid  at  the  Leading  Edge  of  the  Designed  Configuration 
for  Case  No.  2 

The  problem  posed  by  Case  No.  3  represents  a  robust  test  of  the  MGM2D  code  for  two  reasons.  First,  the  target 
pressure  distribution  incorporates  a  medium  strength  shock  wave  on  the  airfoil  upper  surfare.  In  addition,  the  target 
pressures  selected  are  flat  "roof-top"  type  distributions  (6Cd/cJx  -  0 1  over  large  portions  of  the  upper  and  lower  surfaces  of 
the  airfoil.  This  target  Cp  distribution  is  plotted  in  Figure  15  as  upper  (A)  and  lower  (V)  surface  symbols. 

The  starting  configuration  used  for  t  iis  problem  was  a  symmetrica'  NACA.  G4A010  airfoil  section.  As  in  Case  No.  1, 
this  design  problem  used  an  impulsive  start  from  uniform  freestroam  conditions.  Also,  Equations  10  and  11  were 
evaluated  with  non-uniform  x  coordinates  throughout  the  design  process. 
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Figure  14,  Con  .urison  of  Baseline,  Target,  and  Design  Pressures  for  Case  No.  2 


DESIGN 

TARGET 


Approximately  12,000  iterations  were  used  to  produce  an  airfoil  shape  that  gave  a  reasonably  close  match  to  the 
target  pressure  distribution.  The  design  was  generated  with  two  different  sets  of  coefficients  Fo,  Ft,  and  F2.  For  the 
initial  4,000  iterations,  values  of  these  coefficients  were  set  at  Fo  =  F[  =  F2  —  4.0.  For  the  second  4,000  iterations,  the 
design  process  was  slowed  down  slightly  by  increasing  the  values  of  these  coefficients  to  Fo  =  Fi  =  F2  =  10.0.  This  has 
the  effect  of  further  reducing  the  amont  of  the  correction,  AY,-,  applied  to  the  airfoil  surface.  The  final  4,000  iterations 
used  values  of  Fo  =  Ft  =  F2  =  4.0. 

The  airfoil  pressures  resulting  from  the  final  design  geomotry  are  also  shown  in  Figure  15,  while  the  design  airfoil 
contour  ar.J  computational  grid  are  shown  in  Figure  16.  Comparisons  of  the  target  and  design  airfoil  lift  and  moment 
coefficients  are  given  below; 
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Coefficient 

Target 

Design 

Cl 

0.1280 

0.1200 

Cm 

0.0078 

0.0070 

Those  results  reflect  a  sixperccni  difference  in  lift  and  a  ten  percent  difference  in  moment.  An  examination  of  Figure  15 
shows  that  the  region  of  greatest  discrepancy  between  the  target  and  design  pressures  occurs  near  the  airfoil  trailing 
edge.  It  is  likely  that  a  target  pressure  distribution  with  more  pressure  recovery  at  the  trailing  edge  would  produce  a 
better  airfoil  design,  as  discussed  in  Section  5.6. 


Figure  16.  Design  Airfoil  Shape  and  Computational  Grid  for  Case  No.  3 


7.  CONCLUSIONS 

The  MGM  design  procedure  has  been  incorporated  into  an  existing  Navier-Stokes  code.  The  method  is  relatively 
efficient  in  that  it  does  not  significantly  increase  the  computational  effort  required  to  obtain  airfoil  designs  above  that 
normally  required  to  use  the  Navier-Stokes  code  in  the  analysis  mode.  Many  design  problems  can  be  solved  for  the  same 
computational  effort  as  that  required  for  a  single  Navier-Stokes  analysis.  Since  the  present  design  method  is  based  on  a 
Navier-Stokes  formulation,  it  should  be  able  to  account  for  viscous  fiowfield  phenomena  that  may  not  be  detected  by 
design  methods  based  on  FPE  flow  solvers. 
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SUMMARY 


An  advanced  panel  method  employing  singularity  distributions  of  higher  order  and 
based  on  mixed  boundary  conditions  of  Dirichlet-  and  Neumann-type  has  been  recently 
developed  for  the  potential  flow  analysis  of  arbitrary  airplane  configurations  at  subsonic 
and  supersonic  speeds.  Some  work  is  in  progress  to  provide  this  method  with  a  design 
option  capable  of  relofting  the  surface  of  a  given  configuration  from  prescribed  pressure 
distributions.  The  purpose  of  this  paper  is  to  present  the  mathematical  background  of  the 
herein  used  inverse  algorithm  and  to  account  on  some  examples  o Z  application. 


INTRODUCTIO  N 


The  numerical  procedure  presented  in  this  paper  belongs  to  the  inverse  methods  in  the 
sense  that  it  is  capable'  to  define  the  geometrical  corrections  from  a  baseline 
configuration  required  to  obtain  a  target  pressure  distribution.  Such  methods  can  be  very 
useful  during  the  aerodynamic  design  process  since  they  allow  the  designer  to  specify 
directly  the  surface  pressure  rather  than  to  find  out  by  intuition  or  by  tr).al-and-error 
procedures  the  particular  geometry  pertinent  to  the  desired  aerodynamic  characteristics. 
Their  applicability  spectrum  is  very  broad,  ranging  fro®  the  design  of  entire 
configuration  components  like  wing  surface  or  external  stores  (i.e.  wing  tip  pods  or 
underwing  tanks)  to  the  relofting  of  local  regions  like  -  for  example  -  for  minimising  the 
fuselage-induced  interference  effects  on  wing  isobar  patterns  or  mitigating  the  adverse 
pressure  gradients  causing  drag  penalty  or  boundary  layer  separation. 


In  contrast  to  the  analysis  case,  the  problem  of  determining  the  geometry 
corresponding  to  a  given  pressure  distribution  is  nonlinear  even  within  the  potential  flow 
assumption.  However,  the  problem  can  be  solved  in  an  iterative  way,  starting  from  an 
initial  geometry,  linearising  tho  relationship  between  geometry  and  pressure  and 
approaching  the  final  result  by  a  succession  of  linearized  cycles,  which,  in  turn,  consist 
of  three  steps.  First  the  p .rodynamic  characteristics  of  the  given  configuration  are 
computed  (analysis  step).  The  comparison  of  the  actual  pressure  distribution  with  the 
target  is  used  to  define  the  goal  function  for  the  Inverse  step.  Application  of  the 
inverse  algorithm  is  then  used  to  determines  the  value  of  tho  design  variables  which 
define  the  geometry  corrections  (inverse  step).  According  to  the  values  of  the  design 
variables,  the  new  geometry  is  computed  (relofting  step).  This  geometry  is  then  analysed 
and  if  it  does  not  fulfill  the  target  the  whole  procedure  must,  be  repeated  until  a 
determined  'convergence'  criterion  is  satisfied.  It  is  to  note  here  that  'convergence' 
must  be  considered  in  an  engineering  sense,  since  neither  from  a  mathematical  point  of 
view  the  uniqueness  of  the  solution  can  be  guaranteed  for  any  arbitrary  pressure 
distribution  nor  any  solution  is  physically  meaningful  (e.g.  solutions  with  negative 
thickness) . 

Due  their  ability  to  efficiently  handle  complicate  three-dimensional  configurations, 
several  investigators  have  used  a  panel  method  in  the  analysis  step,  although  only  a 
handful  cf  the  existing  panel  method  codes  incorporate  a  design  Option.  Each  of  these 
methods  features  different  choices  as  regarding  to  the  type  of  inverse  algorithm  used,  the 
degree  of  linearisation  assumed  and  the  definition  of  the  design  variables.  Of  course 
the  particular  choice  for  each  of  these  parameters  have  a  large  impact  on  applicability, 
accuracy  and  computational  efficiency  of  the  methods. 


Earlier  methods  -  such  those  of  Ref.s  1  to  3  -  used  various  arrangements  of  vortex 
sheets  located  on  the  wing  mean  piane  for  yielding  the  additional  velocity  distribution 
required  to  match  the  prescribed  pressure  distribution.  The  change  in  the  chordvise  slopes 
are  obtained  from  the  normal  velocity  induced  by  this  additional  vorticity  distribution. 
In  principle,  such  methods  are  especially  suited  for  the  optimization  of  wing  camber  and 
twist.  Wing  section  thickness  and  real  fuselage  interference  effects  can  be  taken  into 
account  by  the  methods  of  Ref.s  2  and  3,  while  the  method  of  Ref.  1  is  limited  to  presence 
of  axialsymmetrical  bodies.  Inclusion  of  source  distribution  within  the  design  variable 
coupled  with  use  of  singularity  distributions  located  on  the  actual  surface  of  the 
configuration  was  instrumental  in  attaining  the  arbitrary  three-dimensional  capability  of 
the  methods  of  Ref.s  4  to  7.  The  normal  velocity  distribution  is  directly  controlled  in 
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these  methods  either  by  specification  of  the  perturbation  potential  function  -  Ref.  4  -  or 
by  use  of  a  surface-transpiration  technique  -Ref.s  5  and  7  -derived  from  the  potential 
flow/boundary  layer  interaction  modelling.  The  non-linear  operator  which  relates  the 
change  of  pressure  to  the  geometry  correction  is  approximated  by  using  a  Taylor  expansion 
around  the  given  geometry.  In  Ref.  6  the  linear  derivate  of  the  potertial  function  with 
respect  to  a  displacement  in  z-direction  is  analitically  taken  into  account,  giving  the 
method  the  ability  to  accurately  analyze  large  changes  to  wing  section  geometry.  All  other 
methods  retain  only  the  constant  terms  of  the  Taylor  serie,  so  that  only  smaller  pressure 
changes  may  be  achieved  during  one  iteration  step.  Excepting  the  method  of  Ref.  5,  all 
other  methods  require  the  calculation  of  different  aerodynamic  influence  coefficients 
(AIC)  during  the  analysis  and  the  inverse  step  of  each  iteration  cycle.  Finally,  design 
applications  for  supersonic  speeds  are  only  known  for  the  method  of  Ref.  1,  although  the 
PANAIR  design  procedure  -  Ref.s  4  and  8  -  should  not  be  in  principle  restricted  to 
subsonic  flow  conditions. 

In  the  last  years  the  advanced  panel  method  HISSS  has  been  developed  by  the  author 
for  the  calculation  of  linearized  potential  flow  about  arbitrary  three-dimensional 
configurations  at  subsonic  and  supersonic  speeds.  Since  this  code  is  capable  to  yield 
smooth  pressure  distributions  at  both  subsonic  and  supersonic  Mach  numbers,  it  was  assumed 
that  it  could  be  possible  to  develop  a  common  inverse  procedure  for  both  speeds  regimes 
using  the  HISSS  code  in  the  analysis  steps.  The  purpose  of  this  paper  is  to  briefly 
present  the  numerical  formulation  followed  in  the  definition  of  this  inverse  procedure  and 
to  report  on  some  demonstrative  applications  of  the  so  far  developed  algorithm.  A  brief 
description  of  the  HISSS  code  is  also  given  for  completeness. 


DIRECT  ANALYSIS:  THE  HISSS  PANEL  COPE. 


HISSS  is  a  three  dimensional  panel  method  based  on  the  use  of  surface  singularity 
distributions  of  higher  order  for  the  calculation  of  linearized  subsonic  and  supersonic 
potential  flows.  The  conf i-guration  is  modelled  by  networks  of  panels  carrying  linearly 
varying  sources  and  quadratically  varying  doublets  whose  unitary  induced  perturbat'on 
velocity  and  potential  are  computed  at  a  set  of  discrete  points  -  control  points  -  nd 
assembled  into  the  aerodynamic  influence  coefficients  (AIC)  matrices.  Fulfillment  of 
appropriate  boundary  conditions  at  the  control  points  generates  a  linear  system  of 
equations  for  the  unknown  singularity  strengths.  Once  this  system  has  been  solved,  the 
perturbation  velocity  at  each  control  point  is  computed.  Surfaces  pressures  are  derived 
from  local  velocities  at  control  points.  Integration  of  such  pressures  is  then  performed 
over  the  configuration  surface  in  order  to  calculate  aerodynamic  forces  and  moments. 

The  HISSS  program  permits  many  different  modeling  options.  Singularity  distributions 
of  source  and/or  doublet  type  must  be  defined  for  each  non-wake  network.  Different  types 
of  boundary  conditions  are  available  for  each  set  of  network  control  points.  These  are  of 
Neumann-type  -  i.e.  normal  mass  flux  or  normal  velocity  -  and  of  Dirichlet-type  -  i.e. 
potential  of  perturbation  velocity,  which  can  be  specified  on  both  sides  of  a  panel,  or  as 
average  and  difference  values  of  the  above  quantities  at  a  control  point.  A  more  complete 
presentation  of  the  mathematical  formulation  of  the  method  is  found  in  Ref.  9.  Examples  of 
application  of  the  method  to  airplane  and  missile  configurations  can  be  found  in  Ref.s  10 
to  12.  More  recently,  the  part  of  the  code  relevant  to  the  calculation  of  the  AIC  matrices 
has  been  restructured  for  allowing  efficient  vectorisation  on  the  Fujitsu/Sieraens  VP200 
vector  processor. 


FORMULATION  OF  THE  DESIGN  PROCEDURE. 


OBJECTIVES 

The  inverse  algorithm  presented  herein  was  developed  aiming  at  complying  to  the 
following  requirements.  First,  the  same  basic  procedure  had  to  be  applicable  to  any  type 
of  configuration  components  for  subsonic  or  supersonic  design  purposes.  Second,  the 
selection  of  the  algorithm  had  to  consider  -  for  computational  efficiency  -  the 
possibility  of  utilizing  the  AIC  matrices  already  available  from  the  analysis  step  during 
a  given  cycle  of  the  Iterative  process.  Third,  the  algorithm  had  to  be  stable  and  exhibit 
good  convergence  characteristics.  Fourth,  a  relofting  procedure  had  to  be  incorporated 
within  the  design  loop,  enabling  the  analysis  of  the  new  geometry  in  a  fully  automatic 
way.  Moreover,  the  new  geometry  had  to  be  easily  accessed  from  the  computer-aided, 
interactive  graphic  application  system  used  for  defining  the  geometry  data  base  of  the 
configurations.  Finally,  high  compatibility  with  the  analysis  method  was  desirable  for 
minimizing  the  user's  effort  required  for  operating  the  design  option. 
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DERIVATION  OF  THE  INVERSE  ALGORITHM 

In  Its  more  general  modelling  option,  the  HISSS  method  employs  a  set  of  combined 
source-doublet  networks  co  represent  the  solid  surface  of  the  given  configuration.  The 
individual  strength  of  the  source  and  doublet  distribution  must  then  determined  by 
specification  of  two  different  types  of  boundary  conditions  at  the  midpanel  control 
points.  According  to  Green's  third  identity,  the  proper  combination  of  sources  and 
doublets  can  be  determined  by  setting  to  zero  the  total  mass-flux  through  t.ie  impermeable 
surface  and  the  perturbation  potential  on  the  internal  side  of  the  wetted  surface. 
Inspection  of  local  velocity/singularity  relationships  shows  that  the  mass-flux  condition 
determines  directly  the  local  strength  of  the  source  distribution,  which  is  proportional 
to  the  normal  component  of  the  freestream  velocity  vector,  i.e. 

a  »  -  V.  x  n  (1)  , 


where  n  is  the  unitary  normal  vector  at  the  control  point.  On  the  other  side,  the 
incremental  velocity  on  the  external  side  -  and  hence  the  pressure  -  depends  directly  on 
the  local  gradient  of  the  doublet  strength.  This  can  bb  easily  explained  by  following 
considerations.  A  local  orthogonal  coordinate  system  £,<)  and  C  is  constructed  in  the 
tangent  plane  with  the  origin  in  the  control  point,  f  being  the  unitary  normal  at  the 
control  point.  Expressing  the  total  velocity  as  sum  of  the  freestream  velocity  V.  and  of 
the  perturbation  velocity  vp  components  we  can  write 

-  (  V.t  +  vpt,  V.,  +  Vpll,  V.-  +  vp£>  (2) 

for  both  the  internal  and  the  external  side.  Assuming  that  the  zero  perturbation  potential 
on  the  inner  side  implies  also  zero  perturbation  velocity  there,  the  total  velocity  at  the 
external  side  can  be  expressed  as 

Kot  -  v.  +  avp  (?)  , 

where  Av  indicates  the  variation  of  the  perturbation  velocity  between  the  two  side  of  the 
singularity  distribution  which  is  equal  to 

Avp  ”  <  Vf  <4>- 

Substituting  (4)  in  (3)  and  making  use  of  (1)  we  finally  obtain 

-  (  V.j  //t,  V.„  +  rv  0  )  (S). 

The  relations  (1)  and  (5)  show  clearly  the  complementary  role  played  by  the  two 
singularity  types  in  the  analysis  problem.  The  sources  provide  the  geometrical  information 
while  the  doublets  drive  the  kinematic  field.  The  consideration  of  these  different 
contributions  was  used  in  the  formulation  of  the  present  inverse  algorithm.  At  each 
iceration  cycle,  the  comparison  of  the  actual  pressure  distribution  vs.  the  target  one 
can  be  converted  into  an  incremental  tangential  velocity  distribution  which,  following 
equation  (S),  determines  directly  the  gradient  of  the  incremental  doublet  distribution 
required  to  match  the  targe;  pressure.  On  the  sought  geometry,  a  source  distribution 
proportional  to  the  still  unknown  local  normal  fulfills  the  internal  potential  boundary 
condition.  Conversely,  fulfillment  of  this  boundary  condition  on  the  given  geometry 
determines  an  additional  distribution  of  sources  whose  local  strength  can  be  used  for 
updating  the  geometry. 


The  advantages  of  this  formulation  are  manifold.  First,  the  same  boundary  condition  - 
i.e.  zero  internal  perturbation  potential  at  midpanel  tontul  points  -  and  the  same  AXC 
matrix  are  used  in  both  the  direct  and  the  inverse  loop.  Second,  the  aerodynamic 
interference  between  different  configuration  components  is  automatically  aken  into 
account  through  the  AIC  matrix.  Third,  the  method  is  equally  suited  fer  the  design  of  the 
whole  configuration  as  for  the  design  of  local  regions.  The  partial  design  case  can  be 
regarded  as  a  mixed  direce/inverse  problem,  where  the  doublet  distribution  is 
pre-determined  at  the  pressure- specified  regions  and  the  source  strengths  are  known  in  the 
geometry-specified  regions. 

The  three-dimensional  application  of  this  algorithm  is  explained  next.  At  the 
beginning  of  the  first  cycle  the  given  configuration  is  analysed  by  the  HISSS  code.  After 
having  obtained  the  solution  for  the  direct  case,  the  target  pressure  distribution  is 
defined  at  the  control  points  of  the  regions  to  be  modified.  The  specification  is  done  at 
a  network  level,  sc  that  during  the  inverse  loop  the  total  configuration  consists  of 
'design  network',  i.e.  networks  for  wh.ch  a  pressure  target  is  defined,  and  -  possibly  - 
of  'analysis  networks',  whose  geometry  has  to  be  kept  fix.  The  first  step  is  related  to 
the  determination  of  the  gradient  of  the  additional  doublet  distribution  for  the  design 
networks.  Direct  differentiation  of  the  surface  pressure  distribution  was  considered  too 
expensive.  Instead,  in  consideration  of  the  small  variation  assumption  within  each 
iterative  cycle,  the  following  approximation  is  used.  The  magnitude  of  the  additional 
velocity  v,  is  obtained  from  the  difference  between  the  target  and  the  actual  pressure 
coefficients.  The  direction  of  v,  is  assumed  to  be  parallel  to  the  local  flow  found  at  the 
present  ite.ation.  Then  the  doublet  distribution  over  the  surface  of  the  design  network 
are  determined  by  numerical  evaluation  of  the  integral 
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//  *  V,  x  as  +  C  (6) 


where  s  a  curvilinear  coordinate  along  the  integration  path  and  C  an  arbitrary  constant. 
In  order  to  obtain  the  necessary  accuracy,  the  distribution  of  v,  computed  at  the  control 
points  is  interpolated  using  the  quadratic  spline  functions  already  available  from  the 
doublet  singularity  distributions  used  in  the  analysis  step.  The  numerical  integration 
starts  from  the  most  upstream  panel  corner,  where  the  constant  C  is  first  set  to  zero. 
When  the  values  of  v  are  determined  for  all  the  control  points  of  the  pressure-specified 
regions,  a  linear  system  is  set  up,  using  the  AIC  matrices  of  the  direct  loop  for  imposing 
the  zero  internal  perturbation  condition  on  all  the  control  points.  The  solution  of  this 
linear  system  determines  the  additional  source  distribution  o'  «n  the  design  networks  and 
the  additional  doublet  distributions  //'  or  the  analysis  networks.  The  constant  C  must  now 
be  determined  from  closure  considerations.  The  integral  displacement 


W  -  o'  dS  (7) 


is  computed  for  each  design  network.  If  the  edges  of  the  network  are  to  be  maintained,  the 
quantity  W  must  be  zero.  Due  to  linearity  of  the  problem,  the  value  of  C  satisfying  this 
condition  can  be  easily  determined. 


DERIVATION  OF  THE  RELOFTING  ALGORITHM. 


The  next  task  is  to  modify  the  geometry  of  the  design  networks  so  that  the  normal  at  each 
control  point  satisfy  the  relationship 

V.  x  n'  «  a  +  o’  (8) . 

The  displacement  of  the  panel  corner  points  has  been  selected  as  design  variable.  This 
choice  allows  to  maintain  geometrical  continuity  during  the  relofting  process,  a  mandatory 
requirement  for  the  supersonic  case.  Moreover,  possible  geometrical  constraints  can  be 
easily  incorporated.  Each  corner  point  is  allowed  to  move  along  the  local  normal  at  the 
surface  of  a  quantity  X.  In  the  case  that  the  points  along  two  or  more  euges  of  the 
networks  are  to  be  maintained,  the  number  of  the  design  variables  X  is  smaller  of  the 
number  of  conditions  (8)  so  that  a  least  square  approximation  must  be  used.  To  this 
purpose,  a  goal  function  is  defined  as 

R(Xj)  -  Ej  wt  <5t  -  n'i)*  (9) 

with  j  ■  (1,2, ...,M)  ,  i  -  (1,2, ..,N)  und  M  <  N, 

where  M  and  N  are  respectively  the  total  number  of  design  variables  and  constraints 
conditions,  n  is  the  approximation  of  n,  and  w  is  a  weight  function.  The  solution  of  the 
least  square  method  can  be  experssed  in  matrix  form  as 

|  X  (■  |  (  v  ]•  (  w  ]  ■(  v  •  I  w  |  •(  v  |  j  n1  (  (10) 

where 
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n' 

n'i. 


I 


Since  the  functions  Sj(X, )  ace  non  linear,  an  iterative  procedure  oust  be  used.  The 
procedure  employed  is  an3  adaptation  of  the  Newton-Raphson  method  used  in  Ref.  13  for 
computing  the  geometry  of  the  leading  edge  vortex  sheet.  In  this  method,  at  each  iteration 
step  the  nonlinear  functions  are  approximated  by  the  corresponding  linear  terms  of  the 
Taylor  series.  For  example,  the  zero  values  of  a  nonlinear  function  P(x)  are  obtaining 
through  a  series  of  iterations  of  the  form 

(3F/3x)<*>  4x“)  -  -  F<*>  (11)  , 


where 


x<t+i)  m  x***  +  Ax* 1 J  , 

It  can  be  seen  that  the  solution  x  at  the  iteration  (tel)  dependes  only  on  the  values  of 
the  function  F  and  its  derivative  3F/3x,  which  arc  known  from  the  previous  iteration  step 
(t)  .  This  scheme  can  be  applied  for  the  solution  of  the  system  (10),  provided  that  the 
vectors  {X}  and  {n' |  be  replaced  by  the  following 


4  6X<1>  > 


and 


(■  X,<*“>  -  X,'“ 
Xj<‘*>>  -  Xa<‘> 


<  AK<‘>  \ 


■  n',  -  a,<‘> 

n'l  -  V1’ 

■  -  nB<‘»  ) 


and  that  the  derivatives  3^/SXj  be  computed  at  the  iteration  level  (t). 

The  iterative  process  starts  using  the  values  computed  for  the  given  geometry,  i.e.  at  the 
level  t-1  is 


I  n‘11  >  ■  {  n  > 

and 

{X'1'  }  i  0  . 

The  derivatives  in  the  matrix  (  v  J111  are  also  computed  for  the  starting  geometry.  The 
solution  of  the  system  gives  the  first  approximation  of  the  geometrical  corrections  ^ 
X(‘>  }  .For  increasing  the  stability  of  the  scheme,  a  relaxation  parameter  5  is  introduced 
so  that  at  each  step  the  corrections  effectively  used  are  first  reduced  to 

<  X‘ *  +  »  >  }  -  6  {  OX*6’  >  +  )  X<‘>  }  nit  6  <  1. 

Now  the  new  normals  fi^t+l1  are  computed  for  the  perturbed  geometry.  The  increment  of  the 
norm  of  the  panel  normals,  defined  as 

n01  -  in  )  -  \  «< *»  \  ii 

is  introduced  to  control  the  convergence  of  the  process,  is  this  nor.j  smaller  of  a  given 
convergence  parameter  c,  the  iterative  process  is  stopped.  If  the  norm  is  larger  than  s, 
the  quality  of  the  solution  is  controlled  by  examination  of  the  norm 


N,  -  ||  6  (  w  ]'*>  <  iX<‘>  \  || 

which  represents  the  norm  of  the  linear  contribution  to  Nnl.  To  reduce  the  problem  of 
overshoot  in  the  classical  Newton  scheme,  a  halving  process  of  the  relaxation  parameter  4 
is  applied  to  limit  at  each  iteration  the  norm  Nol  by  ensuring  that 


N„1  -  Nj  <  N, 
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APPLICATIONS 


Before  being  able  to  incorporate  the  present  design  option  into  a  program  system  as 
HISSS,  a  large  array  of  testcases  should  be  computed  to  acquire  a  sufficient  knowledge  and 
confidence  on  the  algorithm  performance.  This  was  not  entirely  possible  so  far.  Hitherto 
applications  cover  only  simple  tests  chosen  to  explore  some  typical  areas  of  applications 
so  as  to  be  able  to  determine  where  future  additional  work  is  required.  For  better 
evaluation  of  the  algorithm  capability,  in  the  examples  presented  here  the  pressure 
distributions  selected  as  target  for  the  design  procedure  were  obtained  from  the  analysis 
of  a  known  geometry,  so  that  the  convergence  of  the  pressures  and  of  the  geometry  can  be 
judged  at  the  same  time.  Three  cases  are  presented  here. 


REDESIGN  OF  NLF1  AIRFOIL. 

This  testcase  was  computed  using  a  two-dimensional  implementation  of  the  present  design 
algorithm.  A  constant  source/doublet  panel  method  employing  the  Dirichlet  formulation  was 
used  in  the  analysis  of  the  wing  sections.  A  NACA  0006  symmetric  profile  airfoil  at  zero 
angle  of  attack  was  chosen  as  initial  geometry.  Tha  analysis  of  the  NLF1  at  zero  angle  of 
attack  provided  the  target  pressure  for  the  design  exorcise,  see  figure  1.  During  the 
relofting  steps  all  the  endpoints  of  the  panels  but  those  on  the  trailing  edge  were 
allowed  to  move  principally  alonq  to  the  local  normal .  An  undarweighted  movement  along  the 
tangential  direction  was  also  permitted  for  easing  the  relofting  task  in  the  leading  edge 
region.  Figure  2  shows  the  convergence  history  of  the  profile  contour  during  the 
Nowton-Raphson  procedure  of  the  first  iteration  step.  The  comparison  of  the  actual  vs.  the 
target  pressure  distribution  at  the  end  of  the  first  iteration  cycle  is  presented  next, 
figure  3.  After  two  further  iterations  a  reasonable  agreement  with  the  specified  was 
target  for  the  pressure  was  produced,  see  figure  4.  Further  iteration  cycles  did  not 
produce  any  substantial  improvement,  out  proved  the  stability  of  the  presort  scheme.  The 
geometry  produced  at  the  tenth  iteration  was  almost  indistinguishable  from  that  of  the 
reference  airfoil.  The  residual  differences  in  the  pressures  are  thought  to  be 
attributable  to  the  excessive  sensibility  of  the  low-order  panel  method  used  for  the 
analysis  to  local  variations  of  panel  lengths.  Since  it  has  been  often  demonstrated  that 
the  higher  order  formulation  employed  in  the  HISSS  is  by  far  more  forgiving  to 
irregularities  in  panel  spacings,  generation  of  irregular  panel  density  was  not  considered 
as  a  drawback  for  the  three  dimensional  applications  of  the  desian  procedure. 


SUBSONIC  AND  SUPERSONIC  REDESIGN  OF  A  THREE-DIMENSIONAL  BODy. 


A  fully-three  dimb.isional  geometry  was  used  for  testing  the  pilot  implementation  of  the 
design  option  into  the  HISSS  code.  The  target  body  features  an  axisymmetrical  ogive 
followed  by  an  indented  region  consisting  of  circular  sections.  The  axial  distribution  of 
the  radii  and  the  location  of  their  origin  are  specified  in  such  a  way  that  the  upper 
crown  line  describes  a  convex-concave-convex  curve  while  the  bottom  line  is  straight, 
figures  5  and  9.  The  purpose  of  the  test  was  to  determine  if  the  design  option  could 
reproduce  this  geometry  starting  from  an  ogive-cylindrical  body,  figures  6  and  10.  The  two 
configurations  wore  panelled  using  one  network  for  the  ogive  and  one  network  for  the  aft 
part.  In  the  design  case  the  rear  network  was  defined  as  design  network  while  the  geometry 
of  the  ogive  had  to  remain  unchanged.  The  pressure  coefficients  calculated  at  the  panel 
control  points  of  the  target  body  were  used  as  boundary  conditions  to  determine  the 
additional  doublet  distribution.  Fulfillment  of  the  zero  perturbation  potential  condition 
on  the  inner  inside  of  the  ogive-cylinder  configuration  together  with  the  use  of  the 
closure  condition  resulted  in  the  determination  of  the  additional  source  distribution.  The 
geometry  of  the  cylindrical  surface  was  then  relofted  allowing  each  panel  corner  pvint  to 
move  in  the  x  constant  plane  along  the  local  normal  so  that  to  minimize  the  function  R(X). 
The  exercise  was  carried  out  at  subsonic  and  supersonic  speeds. 


At  subsonic  speeds,  two  iterations  of  this  design  ptocedure  produced  a  pressure 
distribution  almost  identical  to  the  original  one,  the  difference  between  the  first  and 
the  second  iteration  being  relatively  small,  figure  7  and  8.  This  indicated  that  for 
engineering  purposes  one  iteration  cycle  could  be  sufficient.  The  convergence  of  the 
geometry  shows  a  good  qualitative  agreement.  However  the  cross  sections  of  the  generated 
surface  are  not  circular,  indicating  the  necessity  to  allow  the  panel  corner  points  to 
move  also  in  a  tangential  direction. 

At  supersonic  speeds,  three  iterations  were  necessary  to  obtain  a  good  global 
agreement  with  the  target  pressures.  Figures  11  and  12  show  the  results  at  the  end  of  the 
first  and  the  third  iteration  cycle.  Local  failure  to  complete  match  the  target  pressure 
distribution  at  both  fore  and  aft  ends  of  the  design  networks  are  attributable  to  the 
coarseness  of  the  modelling.  The  decrease  of  the  convergence  rate  in  comparison  with  the 
subsonic  is  due  to  the  more  complicate  pattern  of  the  supersonic  pressure  distributions. 
Here  again  uncomplete  convergence  of  the  geometry  indicates  the  necessity  of  moving  the 
grid  points  in  two  directions. 
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CONCLUSIONS 


An  inverse  design  procedure  capable  of  relofting  the  geometry  of  a  given 
configuration  or  of  parts  of  it  by  specification  of  a  target  pressure  distribution  has 
been  developed.  As  demonstrated  by  its  application  on  simple  testcases,  the  basic 
algorithm  is  very  general  and  applicable  to  any  kind  of  geometry  at  subsonic  and 
supersonic  flows.  Fast  convergence  characteristics  and  good  computational  efficiency  are 
achieved  by  the  use  of  the  same  aerodynamic  matrices  in  the  direct  and  in  the  inverse 
loops. Some  additional  work  is  needed  to  further  generalize  the  relofting  procedure  before 
incorporating  the  present  algorithm  as  fully-automated  design  procedure  into  the  HISSS 
panel  code. 
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Figure  9  -  Panelling  of  the  target  geometry 
and  relevant  longitudinal  pressures  for  the 
case  Mach  1.41,  a  »  0.  degree. 
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Figure  11  -  Panelling  of  the  redesign *d 
geometry  -  first  iteration  cycle  -  and 
relevant  longitudinal  pressures  for  the 
case  Mach  1.41,  <x  »  0.  degree. 
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Figure  10  -  Panelling  of  the  initial  geometry 
and  relevant  longitudinal  pressures  for  the 
case  Mach  1.41,  a  -  0.  degree. 
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Figure  12  -  Panelling  of  the  redesigned 
geometry  -  third  iteration  cycle  -  and 
relevant  longitudinal  pressures  for  the 
case  Mach  1.41,  a  n  0.  degree. 
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I .  INTRODUCTION 

A  well  known  problen  in  the  field  of  aerodynamic  design  is  the  Inverse  problem  of  finding  the  geometry 
of  a  wing  which  produces  a  given  target  pressure  distribution  (and  hence  has  given  aerodynamic 
characteristics)  for  prescribed  free  stream  conditions.  In  this  inverse  problem,  non-linear  boundary 
conditions  of  a  mixed  type  should  be  applied  on  the  unknown  wing  surface  from  which  its  geometry  should 
be  calculated.  The  resulting  non-linear  equations  may  be  solved  by  means  of  an  iterative  method. 

Existing  Iterative  methods  for  solving  the  inverse  aerodynamic  problen  can  roughly  be  divided  into  two 
classes  (see  Ref. I). 

In  the  first  type  of  methods,  each  iteration  starts  with  the  calculation  of  a  flow  field  which  produces 
the  prescribed  target  pressure  distribution  on  the  wing  surface  Iterate,  but  in  general  will  allow  a 
non-zero  mass  flow  through  this  surface.  The  geometry  corrections  are  then  derived  in  such  a  way  that 
the  transpiration  mass  flow  will  vanish. 

In  the  second  type  of  method,  usually  called  residual  correction  methods,  first  the  actual  flow  around 
the  wing  surface  iterate  is  calculated  (satisfying  the  zero  mass  flow  condition  at  this  surface),  by 
means  of  an  analysis  code.  An  iteration  is  completed  by  applying  some  approximate  inverse  correction 
rule  for  the  calculation  of  geometry  corrections  driving  the  pressure  defect  (the  difference  between  the 
target-  and  the  current  pressure  distribution)  to  zero. 

At  NLR,  the  development  of  inverse  aerodynamic  methods  has  been  directed  towards  the  second  type  of 
methods.  The  main  reason  for  choosing  a  residual  correction  type  of  method  is  its  simplicity.  An 
existing  flow  solver  (with  the  desired  level  of  flow  modelling)  can  be  used  without  modifications  for 
the  analysis  step.  Only  rather  simple  correction  rules  have  to  be  developed  and  coupled  to  such  a  flow 
solver.  If  a  converged  solution  is  obtained,  the  required  pressure  distribution  will  indeed  be  produced 
by  the  designed  geometry,  within  the  accuracy  limits  of  the  flow  solver  used.  Also  the  present  design 
system  is  based  on  a  residual  correction  method. 

The  flow  solver  used  for  the  analysis  Is,  at  present,  a  transonic  full  potential  code  (XFL022),  capable 
of  calculating  the  inviscid  flow  about  a  wing/body  combination.  In  the  near  future,  this  flow  solver 
will  be  replaced  by  a  transonic  full  potential  code  coupled  to  a  boundary  layer  calculation  method,  in 
order  to  include  viscous  effects  due  to  wing  boundary  layer  and  wake. 

The  applied  approximate  Inverse  calculation  is  based  on  two  former  developments  at  NLR.  The  basic 
correction  rule  consists  of  the  3D  inverse  subsonic  panel  method  which  Is  used  in  the  subsonic  wing 
design  method,  reported  in  reference  2,  being  available  at  NLR  since  1974.  The  adaptation  of  the 
correction  rule  to  transonic  flows,  is  based  on  the  supersonic  geometry  correction  module  applied  in  the 
2D  transonic  airfoil  design  method  INTRAFS  (Ref. 3),  which  was  completed  In  1984.  This  correction 
consists  of  the  application  of  the  supersonic  wavy-wall  formula  In  the  way  as  suggested  in  reference  4, 
of  which  for  the  present  method  a  3D  interpretation  Is  used. 

In  this  way,  3D  transonic  wing  design  can  be  performed.  Just  like  In  the  former  subsonic  design  method, 
mentioned  above,  the  Influence  of  a  fixed  body,  to  which  the  wing  may  be  attached,  can  be  taken  into 
account. 

In  practical  wing  design,  it  is  usually  necessary  to  impose  some  constraints  on  the  desired  wing 
geometry.  First  of  all,  such  geometric  constraints  may  prove  to  be  necessary  in  order  to  prevent  the 
iteration  process  from  converging  to  physically  unrealistic  geometries  (e.g.  local  negative  thickness), 
or  even  to  obtain  a  converged  solution  at  all!.  In  this  light  it  should  be  mentioned,  that  in  case  of  2D 
airfoil  design,  the  well-posedness  of  the  inverse  problem  can  only  be  established  when  some  auxiliary 
constraint  relations  for  regularity  and  closure  are  satisfied.  For  the  3D  inverse  problem,  however,  the 
question  of  well-posedness  seems  still  to  be  a.i  open  question,  even  for  incompressible  flow.  In  that 
case,  the  possibility  of  intervening  in  the  iteration  process  and  apply  or  change  some  geometric 
constraints  may  turn  out  to  be  an  indispensable  instrument  to  obtain  a  reasonably  converged  solution. 

In  the  second  place,  some  geometric  constraints  may  be  necessary  from  the  structural  engineer's  point  of 
view,  who  in  general  will  have  some  requirements  with  respect  to  the  geometric  properties  of  the  wing  to 
be  designed  (f.c.  a  lower  bound  for  the  thickness,  prescribed  trailing  edge  angle  or  leading  edge 
radius).  The  present  design  systtm  offers,  just  like  its  predecessors  rentioned  above,  the  possibility 
of  imposing  geometric  constraints.  The  inverse  correction  procedure  uses  a  weighted  least  square  error 
approach  for  solving  the  over-determined  system  of  equations  resulting  from  the  pressure  defect 
corrections  and  the  geometric  constraints.  Weight  factors  assigned  to  the  residuals  in  pressure  defects 
and  ih  geometric  constraints  can  be  prescribed  and  adjusted  during  the  iteration  process.  In  this  way  a 
flexible  control  over  the  design  procedure  is  realized,  and  the  design  goals  can  be  reached  in  the  best 
possible  way,  avoiding  troubles  arising  from  the  possible  ill-posedness  of  the  inverse  problen. 

During  the  development  of  the  present  system  for  transonic  wing  design  with  geometric  constraints,  a 
modular  set-up  has  been  pursued  (see  Fig.l),  which  also  provides  a  great  flexibility. 

The  PRE-  and  POSTPROCESSING  subsystems  perform  tasks  which  arc  most  conveniently  handled  in  an 
Interactive  way.  The  flow  solver  included  in  the  ANALYSIS  subsystem  as  well  a9  the  correction  procedure 
included  in  the  INVERSE  subsystem,  are  running  in  batch  mod a.  All  subaystAma  mak*  h«a  of  a  cownon 
database.  The  flexibility  exists  to  replace  a  subsystem  easily  by  another  one  (e.g.  replace  the  flow 
solver  by  a  more  advanced  one),  or  even  to  run  the  subsystems  on  different  computers  (e.g.  at  present 
arrangements  are  made  to  perform  the  flow  solver  calculations,  the  most  time  consuming  part  of  the 
process,  on  NLR's  NEC  SX-2  supercomputer). 

In  the  present  system,  no  attention  is  paid  to  the  subject  of  designing  an  aerodynamically  attractive 
target  pressure  distribution  on  the  wing.  At  NLR  some  computational  tools  are  available  to  support  this 
task.  In  case  of  complex  configurations,  the  spanwise  load  distribution  can  be  optimized  (to  produce 
minimum  drag)  by  means  of  the  system  SAMXD  (Ref. 6).  Optimization  of  the  sectional  pressure  distributions 
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is  a  task  which  can  be  performed  with  the  help  of  the  general  optimization  package  CADOS  (Ref. 7). 

In  the  subsequent  sections  the  design  procedure  included  in  the  transonic  wing  design  system  will  be 
described  in  more  detail.  Emphasis  will  lie  on  the  extensions  which  arc  made  to  the  f  naer  residua^ 
correction  methods  mentioned  above.  For  completeness  sake,  a  short  description  of  the  3D  inverse 
subsonic  panel  method  is  included,  in  order  to  show  the  way  in  which  geometrical  constraints  are  taken 
into  account.  Finally,  the  practical  applicability  of  the  present  transonic  wing  design  system  will  be 
demonstrated  by  an  example. 


2.  TRANSONIC  WING  DESIGN  PROCEDURE 

A  functional  breakdown  of  the  transonic  wing  design  procedure  is  depicted  in  Fig. 2.  It  shows  the 
relevant  processes  which  are  included  in  a  single  iteration.  With  the  flow  conditions,  the  body  geometry 
and  the  iterate  for  the  wing  geometry  as  input,  the  current  pressure  distribution  is  calculated  with  the 
analysis  code.  The  pressure  defect  (<5C  )  is  then  calculated  as  the  difference  between  the  target-  and 
the  current  pressure  distribution.  The*' inverse  calculation,  described  in  the  next  sections,  translates 
the  pressure  defects  into  geometry  corrections  for  thickness  and  camber  (5z  and  $z  ).  These  geometry 
corrections  are  added  to  the  iterate  for  the  wing  geometry,  and  a  new  wing  geometrycis  obtained.  The 
results  of  the  present  iteration  can  be  inspected  and  intermediate  results  may  be  written  to  an  output 
file.  Depending  on  these  results,  the  weight  factors  on  pressure  defect  residuals  and  on  geometric 
constraint  residuals  may  be  adjusted.  Now,  cither  a  new  iteration  can  be  initiated  with  the  input  taken 
from  the  updated  database,  or  the  Iteration  process  can  be  terminated  in  case  of  &  suitably  converged 
solution. 


3.  INVERSE  CALCULATION  PROCEDURE 

The  inverse  calculation  procedure  is  schematically  represented  in  figure  3.  Details  of  the  most 
important  steps  involved,  will  be  described  below. 

3.1  Defect  pressure  splitting 

First  the  pressure  defect  is  split ted  Into  a  subsonic-  and  a  supersonic  part,  distinguishing  between 
regions  where  the  flow  behaves  subsonic  and  regions  with  supersonic  behaviour  of  the  flow.  The  split 
will  be  defined  for  the  pressure  distribution  of  a  streamwise  wing  section,  and  is  essentially  the  same 
as  the  split  described  In  reference  3  for  the  airfoil  cas»*.  In  the  present  3D  method,  however,  a 
modification  in  the  definition  of  the  critical  pressure  coefficient  is  applied. 

The  relevant  formulas  are  derived  from  those  applied  in  the  transonic  airfoil  design  method,  by  means  of 
simple  sweep  theory.  The  transformation  is  exact  for  the  inviscid  flow  around  an  infinite  swept  constant 
chord  wing,  and  is  in  the  present  3D  method  applied  to  the  quantities  of  the  equivalent  2D  flow  normal 
to  the  local  geometric  angle  of  sweep  (Fig.4>.  The  approximations  Introduced  in  this  way,  are  based  on 
the  assumption  that  a  high  aspect  ratio  wing  Is  considered  with  its  taper  near  unity. 

The  relevant  "critical"  pressure  coefficient  is  derived  as, 

_Y_ 

C**  -  - —  {(  —  +  M*  cos2A)Y  ^l)  (1) 

p  rM2  1H  rH 

Under  ‘“he  assumption  that  subsonic  theory  should  be  applied  in  cas^  both  the  actual-  (c”)  and  the 
target  pressure  coefficient  (C*)  are  subsonic  (in  the  sense  as  described  above),  and  pure  supersonic 
theory  if  both  coefficients  arfe  supersonic,  the  following  split  Is  applied  (see  Fig. 5), 

S  .  C  -  nax(Ct(  C**>  -  max  (Cn,  C**  )  , 

sub  p  P  P  p  P 

a  C  -  mlnCC*,  C**)  -  min  (Cn,  C**  )  .  (2) 

sup  p  P  P  P  P 

3.2  Subsonic  perturbation  velocity  defect 

The  subsonic  part  of  the  pressure  defect  Is  expressed  in  terms  of  a  perturbation  velocity  defect 
distribution.  The  procedure  followed  is  exactly  the  same  as  in  the  3D  Inverse  subsonic  panel  method  of 
reference  2.  The  target  and  the  actual  calculated  pressure  (velocity)  distributions  are  linearized  into 
chordwlse  perturbation  velocity  distributions,  in  the  same  way  as  is  done  in  the  compressibility 
correction  of  the  NLR  panel  method  (Ref. 8).  This  correction  Includes  an  inverse  form  of  the 
Riegcls^typc  leading  edge  correction,  which  removes  the  singular  behaviour  at  the  leading  edge  of  the 
usual  thin  wing  theory.  According  to  reference  2,  this  correction  Is  essential  for  the  convergence  of 
the  iteration  process.  The  resulting  perturbation  velocities  are  used  to  calculate  the  chordwlse 
subsonic  perturbation  velocity  defects  on  the  upper-  and  lower  wing  surface  (6^^  and  ^subul^ ' 

3.3  Supersonic  corrections 

The  supersonic  pressure  defect  is  first  expressed  in  term  of  corrections  for  the  slope  of  a  streamwise 
wing  section  ($x*  »  3z/3x).  For  this  purpose  use  is  made  of  the  supersonic  wavy-wall  formula  in  the  way 
as  suggested  in  reference  4,  This  concept  was  already  successfully  used  in  the  2D  transonic  airfoil 
design  system  (Ref .3).  The  supersonic  wavy-wall  formula  was  derived  for  2D  supersonic  flows  (Ref. 9),  and 
establishes  a  nonlinear  relation  between  the  pressure  coefficient  and  the  surface  slope  of  an  airfoil. 

In  fact,  the  formula  Is  only  valid  for  small  perturbations  to  a  uniform  supersonic  flow. 

In  reference  3,  the  formula  is  applied  in  a  linearized  form  to  the  supersonic  pressure  defect  resulting 
into  an  expression  for  the  airfoil  surface  slope  corrections. 

In  the  present  context,  the  formulas  derived  in  reference  3  are  applied  to  the  quantities  of  the  2D 
equivalent  flow  (Fig. 4).  The  results  are  transformed  back  to  the  3D  flow,  again  using  simple  sweep 
theory,  resulting  into  the  following  chordwlse  slope  corrections  on  the  wing  surface, 
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Y 

dz'  -  isecdfc  — - —  +  M  cos’A)  /  (1  +  JyM^C  )Y  1 
l  Y-l  ploc 


where  the  "local"  pressure  coefficient  C  is  given  hy, 

ploc 


C  »  1  f  H  nin(  c!j  C**)  +  nln  (c"  ,  C**  )}  +  C 
Floc  P  »  P  P  P 


** 

P 


)  . 


$supCp 


(4) 


(3) 


The  supersonic  slope  corrections  are  calculated  for  the  upper-  and  lower  surface  separately 
(6z^  and  5z|  ) 


In  order  to  proceed  for  the  supersonic  corrections  in  the  6amc  way  as  for  the  subsonic  corrections ,  the 
surface  slope  corrections  are  not  applied  directly  to  correct  the  wing  geometry.  First,  they  will  be 
expressed  in  terns  of  equivalent  subsonic  perturbation  velocity  defects.  In  that  way  care  has  been  taken 
that  the  sane  representation  for  the  subsonic-  and  supersonic  corrections  is  used  in  the  process  of 
compromising  between  corrections  based  on  the  pressure  defects  and  those  based  on  the  geometric 
constraints  (see  section  4).  The  equivalent  perturbation  velocity  defects  are  derived  by  means  of  a 
linear  thin  airfoil  analysis,  just  like  in  reference  3,  but  now  corrected  for  the  local  angle  of  sweep 
(Fig. 4).  The  sectional  slope  corrections  for  thickness  and  camber  are  calculated, 

6*i  ‘  I  (K  +  {zi  >  >  K  m  i  <-K  -  6z[  >  »  w 

after  which  the  following  equivalent  perturbation  velocity  defects  for  thickness  and  camber  are  derived, 


6  u 
e  t 


A  u 
e  c 


cosA 


2  2  4  J 

(1-M*  cos^A) J  o 


cosA 


(1-M l  cos2A)J 


»z;  g)}  ds 


(x-5)! 

c  /  o  \c-V 


Cdz>(0)d5 

- - 1—  •  W 

(x-C)1 


in  which  c  is  the  chordlength  of  the  wing  section.  In  fact,  the  expressions  in  ($)  are  obtained  from  the 
standard  thin  airfoil  theory  applied  to  the  local  equivalent  2D  flow  after  which  the  results  are 
transformed  to  the  3D  flow. 


It  can  be  observed  from  the  equations  presented  abova,  that  the  whole  procedure  of  defect  pressure 
splitting  and  translation  of  supersonic  pressure  defects  into  equivalent  perturbation  velocity  defects, 
provides  exactly  the  same  formulas  as  has  been  used  In  reference  3,  when  the  local  angle  oi  sweep  is  set 
equal  to  zero.  As  mentioned  in  reference  3,  the  supersonic  correction  procedure  forms  a  rather  poor 
approximation  of  the  full  potential  flow.  In  addition  to  the  deficiencies  mentioned  there,  the  deviation 
of  the  real  flow  from  a  quasi  2D  flow,  which  has  been  the  basis  for  the  present  formulation,  makes  the 
present  approach  still  more  approximate.  However,  for  practical  transonic  design,  the  present  supersonic 
corrections  seem  to  drive  the  geometry  corrections  into  the  right  direction,  and  in  general  a  converged 
solution  can  be  obtained  in  a  reasonable  number  of  Iterations  (see  section  5). 


4.  SUMMARY  OF  THE  3D  INVERSE  PANEL  METHOD 


The  subsonic-  and  the  equivalent  perturbation  velocity  defects  are  added,  resulting  into  perturbation 
velocity  defects  for  thickness  and  camber, 


6u 

<5u 
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(6  ,  u  +  6  . 
sub  u  sub 

(6  ,  u  -  A  . 
sub  u  sub 


ui> +  cVt 

ul>  +  c6euc 


(7) 


where  c  ,  c  and  e  are  relaxation  parameters  for  the  overall  iteration  process. 

The  translation  of  the  petturbaclon  velocity  defects  into  geometry  corrections  is  carried  out  by  means 
of  the  3D  inverse  subsonic  panel  method  described  in  reference  2.  Some  crucial  details  of  this  method 
will  be  summarized  below. 


4.1.  Singularity  distributions 

The  small  chorduf**-  *>*rr«rbstios  *eleclty  defects  arc  L>  singularity  dl&cnbutions  over  the 

wing  mean  plane  and  the  body's  surface.  As  described  in  reference  2,  thickness  effects  are  represented 
by  a  distributions  of  x-doublcts  (p),  which  has  the  advantage  that  the  condition  of  trailing  edge 
closure  is  implicitly  satisfied. 
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Camber  effects  are  represented  by  a  distribution  jf  vorcicity  (y) ,  with  the  effects  of  trailing 
vorticity  included  in  the  influence  functions. 

Finally,  the  induced  normal  velocity  at  the  body's  surface  due  to  the  above  mentioned  singularity 
distributions,  is  compensated  by  introducing  a  source  distribution  (o)  on  the  body's  surface. 

For  discretization  purposes,  the  wing  mean  plane  and  the  body's  surface  arc  divided  into  quadrillteral 
panels  and  the  singularity  distributions  are  assumed  to  be  constant  over  each  panel.  The  discrete  system 
of  equations  can  be  represented  by 

Kdx  u  +  Ks^  a  ■  <5uc  (wing  mean  plane)  , 

}  Y  ■  Au  (wing  mean  plane)  , 


Kd  u  +  Kv  y  +  Ks  a  -  0  (body)  ,  (8) 

n  —  n  —  n  —  — 

where  the  vectors  u,  y,  o,  5uc  and  Au^  represent  the  values  of  the  corresponding  quantities  in  the  panel 
midpoints,  and  the  aerodynamic  influence  coefficients  are  represented  by  the  matrices  Kd  ,  Ks  ,  Kd  , 

Kv  ,  Ks  .  x  x  n 

The  las£  equation  may  be  used  to  express  c  in  terms  of  u  and  Y,  which  are  the  basic  unknowns. 


4.2.  Geometry  corrections 

The  geometry  corrections  associated  with  thickness  and  camber  in  the  panel  midpoints,  are  related  to  the 
singularity  strengths  by 


5zc  “  5  U 


(panel  midpoints)  , 


a 

9^  )  ■  -  Kvz  y  -  Ksz  o  (panel  midpoints)  ,  (9) 

It  is  preferred,  however,  to  obtain  the  corrections  in  the  panel  corner  points.  Averaging  the  doublet 
strengths  of  the  panels  with  a  common  corner  point  leads  to, 

Az^  -  Zt^u  (panel  corners)  ,  (10) 

for  the  thickness  corrections.  Averaging  and  chordwise  integration  leads  to, 

A(Az^_)  -  Zc^  +  Zcga  (panel  corners)  ,  (11) 

for  the  camber  difference  in  a  streamwisc  section,  with  respect  to  a  fixed  reference  point  in  that 
section. 

The  matrix  elements  of  Zt^,  Zcy  and  Zcg  can  easily  be  derived. 

4.3  Geometric  constraints 

»  uresoat  transonic  wing  design  system,  two  options  for  imposing  geometric  constraints  are 


place,  the  possibility  exists  for  imposing  a  constraint  on  the  thickness.  Such  a  constraint 
*  'rational  by  specifying  respectively: 

-  a  point  where  the  constraint  should  be  applied; 

-  a  target  value  for  the  thickness  at  that  point  (zj|)  leading  to  a  target  value  for  the  thickness 
correction  in  each  iteration  (Az^z^-z^); 

-  a  nonneg^tive  weight  factor  (w^,)  to  be  assigned  to  this  constraint. 

Secondly,  it  is  possible  to  Impose  a  constraint  on  camber  (difference)  by  specifying  respectively: 

-  two  points  in  a  streamwisc  section  between  which  the  camber  difference  should  be  controlled; 

-  a  target  value  for  the  difference  in  camber  between  those  two  points  (Az£)  from  which  in  each 
iteration  a  target  value  for  the  associated  correction  is  derived  (A{Az£}*  AzJ-At^* 

-  a  nonnegatlvc  weight  factor  (w^)  to  be  assigned  to  this  constraint. 


4.4  Solution  procedure 

The  resulting  over-determined  system  of  equations  is  solved  in  a  least  square  error  sense.  A  functional 
is  drawn- up  by  adding  the  squares  of  residuals  associated  with  respectively  the  pressure  defects  on  the 
upper  surface,  the  pressure  defects  on  the  lower  surface,  the  thickness  constraints,  and  the  camber 
constraints,  each  ??  thss'zu'-tiplUJl  v/  UieXt  specified  weight  lectors. 
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F  (  M»  I  >"  |  wcp(HV  I  lKc^H  +  \  1  +  K\'2  “  iHy  1 1  + 

+  —  w2  (1-d  )  ||Kdu-4-Y  +  Koa-  6u,  1 1  + 

+  ||Wc<Zta  u  -  5z‘  JIT  + 
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(12) 


The  factor  w  is  used  for  the  pressure  defect  corrections,  while  the  difference  in  weights  for  the 
upper-  and  lo8er  surface  corrections  is  controlled  by  the  constant  dw.  The  matrices  and  Wc  are 
diagonal  matrices  with  their  diagonal  elenents  equal  to  the  square-roots  of  the  appropriate  weight 
factors  (w  and  w  )  for  the  points  where  constraints  are  operational,  and  equal  to  zero  for  the  other 
points.  C  c 

The  system  of  equations  to  be  solved  is  derived  frora, 

-  OF/3 p±>  -  0  ,  (3F/3Y A)  -  0  ,  (i-l,2,...,N)  (13) 

where  it  should  be  mentioned  that  although  o  depends  formally  on  u  and  Y>  the  derivatives  in  (13)  arc 
calculated  as  if  o  is  a  constant  vector,  after  which  0  is  expressed  in  terms  of  u  and  Y.  The  neglected 
terms  are  expected  to  be  small  because  they  represent  only  a  second  order  correction  to  the  Influence  of 
the  sources  on  the  body,  which  effect  decays  rapidly  with  increasing  distance. 

The  resulting  system  of  equations  is  solved  by  a  block  iteration  procedure.  The  geometry  correction 
calculations  are  straight-forward,  once  u  and  y  are  known. 

In  this  way  the  geometry  corrections  arc  calculated  as  a  compromise  between  driving  the  pressure  defects 
to  zero  and  keeping  some  properties  of  the  geometry  fixed.  To  which  extent  each  of  these  goals  is 
reached,  depends  on  the  weight  factors,  which  can  be  prescribed  and  adjusted  during  the  iteration 
process. 


5.  EXAMPLE 


The  practical  applicability  of  the  present  transonic  wing  design  system  is  demonstrated  by  an 
reconstruction  example.  The  wing  geometry  to  be  reconstructed  is  the  well  known  DFVLR-F4  wing,  for  this 
purpose  attached  to  an  imaginary  pencil  shaped  cylindrical  body.  The  F4  wing  is  a  supercritical  wing 
with  an  aspect  ratio  of  9.5,  a  taper  ratio  of  0.3,  and  a  kink  in  planform  at  40 Z  span.  The  leading  edge 
sweep  is  27.1*  and  the  thickness  chord  ratio  varies  from  0.15  at  the  root  to  0.122  at  the  tip.  The  wing 
planform  i3  shown  in  Fig. 6a  where  also  an  impression  is  given  of  the  body  to  which  the  wing  has  been 
attached. for  the  present  example.  A  perspective  view  of  the  original  wing  geometry  is  given  in  Fig. 6b. 
For  the  reconstruction  example,  the  target  pressure  distribution  (the  dashed  lines  in  Fig. 7a) 
corresponds  to  the  original  F4/body  geometry  of  Fig. 6  as  calculated  by  the  flow  solver  used  in  the 
design  system  (XFL022).  The  original  geometry  has  been  distorted  to  produce  the  initial  pressure 
distribution  (the  lines  marked  with  an  a)  in  Fig. 7a).  Starting  with  this  distorted  geometry  as  the 
initial  geometry,  an  attempt  has  been  made  to  reconstruct  the  original  F4  geometry  using  the  present 
design  system. 


For  the  inverse  calculations  the  wing  planform  has  been  panelled  using  9  panels  in  spanwisc  direction 
and  30  in  chordwise  direction  (see  Fig. 6a).  The  direct  flow  solver  calculations  with  XFL022  has  been 
performed  on  a  medium  coarse  mesh  of  80  (chord)  x  16  (span)  x  14  (normal)  points.  After  a  few  iterations 
it  turned  out  to  be  necessary  to  freeze  some  parts  of  the  current  geometry.  Small  weights  have  been  put 
on  the  leadlug  edge  thickness  of  the  root-  and  tip  sections,  and  also  on  the  trailing  edge  angle  at  the 
kink  section.  The  way  in  which  these  weights  have  been  applied,  i3  representative  for  a  realistic  design 
process. 

The  final  result  has  been  obtained  after  six  iterations.  As  can  been  seen  in  Fig. 7a,  the  target  pressure 
distribution  is  very  well  reproduced  near  the  tip.  Near  midspan,  some  deviations  are  still  present 
towards  the  trailing  edge  and  after  the  shock.  The  suction  peak,  however,  is  very  well  reproduced.  Near 
the  root  section  some  more  deviations  can  be  observed  which  are  concentrated  in  the  leading  edge  region. 
Such  problems  were  to  be  expected  because  the  correction  rules  are  in  this  regions  rather  poor 
approximations  to  the  real  3D  flow.  Furthermore,  the  thick  nose  of  the  root  section  forms  a  severe  test 
for  the  present  design  system.  The  overall  agreement  between  final-  and  target  pressure  distribution, 
however,  can  still  be  called  good. 

The  final  geometry  is  compared  with  the  original  F4  geometry  in  Fig. 7b.  The  original  geometry  is  very 
well  reconstructed  near  the  tip,  but  also  at  the  kink  section  the  resemblance  between  target-  and  final 
geometry  is  remarkably  good.  At  the  root  section,  the  thickness  of  the  original  geometry  is  not  fully 
reached. 


6.  CONCLUSIONS 

A  new  system  has  been  described  for  transonic  wing  design  with  prescribed  pressure  distribution  in  the 
wrAA*nCA-of  a  fixod  body.  Th<*  rA*idiiAl  correction  method,  on  which  the  da«  ion -ay  a  tern  in  baaed,  combines 
a  "complex”  direct  flow  solv6r  with  "simple"  correction  rules  (inverse  supersonic  wavy-wall  +  inverse  3D 
panel  method).  It  is  possible  to  define  geometric  constraints  for  the  wing  to  be  designed,  which  is  an 
essential  part  of  the  method.  Weight  factors  on  the  pressure  defect  corrections  and  on  the  corrections 
associated  with  the  geometric  constraints  can  be  adjusted  during  the  iteration  process,  allowing  a 
maximal  control  over  the  design  procedure,  in  order  to  reach  the  design  goals  in  the  best  possible  way. 
The  practical  applicability  of  the  transonic  wing  design  system  has  been  demonstrated  by  an  example* 
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Pig.  1  Main  functional  processes  and  interfaces  of  present  transonic  design  system 
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(UPDATE) 


Fig,  2  Functional  breakdown  of  the  design  procedure 


a)  Wing  planforn  and  top  view  of  body 


a)  Results  for  the  pressure  distribution  at  three  spanwiso  stations 
(near  root,  near  *aidspan,  near  tip)+ 


b)  Results  for  the  gcoaotry  at  four  spanwise  stations 


Fig.  7  Results  of  M  wing  reconstruction  with  influence  of  body  for  M*0,75  and  «(/ 
(tho  target  corresponds  to  the  original  geonctry  of  fig.  6) 
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ABSTRACT 

In  the  method  of  ficticious  gas  for  transonic  airfoil  modification  ,  it  is  attempted  to  introduce  a  fuj_ 
ly  elliptic  calculation  code  by  the  use  of  compressibility  sources. 

This  is  done  both  with  the  idea  of  overcoming  some  of  the  finite-diffrence  limitations  and  in  order  to 
reduce  the  computational  time. 

Taking  as  reference  the  standard  Hess-Smith  panel  method  in  two  dimensions,  compressibility  effects  are 
taken  into  account  by  means  of  source  panels  into  the  flowfield.  The  panels  form  a  grid  which  is  limited  in 
extension  only  where  Hach  number  gradients  are  expected  and  much  more  limited  compared  to  usual  computatio¬ 
nal  domains. 

The  system  is  fast  and  in  general  does  not  present  convergence  problems  from  the  pratical  point  of  use, 
although  large  numbers  of  iterations  may  have  some  convergence  problems. 

The  final  result  is  always  a  very  strong  reduction  in  wave  drag  of  the  airfoil,  as  it  is  the  aimof  the 
method. 


Notation 

nabla  operator 
Velocity  potential 
Density 

v  y-component  of  velocity  vector 
x  ,  y  geometrical  coordinates 


L  Chord  length 

V  Velocity  vector 

u  x-component  of  velocity  vector 


V 

0 

e 


INTRODUCTION 

The  "ficticious  gas  methods"  are  rather  well  known  as  a  mean  of  inverse  airfoil  design  (1). 

Their  advanteges  may  be  summarized  as  follows: 

-  they  do  not  modify  the  airfoil  nose, 

-  they  allow  a  few  number  of  free  parameters, 

-  they  do  not  produce  shockless  flow  only  near  the  cor  tour  and  shock  wawes  in  the  field. 

-  they  tend  to  modify  the  airfoil  so  that  the  pressure  distribution  is  similar  to  the  subcritical  one. 

The  first  advantage  means  that  it  is  possible  to  improve  high  speed  performances  without  reducing 
the  low  speed  capabilities.  Other  methods,  like  optimization,  may  introduce  simple  empirical  correlations 
as  upper  surface  coordinates,  which  are  reliable  only  for  rather  thin  airfoils. 

The  second  is  related  to  the  simplicity  of  the  parameter  choice  and  the  varsatility  of  it.  In  fact, 
in  many  cases,  simply  one  parameter  is  needed  for  the  ficticious  gas  law. 

The  third  is  very  significant,  because  there  is  no  grant  that  a  regular  pressure  distribution  on  the 
airfoil  contour  will  mean  a  fully  regular  flowfield.  Although  it  could  avoid  shock  Induced  separation,  it 
will  not  avoid  large  wave  drags. 

The  last  one  is  one  of  the  most  attracting:  ihile  there  is  no  rationale  proof  of  the  fact,  it  is  inte¬ 
resting  to  note  that  the  tendency  of  reproducing  similar  pressure  distributions  allows  an  airfoil  design 
based  on  boundary  layer  concepts. 

This  is  true  because  the  Hach  number  influence  on  boundary  layer  parameters  is  rather  small  so  that  an 
approximate  but  reliable  procedure  . 

All  considerations  show  an  interest  of  the  method  In  designing  airfoils  for  rather  high  lift  coeffi¬ 
cients  at  rather  low  Marh  numbers,  as  for  transpnrr  airplanes,  while  .  probably,  inverse  or  actual  state 
optimization  methods,  except  the  most  complex,  are  more  suitable  for  combat  aircraft  wings. 
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A  brief  summary  of  the  "ficticious  gas"  concept  is  the  following:  It  is  assumed  that  the  flowfield 
is  represented  by  its  correct  equations  in  the  subsonic  part,  while  in  the  supersonic  part  the  equations 
of  motions  belong  to  a  ficticious  gas  and  are  elliptic.  Ficticious  gas  has  in  fact  any  relationship  between 
density  and  Mach  number  to  produce  elliptic  equations.  It  is  therefore  possible  to  introduce  one  or  more 
free  parameters  in  the  law,  in  order  to  allow  some  freedom.  At  this  stage,  a  ficticious  sonic  line  divides 
the  flowfield  into  a  correct  and  ficticious  part.  This  sonic  line  is  regular  and  the  velocity  field  is 
continuous  across  it. 

At  this  stage  it  is  possible  to  attempt  to  solve  the  flowfield  inside  the  ficticious  part  by  correct 
equations,  trying  to  define  a  new  contour  of  the  body,  starting  from  the  shape  of  the  sonic  line.  If  the 
attempt  is  successful,  we  have  to  exact  parts  of  the  flowfield,  so  that  the  all  stream  is  represented  by 
correct  equations. 

Of  course,  there  is  no  theoretical  proof  that  the  procedure  is  successful,  but  with  a  good  choice  of 
the  free  parameters  it  is  usually  possible  to  find  a  quick  solution. 

The  proposed  method  is  new  only  in  the  solution  of  the  elliptic  equations,  while  all  the  rest  of  the 
procedure  is  quite  similar  to  the  usual  one. 

Taking  into  account  that  we  need  to  solve  an  elliptic  flowfield,  it  is  attempted  to  solve  it  by  means 
of  a  modified  incompressible  code,  and  the  choice  is  a  collocation  method. 

Compared  to  finite  difference  solution,  it  has  som  advantages.  First  of  all,  it  is  very  fast  because 
it  does  not  require  a  change  in  the  influence  matrix,  which  could  be  inverted  or  factorized  once  forall. 
Second,  it  is  possible  to  limit  the  computational  domain,  because  the  representing  functions  automatically 
represent  the  farfield,  i.e.  obey  to  asirrptotic  conditions:this  avoid  to  approach  Infinity  in  some  way. 
Third,  they  allow  the  usual  form  of  displacement  thickness  corrections  in  the  same  standard  w ays  as  in  in¬ 
compressible  flow. 

The  compressibility  is  therefore  represented  by  sources  in  the  near  field,  whera  Mach  number  gradients 
are  significant,  while  the  other  farfield  is  constant  density,  therefore  incompressible.  Of  course  this  li¬ 
mits  only  to  subsonic  onset  flows,  but  this  is  pratically  also  a  limit  of  the  ficticious  gas  method. 

The  problem  is  non  linear  in'  a  full -potential  formulation,  and  is  solved  by  simple  iteration. 

In  this  way  there  is  no  limit  either  in  angle  of  attack  or  in  airfoil  shape,  as  in  usual  incompressi¬ 
ble  collocation  mathods.  In  principle,  there  is  no  limitation  to  two-dimensional  case. 

1)  THE  SOURCE  FIELD 

Potential  flow  equations  are  written  in  their  complete  form  for  the  two-dimensional  field.  The  veloci¬ 
ty  divergence  is  non  zero  and  may  he  written  in  the  following  form,  where  the  right-hand  side  represents 
the  non  harmonic  part: 

div  V  =  -  u&f/bx  -v  de/fly 

and  it  is  assumed  at  the  n-th  iteration  that  the  Mach  number  distribution  is  known  from  the  previous  ite¬ 
ration.  From  the  Mach  number  we  obtain  the  density  either  for  real  or  for  the  ficticious  gas.  Ve  need  there 
fore  the  first  derivatives  of  the  velocity  vector  and  of  the  speed  of  sound,  i.e.  of  the  temperature  as  usu 
al  thermodynamic  relationships.  The  velocity  derivatives  are  different  in  harmonic  and  non  harmonic  poten¬ 
tial  flow  and  it  is  therefore  Impossible  to  represent  the  coropressiMlity  by  discrete  point  sources.  Any  at¬ 
tempt  to  do  so,  will  lead  to  the  impossibility  to  connect  the  source  field  to  the  Mach  number  and  therefore 
to  iterate  the  procedure. 

The  key  of  the  method  is  to  represent  the  Mach  number  gradient  by  locally  constant  source  distribution 
in  a  discrete  number  of  points  In  the  field.  For  seek  of  computational  speed,  the  compressibility  induced 
field  on  the  body  contour  is  afterwards  computed  by  discrete  sources  collocated  a  the  same  points,  with 
the  same  strength  as  used  to  compute  the  Mach  number  gradient. 

In  tarms  of  potential,  the  previous  equation  may  be  rewritten  in  the  form: 


div  V 


4  (A, 

by  a  dx  by 


which  shews  the  non  linear  nature  of  the  equation  and  the  appearance  of  the  second  derivatives  of  the  poten^ 
tial,  i.e.  the  first  derivatives  of  the  velocity .Also  the  Mach  number  components  u/a  and  v/a  appear  in 
the  equation. 

This  divergence  is  represented  by  the  sources  and  Induces  a  velocity  field  on  the  airfoil  collocation 
points.  This  field  is  added  to  the  constant  onset  flow  and  treated  in  the  same  way,  except  for  the  point 
that  it  changes  at  each  Iteration.  It  is  easy  to  see  that  at  each  iteration  the  only  unknowns  are  the  sin¬ 
gularities  on  the  airfoil  and  we  need  to  solve  a  system  of  equations  eoual  to  the  unknown.  He  use  a  stan¬ 
dard  Hess-Smith  method  where  we  have  an  unknown  source  for  each  collocation  point  and  a  single  vortex  dis¬ 
tribution  and  a  normal  velocity  condition  for  each  collocation  point  plus  the  Kutta  condition. 

Only  the  right-hand  side  of  the  system  of  equations  changes  with  iteration  and  therefore  the  system 
matrix  remains  unchanged.  Also  the  influence  coefficients  or  the  Held  sources  is  dependent  only  upon  the 
geometry  and  may  be  computed  only  once.  The  resultant  computing  code  is  therefore  rather  fast. 
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As  starting  flow  condition,  either  incompressible  flow  or  Prandtl-Glauert  corrected  flow  may  be  used. 
Both  were  tested,  and  of  course  the  latter  leads  to  faster  convergence.  It  should  be  noted  that,  in 
any  case,  for  compressible  subsonic  flow  fields,  the  simple  compressibility  source  method  is  a  fast 
and  accurat  computational  code. 

The  source  field  has  two  many  advantages  with  respect  to  differential  equations:  first,  the  system 
matrix  is  unchanged  during  the  iteration  process,  so  that  It  might  inverted  or  factorized  once  as  for 
incompressible  calculations. 

The  second  advantage  is  that  source  strength  is  significant  only  in  two  conditions,  i.e.  where  ve¬ 
locity  gradients  are  large  and  Mach  number  is  not  low.  This  means  that  the  sources  might  distrib£ 
ted  only  in  a  limited  flow  part  around  the  airfoil.  Furthermore,  the  source  influence  on  the  airfoil 
is  inversely  proportional  to  their  distance  from  the  contour. 

In  general,  the  nose  is  the  most  critical  part  is  around  the  former  stagnation  point,  near  the 
airfoil  nose. 

A  second  point  is  that  source  points  must  be  closely  placed  where  Mach  number  gradients  are  not 
small  ,  otherwise  :eir  spacing  might  be  larger. 

According  to  the  former  considerations,  it  is  useful  to  lay  a  panel  mesh  on  the  flowfield  and  put 
constant  strength  sources  on  each  panel. 


2)  THE  CHOICE  OF  THE  GRID 

As  seen,  the  source  field  should  be  devided  into  elements  defined  by  a  grid.  This  grid  has  quite 
different  requirements  from  a  grid  for  finite-difference  calculation,  end  is  requiring  features  simi¬ 
lar  to  the  standard  panel  methods.  Therefore  its  shape  is  different  from  usual  computational  grids. 

He  may  summarize  the  main  requirements. 

a)  The  grid  should  be  aligned  to  the  airfoil  contour. 

b)  The  elements  should  not  be  stretched  too  much  in  one  direction,  otherwise  “control"  points  may 
lay  close  to  singular  points 

c)  Grid  should  be  finer  where  larger  density  gradients  are  espected,  i.e.  near  the  leading  edge. 

d)  The  grid  should  include  only  the  significant  part  of  the  source  distribution  in  a  simple  form. 

After  that,  there  is  no  requirement  for  orthogonality  of  the  grid. 

After  some  tests,  described  in  (2),  the  choosen  grid  is  the  following,  called  a  "ballistic  analogy'.' 
A  first  family  of  mesh  lines  is  made  by  the  trajectories  of  points  "shot"  in  direction  normal  to 
the  contour  from  panel  nodes  in  a  quadratic  gravity  field  depending  on  three  parameters.  The  quadra¬ 
tic  form  allows  to  bend  forwards  the  lines  in  the  nose  region  and  afetewards  in  trailing  edge  region. 
The  second  family  is  made  by  lines  connecting  points  positions  at  constant  time  intervals. 

The  final  result  is  a  "C"  mesh  around  the  airfoil  matching  the  panel  distribution  of  the  Hess- 
Smith  method.  A  further  “homogenization"  of  the  grid  is  necessary  around  the  trailing  edge:  it  can¬ 
cels  the  effect  of  the  trailing  edge  angle. 

Figure  1  shows  examples  of  grid 
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3)  SOME  PRELIMINARY  RESULTS 

After  the  simple  test  of  fully  subsonic  flow,  which  gives  fast  converging  and  accurate  results  af¬ 
ter  3-5  iterations  (  1  or  2  starting  from  Prandtl-  Glauert  correction),tests  were  made  to  compare  fi¬ 
nal  results.  Of  course,  ficticious  gas  solution  by  itself  cannot  he  compared  to  other  analytical  so¬ 
lutions  because  they  are  not  correct,  and  only  the  final,  modified  airfoil  contour  could  be  compared 
in  transonic  regime.  This  is  a  disadvantage,  because  alt  the  errors  of  the  supersonic  flow  calcula¬ 
tions  are  included  in  the  comparison.  In  the  actual  case,  simple  straight  segment  methoa  of  character 
ristics  and  simple  Euler  integration  od  the  contour  gave  not  very  accurate  results. 

But  despite  of  those  limits,  a  modified  NACA  0012  airfoil  was  computed  with  a  coarse  mash  F10-6 
!3)  code.  The  agreement  was  encouraging,  although  the  FIO-S  gave  a  shuck  wawe.  Computed  as  an  overall 
momentum  aefect,  the  wawe  drag  was  in  all  cases  no  more  than  one  fourth  of  the  one  of  the  original 
airfoil,  which  is  shurely  a  good  technical  result. 

In  the  figure  the  comparison  is  shown, 
it  became  quite  clear  that  the  good  results  in 
subsonic  regime  and  the  less  good  in  transonic 
could  depend  by  a  set  of  causes.  One  could  be 
the  parabolic  nature  of  equations  along  the 
sonic  line,  while  the  method  basis  assumes 
elliptic  equations,  but  the  others  could  be  re 
lated  to  the  rough  approximation  of  the  super¬ 
sonic  region  . 

So  a  further  investigation  work  regarded  the 
three  problems  of  smoothing  the  sonic  line  sh£ 
pe,  improving  the  supersonic  calculations  by  a 
quadratic  approximation  of  the  characteristics 
and  introducing  a  second-order  predictor-cor¬ 
rector  scheme  for  the  contour  Integration. 

In  order  to  avoid  numerical  accuracy  embed¬ 
ded  in  the  potential-flow  code,  an  exact  Jou- 
kowsky  airfoil  and  the  Prandtl-  Glauert  cor¬ 
rections  were  used  at  this  stage. 

In  this  way  it  was  possible  to  decouple  the 
numerical  errors  of  the  supersonic  flow  calcu¬ 
lations  from  the  source  field  code. 

The  sonic  line  was  smoothed  by  Fourier-series  representation,  filtering  high  order  harmonics  in  a  rea 
sonable  way.  Good  results  were  obtained  retaining  no  more  then  20  terms  (4). 

Of  course,  because  the  Prandcl-Glauert  correction  is  not  exact,  this  kind  of  results  could  not  be 
compared  to  transonic  code  calculations,  but  the  effect  of  a  much  smaller  error  in  the  closure  of  the 
contour  at  the  last  supersonic  point  was  an  indication  of  the  increased  accuracy. 
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4)  PROBLEMS  OF  COUVERGEHCE 
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Stating  that  the  computational  code  was  at  a  reasonable  developement  stage,  it  was  decided  to  inves¬ 
tigate  the  convergence  far  beyond  the  5-10  iterations  used  up  to  that  point.  A  wide  range  of  Mach  num¬ 
bers  and  lift  coefficients  was  therefore  investigated. 

A  tipycal  "strange"  convergence  history  is  shown 
in  the  figure.  It  is  not  only  strange  in  aspect, 
but  also  because  it  seems  to  be  "FORTRAN  compi¬ 
ler  dependant"  ,  as  with  a  change  of  the  compj_ 
ler  all  oscil.ations  disappeared  in  some  cases? 

The  convergence  is  very  fast  in  the  first 
steps,  but  at  some  point  there  is  a  sudden  di¬ 
vergence  followed  by  a  further  convergence,  in 
some  cycle-like  behaviour. 

In  all  tests  no  relaxation  was  attempted,  to 
have  an  insight  Into  the  problem. 

It  might  be  supposed  that  a  simple  .5  relaxa^ 
tion  parameter  could  avoid  many  problems,  but 
the  fact  that  oscillations  in  convergence  appe 
ar  only  at  a  number  of  iterations  probably  lar 
ger  than  any  required  in  a  design  procedure  — 
has  suggested  to  fix  simply  the  number  of  ite¬ 
rations  required  in  the  computation.  .... 

The  figure  shows  one  of  the  most  critics! 

convergence  histories,  while  in  many  cases  there  is  not  any  oscillation. 


l 


5)  COMPARISONS  AND  RESULTS 


After  the  first  adjustement  of  the  computational  code,  it  was  tried  to  modify  systematically  a 
set  of  airfoils  for  transonic  operations. 

First  tests  were  made  at  low  lift  coefficients,  in  order  to  have  a  sonic  line  monothonically 
increasing  in  the  X  axis  direction  in  its  first  part.  On  the  other  hand,  at  high  lift  peaks  in  the 
airfoil  nose,  the  sonic  line  turns  forward  putting  a  lot  of  geometrical  problems  in  the  supersonic 
calculations.  They  are  simply  problems  af  code  organization  and  not  conceptual  problems  regarding 
the  nature  of  the  solution. 

The  convergence  was  fast  and  after  no  more  than  ten  iterations  it  was  attempted  to  modify  the 
airfoil. 

Of  course,  one  does  not  know  "a  priori"  the  new  airfoil  contour,  so  that  before  the  end  of  the 
computation  it  is  impossible  to  know  if  the  supersonic  part  of  the  flow,  layng  betveen  the  sonic 
line  and  the  modified  contour  is  effectively  shockless. 

In  any  case,  there  is  a  remarkable  tendency  to  crossing  of  characteristics  in  the  inner  part  of 
the  airfoil,  both  close  to  the  beginning  and  to  the  end  of  the  sonic  line.  But  in  no  case  it  was  ne 
cessary  to  change  the  choice  of  the  ficticious  gas  parematers,  while  using  the  laws  suggested  by  - 
Sobieczky  (1).  Only  an  attempt  to  use  the  ficticious  gas  of  Nakamura  (5)  gave  significant  shocks. 

The  reasons  of  that  were  not  investigated  and  the  laws  of  Nakamura  were  no  more  attempted. 

Comparisons  with  FLO-6  calculations  gave  again  a  shock-like  behaviour,  in  the  sense  that  around 
the  end  of  supersonic  regions  there  is,  at  least,  a  steeper  pressure  recovery  as  in  the  design 
calculations.  An  attempt  to  refine  the  FLO-6  mesh  led  to  pressure  oscillations,  probably  due  to  the 
insufficient  experience  in  the  use  of  this  code  by  the  authors,  so  that  it  is  difficult  to  say 
whether  the  pressure  gradient  is  a  numerical  error  of  the  comparison  code  or  not. 

Further  comparison  with  an  Euler  code  calculation  will  be  attempted  but  is  not  available  up  to 
now. 

In  any  case,  the  comparison  of  computed  original  airfoil  and  the  modified  one  by  means  of  the  same 
code  gave  a  strongly  reduced  wave  drag.  From  a  technical  point  of  wiew  it  is  shurely  a  success. 

It  is  difficult  to  evaluate  data  for  a  computer  time  estimation  for  two  reasons.  The  first  is  that 
the  code  is  not  optimized  in  the  informatics  sense  of  wiew,  and  the  second  is  that,  due  to  the  lack 
of  central  memory  of  the  virtual  machine  on  which  computations  were  performed,  it  was  necessary  to 
recompute  the  influence  coefficients  of  the  field  sources  at  each  iteration  step,  while  with  a  more 
powerful  machine  they  could  be  easily  kept  in  the  central  memory.  Of  course,  the  effect  on  computa¬ 
tional  times  is  very  large. 

The  following  figures  show  some  of  the  comparisons. 


6)  STUDIES  FOR  A  3-D  METHOD 


Although  the  method  was  implemented  for  airfoil  design  only, a  set  of  studies  is  starting  for  exten1 
ding  it  either  to  axisymmetrical  or  fully  three-  dimensional  cases. 

An  axisymmetrical  code  will  require  the  evaluation  cf  elliptic  integrals  for  the  calculation  of  the 
velocity  derivatives,  and  was  not  attempted  . 

3-D  models  will  require  a  difficult  grid  calculation,  so  that  it  was  suggested  to  see  if  it  would 
be  possible  to  work  in  a  rectangular  frame. 

As  first,  it  was  seen  if  it  could  be  possible  to  & 
write  a  computational  code  in  which  panels  are  insi_ 
de  the  contour  and  parallel  to  the  chord  (  or  X  axis'4 
in  some  case)  while  the  usual  normal  velocity  con¬ 
dition  is  retained  on  the  contour.  The  fact  that  the 
singular  points  at  the  end  of  panels  are  not  coinci¬ 
ding  increases  the  level  of  singularity.  After  a  0 
long  work  (6),  it  was  shown  that  it  is  possible  to 
find  a  solution  and  it  is  to  represent  the  airfoil 
nose  by  matcing  it  to  a  Rankine  ogee  and  to  inclu¬ 
de  its  source  field  in  the  onset  flow.  In  this  way  -4 
panels  mean  only  a  small  correction  and  the  calcuU 
tions  are  of  the  same  accuracy  as  the  usual  panel  ~ 
methods. 

The  figure  shows  a  typical  result  as  compa-od  to  .5 
the  Hess-Smith  and  thin  airfoil  results. 

Keeping  that  in  mind,  it  would  be  possible  to  extend  the  method  to  threedimensional  flows. 

Of  course,  the  method  of  characteristics  is  no  more  the  best  one,  but  the  method  proposed  by  Ziqiang 
and  Sobieczky  (7)  seems  to  be  promising  . 

This  is  the  actual  stage  of  the  work  and  no  further  result  is  now  available. 


7)  CONCLUDING  REMARKS 

The  use  of  field  sources  instead  of  complex  transonic  code  was  successful  in  ficticious  gas  airfoil  de¬ 
sign  and  is  a  good  alternate  to  finite-difference  codes. 

In  principle,  the  following  advantages  might  be  seen: 

a)  there  is  a  less  strict  requirements  for  grids,  both  in  geometrical  properties  and  extension  into 
the  field,  as  compared  to  finite  difference  codes, 

b)  there  is  only  one  ,  rather  small  size  matrix  to  be  solved  and  ics  behaviour  is  well  known,  as  it 
is  the  Hess-Smith  method  matriw  with  all  his  troubles  and  its  advantages, 

c)  the  method  is  fast  converging  towards  a  good  technical  approximation,  with  no  "tricks",  although 
large  iteration  numbers  pose  some  convergence  problems, 

d)  we  do  not  see  any  large  difficulty  to  extend  the  method  to  wing  design. 

Of  course,  further  investigation  is  needed,  mainly  from  the  point  of  wiew  of  an  industrial  use,  but  the 
main  part  of  the  research  might  considered  to  be  well-established  in  two  dimensions. 


REFERENCES 

1)  Sobieczky, H.  Design  of  Advanced  Thechnology  Transonic  Airfoils  and  Wings"  AGARD  CP  285,  1980 

Z)  De  Ponte  -  Boffadossi  -Mantegazza  “  Le  sorgenti  di  comprimibilita  nelia  continuazione  ellittica 
di  un  campo  transonico"  IX  congr.  AIDAA  -  Palermo,  1987 

3}  Jameson,  A.  "Transonic  Flow  Calculation"  Numerical  Methods  in  Fluid  Dynamics  -  McGraw-hil 1,1978 

4)  Preatoni,  M.  "Continuazione  ellittica  di  corr*nti  transoniche”  Thesis,  Milano,  1987 

5)  Nakamura,  M.  "  A  Method  for  Obtaining  Shockless  Transonic  Flows  Past  Two-Dimensional  Airfoils 

Whose  Profiles  are  Partialy  Modified  ‘rom  a  Given  Arbitrary  Profile. 

Japan  soc.  Aero.  Space  Sci.  Vol  23  No. 62  ,  1981 

6)  Colombo  -  Fiecchi  “Calcolo  aerodinamico  per  collocazione  con  elementi  parallel  1  agli  assi  coorclna- 

ti"  Thesis,  Milano,  1988 

7)  7iniang  7  -SeMeezky,  H.  “An  Enqineei  !ny  Approach  for  nearly  Shock-free  Wing  Design"  ICFM  Beijiig, 

1987 

*  This  research  was  partially  supported  by  CNR  (Italian  research  council) 


9-1 


SUBSONIC  AND  TRANSONIC  BLADE  DESIGN 
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Rhodc-Sainl-Genese,  Belgium 


ABSTRACT 

An  iterative  procedure  forcascade  blade  design,  using  a  direct  flow  solver  and  a  blade  geometry  modification  algorithm  is 
presented.  The  procedure  starts  with  the  analysis  of  a  given  cascade  geometry  using  an  existing  flow  solver.  The  difference 
betwten  the  calculated  velocity  distribution  and  the  required  one  is  used  as  an  input  for  the  modification  algorithm.  This 
procedure  results  m  the  definition  of  a  new  blade  shape  for  which  the  calculated  velocity  distribution  is  closer  to  the  desired 
one. 

Examples  for  both  subsonic  and  transonic  flow  are  presented  and  show  a  rapid  convergence  to  the  geometry  required  for 
the  desired  velocity  distribution.  The  main  advantage  of  the  proposed  method  is  that  existing  analysis  codes  can  be  used,  for 
the  design  and  for  the  off-design  analysis. 

Some  restrictions  which  have  to  be  imposed  on  the  required  velocity  distribution  are  also  discussed. 


LIST  OF  SYMBOLS 

e  chord  length 

H  coupling  factor 

M  Mach  number 

n„  n„  local  normal  vector  components 
N  number  of  vortices  on  the  contour 

P  total  pressure 

p  static  pressure 

a  curvilinear  coordinate 

t  pitch  of  the  cascade 

T„  total  temperature 

IV  velocity 

x,y  local  coordinates  of  the  blade  contour 
greek  symbols 

p  local  slope  of  the  blade  contour 

/5,  inlet  flow  angle  (with  resp.  ox) 

/3j  outlet  flow  angle  (with  resp.  oz) 


7  strength  of  a  vortex 

T  circulation 

X  blade  stagger  angle 

p  density 

a  solidity 

(,q  vortex  coordinates 

subscripts 

n  component  normal  to  the  blade 

t  component  tangential  to  the  blade 

1  cascade  inlet 

2  cascade  outlet 

superscript 

req  required 


1.  INTRODUCTION 

In  order  to  improve  the  performances  of  a  compressor  or  a  turbine,  it  is  important  to  design  aerodynamically  efficient  blade 
profiles.  In  the  past,  this  was  done  iteratively  by  successive  modifications  of  the  blade  geometry  and  experimental  verification 
or  by  direct  flow  calculations.  However,  depending  on  the  designer  experience,  such  a  process  can  be  very  time  consuming 
and  can  result  in  increased  design  costs.  Moreover  it  does  not  always  lead  to  the  expected  results. 

A  more  efficient  approach  is  the  use  of  inverse  design  methods.  Starling  from  a  given  velocity  or  r-  .„jure  distribution 
imposed  on  the  two  sides  of  the  blade,  the  calculation  results  in  the  blade  geometry.  The  classical  boundary  conditions  of  zero 
through-flow  at  the  blade  wall,  used  in  direct  solvers,  are  replaced  by  other  boundary  conditions  which  impose  the  required 
velocity  or  pressure  distribution.  The  direction  of  the  flow  is  an  unknown  and  the  velocity  can  ha  re  a  component  normal  to 
the  wall.  The  normal  velocity  component  is  then  used  to  modify  the  blade  shape.  Depending  on  whether  or  not  this  normal 
component  goes  in  or  out  the  computational  domain,  the  blade  wall  has  to  be  treated  just  as  a  subsonic  inlet  or  outlet,  and 
complementary  boundary  conditions  may  be  needed. 

Alternatively,  a  direct  calculation  code  can  be  used  as  the  base  of  an  inverse  method,  if  it  is  coupled  with  a  suitable  blade 
modification  algonthm.  The  modification  algorithm  proposed  here  is  derived  from  the  singularity  theory  and  is  based  on  the 
superposition  principle.  It  is  therefore  correct  only  for  incompressible  potential  flows,  however,  experience  has  shown  that 
it  can  also  be  efficiently  used  for  compressible  flows.  The  way  in  which  the  blade  geometry  is  calculated  may  be  physically 
less  accurate  than  that  den-ed  from  the  modified  boundary  conditions,  it  has  however  the  great  advantage  of  simplicity, 
allowing  the  use  of  accurate  and  efficient  direct  solvers  which  have  been  developed  in  the  past  and  are  well  documented  in  the 
bteralure.  Using  the  inviscid  direct  solver,  the  resulting  geometry  includes  the  blade  and  the  boundary  layer  displacement 
thickness,  while  the  use  of  a  Navier-Stokes  solver  would  result  directly  in  the  blade  geometry. 

Another  advantage  of  the  use  of  a  direct  solver  is  that,  once  the  blade  geometry  has  been  determined,  the  ofT-design  analysis 
can  be  carried  out  using  the  same  flow  solver. 


2.  BLADE  DESIGN  PROCEDURE 


The  method  start  from  an  initial  approximation  of  the  blade  geometry  which  is  analysed  by  a  direct  solver.  If  the  calculated 
velocity  distribution  is  not  close  enough  to  the  required  one,  the  initial  blade  geometry  must  be  modified. 

Thi*  is  done  by  distributing  vortices  on  the  blade  contour,  the  strengths  of  which  are  defined  in  such  a  way  as  to  adjust  the 
local  velocity  to  that  required.  The  blade  shape  is  then  modified  using  an  algorithm  based  on  the  transpiration  method  or  by 
recomputing  the  position  of  the  wall  streamline.  The  new  blade  shape  is  not  yet  the  final  one  since  the  required  tangential 
velocity  was  imposed  on  the  previous  blade  approximation. 

Once  the  blade  shape  has  been  modified,  a  new  velocity  distribution  is  calculated  by  the  flow  solver.  This  procedure  of 
modifying  the  blade  geometry  and  calculating  the  velocity  distribution  is  repeated  untd  the  difference  between  the  required 
and  the  calculated  velocities  is  small  enough.  The  procedure  is  summarised  in  fig.  1. 


3.  BLADE  MODIFICATION  ALGORITHM 


The  blade  modification  algorithm  consists  of  two  parts  : 


•  define  a  vortex  distribution  on  the  blade  contour.  This  is  done  to  modify  the  tangential  velocity  to  adjust  it  to  the 
required  value;  it  allows  the  calculation  of  a  normal  velocity  component; 

•  use  the  normal  component  of  the  velocity  to  define  a  new  blade  shape. 


3. a.  Calculation  of  the  Normal  Velocities 

The  actual  modification  algorithm  makes  use  of  the  singularity  theory  to  modify  the  tangential  velocity  at  each  point  of 
the  blade  contour  where  it  may  be  required. 

The  first  effect  of  a  vortex  distribution  is  to  create  a  difference  between  the  tangential  velocity  at  the  outer  and  the  inner 
part  of  the  contour : 

Wt.-Wa-  7  (1) 

this  difference  being  equal  to  the  local  vortex  strength.  Moreover,  the  flow  field  induced  by  the  vortices  must  be  defined  ic, 
such  a  way  as  to  obtain  zero  tangential  velocity  inside  the  contour  as  a  kinematic  condition.  Therefore  wc  have  . 

^  =  7  (2) 

If  we  want  to  increase  or  to  decrease  an  already  existing  velocity  locally  at  the  outer  side  of  the  blade,  a  vortex  can  be  added 
with  its  strength  defined  as  : 

AWi=7  (3) 

or 

W,  -  wr  -  7  (4) 


A  second  effect  of  this  vortex  distribution  is  the  creation  of  a  velocity  normal  to  the  blade  contour,  which  for  a  cascade  is 
given  by : 

1  /  sinh  AT  cos /?  4-  sin  V  sin  /3 

w*~TtJ — cosh  x-  cosy 

with  : 


y  =  y  (v  - 1) 

where  £,ij  are  the  vortex  coordinates  and  z,y  is  the  location  where  the  value  of  W-,  is  calculated. 

This  normal  velocity  flow  field  must  be  superimposed  with  the  velocity  field  calculated  by  the  solver. 
The  discretization  of  (5)  for  N  intervals  results  in  : 


11  j=\ 


with 


W,i)  = 


sinh  X  cos  j3  +  sin  Y  sin 


(5) 


('•/ 


(?) 


cosh  X  -  cos  Y 


(8) 
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Calculation  of  the  normal  velocities  Wn 
system  of  if  equations ; 


at  the  N  positions  where  the  vortices  are  located  results  in  the  following  linear 


(  1Y„(1)  ) 

f  0 

//(1,2) 

H(1,N) 

(  VO) 

«.(*) 

~ 

2,1) 

0 

H(2,N) 

l'(2) 

I  Wn(N)  ) 

\  W) 

...  H(N,N- 1) 

0  > 

t  iW  / 

with 

i'U)  =  7U')Mi) 


.(10) 


Unfortunately  the  matrix  H  has  a  zero  diagonal  since  a  vortex  has  no  contribution  to  the  local  normal  velocity.  This  can 
give  rise  to  a  wavy  velocity  distribution  since  two  adjacent  vortices  7(1  -  1)  and  7(1'  +  1)  of  the  same  sign  and  equal  stength 
induce  zero  normal  velocity  at  the  point  i. 

Since  a  vortex  cannot  create  flow,  the  total  mass  flux  induced  by  each  vortex  across  the  closed  profile  must  be  equal  to 
zero.  Therefore  we  have : 

I  W„ds  =  0  for  each  vortex  (11) 

or 

!C'W(i>ihO')^«(‘)  =  0  j=l...N  (12) 

;=i 

In  order  to  correct  the  numerical  error  introduced  by  the  discretization,  a  normal  velocity  is  calculated  by  (11)  and  added  at 
each  point  to  that  calculated  using  (7). 


3.b.  Modification  of  the  Blade 

Two  models  can  be  used  to  define  a  new  blade  shape.  The  basic  procedure  is  to  calculate  the  new  position  of  the  wall 
streamline  resulting  from  the  superposition  of  the  W,  flow  field  and  the  W„  flow  field. 

In  the  transpiration  model,  the  old  blade  wall  is  considered  as  porous  with  a  normal  velocity  going  trough  it.  The  mass 
balance  is  applied  in  the  cell  defined  by  the  points  —  l)oU((*)Bf“  and  (»'  -  l)""  as  shown  in  fig.  2a. 

This  results  in  : 

d(p\V,An)  =  p\Vr.ds  (13) 

or  in  discretized  form  : 

AnpW,);_i  +  =  AnpW,)i  (14) 


Expression  (14)  allows  the  calculation  of  the  shift  An ( if  An;_i  is  known. 


The  streamline  model  calculates  the  position  of  the  new  blade  wall  by  setting  this  wall  parallel  to  the  local  velocity 
W  zzWri-  Wn  as  illustrated  in  fig.  2b. 

This  results  in  : 

<i5) 

The  discretized  form  of  (15)  is  : 


_  _©M  _©M 

xi  ~  1  "  xi  “  Z»-X 


yr-y?Z  =  yfJ-y?-l 


(16) 


4.  RESTRICTIONS  ON  THE  REQUIRED  VELOCITY  DISTRIBUTION 

Blade  designs  in  which  the  required  velocity  is  obtained  from  the  analysis  of  an  existing  cascade  do  not  show  any  particular 
problem.  The  method  rapidly  converges  to  the  correct  blade  shape. 

However,  solutions  for  blade  designs  to  be  derived  from  arbitrary  suction  and  pressure  side  velocity-distributions  do  not 
always  converge.  This  is  related  to  the  problem  of  the  existence  of  a  solution.  The  required  velocity  distribution  must  be 
compatible  with  the  free  stream  conditions  upstream  and  downstream  of  the  cascade  and  must  result  in  a  realistic  blade  profile 
(closed  with  a  positive  thickness).  These  constraints  generate  restrictions  on  the  required  velocity  distribution,  analytical 
expressions  for  which  are  avails  !e  only  for  incompressible  poiential  flows  over  isolated  airfoils  and  cascades;  sec  (lj  and  [2]. 
Expressions  for  the  constraints  cannot  be  derived  for  the  comp.cssible  flow  of  a  perfect  gas,  but  their  existence  can  be  inferred 
from  the  fact  that  the  incompressible  flow  case  is  a  subcase  of  the  more  general  compressible  flow  problem. 
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A  solution  can  be  obtained  by  introducing  some  freedom  into  the  prescribed  velocity  distribution,  expressed  by  some 
parameters  relating  the  velocity  distribution  to  the  free  stream  flow  conditions.  These  parameters  a  x  then  modified  until  the 
prescribed  velocity  distribution  corresponds  to  a  physical  solution  (3J. 

Another  way  to  obtain  a  solution  is  to  modify  some  geometrical  parameters  of  the  blades  and  the  cascade  such  as  pitch, 
stagger  and  traib'ng  edge  thickness. 

The  method  presented  should  not  suffer  from  problems  with  contour  intersection  because  the  blade  is  defined  by  streamlines. 
Contour  intersections  have  been  observed  jccasionally  for  very  thin  blades  during  the  first  geometry  correction,  when  the 
blade  modification  is  important.  These  are  due  to  numerical  errors  that  result  when  integrating  the  streambnes  and  can  easily 
bo  avoided  by  introducing  an  under-relaxation  factor. 

Experience  has  shown  that  some  simple  restrictions  on  the  desired  velocity  distribution  can  oe  defined.  The  blockage 
created  by  the  non  zero  blade. thickness  requires  the  average  prescribed  velocity  at  the  leading  and  the  trailing  edge  to  be 
higher  than  the  free  stream  velocity  upstream  and  downstream  of  the  cascade.  Violation  of  this  condition  will  prevent  the 
method  from  converging. 

Increasing  or  decreasing  the  average  velocity  at  leading  and  trailing  edges  allows  the  local  blade  thickness  to  be  increased  or 
decreased.  If  an  inviscid  solver  is  used,  the  trailing  edge  thickness  will  also  include  the  boundary  layer  displacement  thickness. 
This  boundary  layer  displacement  thickness  can  be  calculated  in  advance  since  the  required  velocity  distribution  is  known. 

Similar  restrictions  also  apply  to  the  velocity  distribution  between  leading  and  trailing  edges.  These  are  more  difficult  to 
formulate  because  they  depend  on  the  local  flow  direction  which  is  not  a  priori  known. 

Other  problems  arise  from  the  fact  that  the  outlet  velocity  is  not  known  in  advance  and  that  the  Time  Marching  Euler 
solvers  require  an  outlet  boundary  condition  (static  pressure,  velocity  or  Mach  number)  to  be  specified  on  the  downstream 
boundary.  However,  these  outlet  conditions  can  be  calculated  from  the  required  velocity  distribution  and  the  continuity 
equation  before  starting  the  inverse  calculations. 

The  circulation  around  the  blades  is  calculated  from 

I'  =  ^  lV,"Vs  (17) 

and  is  related  to  the  inlet  and  outlet  tangential  velocities  by 

r=(W,jsin/3,-IVisinA)f  (18) 

The  upstream  velocity  and  flow  angle  are  given  in  the  input  data. 

The  downstream  axial  velocity  component  is  derived  from  the  continuity  equation  : 

Pi  W\  cos/?i  =  p^Vi  cos  0,  (19) 

The  density  at  the  outlet  is  a  function  of  the  outlet  static  pressure  and  therefore  is  a  function  of  the  unknown  outlet  velocity 
fV}.  For  this  reason,  an  iterative  procedure  is  used  to  solve  equations  (17)  to  (19). 

The  outlet  velocity  is  needed  to  verify  if  the  required  velocity  allows  for  a  solution  and,  if  a  Time  Marching  solver  is  used, 
to  calculate  the  static  pressure  imposed  as  the  boundary  condition  downstream  of  the  cascade. 

The  procedure  just  described  is  valid  only  for  irrotational  flows  and  is  therefore  not  exact  if  shocks  arc  present. 

5.  NUMERICAL  EXAMPLES 

Four  examples  are  presented  to  demonstrate  the  method.  Two  examples  show  the  results  obtained  when  the  incompressible 
potential  flow  method,  descibed  in  [4],  is  used  as  a  direct  solver.  The  other  two  examples  make  use  of  the  Time  Marching 
Euler  solver  described  in  (S).  Each  solver  has  been  used  to  design  a  compressor  and  a  turbine  blade.  One  turbine  blade, 
designed  for  an  outlet  Mach  number  of  1.2,  has  also  been  analyser’  for  a  lower  outlet  Mach  number  to  demonstrate  the  change 
in  performance  at  off-design. 

The  first  example  demonstrates  the  procedure  in  the  design  of  a  compressor  blade  for  incompressible  flow  with  the  required 
velocity  distribution  shown  in  figure  3a.  The  calculations  use  as  a  first  guess  a  NACA-65(18Aio)10  blade  at  zero  stagger  (fig. 
3b).  The  ratio  of  local  velocity  over  inlet  velocity  obtained  from  a  first  analysis  at  0i  =  30  deg.  and  a  pitch-chord  ratio  of 
0.9,  is  shown  in  figure  3c.  The  velocity  distribution  is  very  different  from  the  required  one. 

For  the  same  inlet  air  angle  and  pilch-chord  ratio  a  new  blade  shape,  shown  in  figure  3d,  is  obtained  after  40  iterations. 
With  »  blade  definition  of  10  points,  the  CPU  time  on  a  VAX  iBl)  for  this  example  is  55  sec..  This  new  geometry  is  very 
different  from  the  first  guess  (fig.  3b).  The  stagger  angle  has  increased  from  0  to  4.6  deg.  and  the  new  blade  is  much  thicker. 
This  large  traib'ng  edge  thickness  results  from  the  required  velocity  distribution  and  accounts  for  both  the  geometrical  blade 
thickness  and  the  boundary  layer  displacement  thickness  on  the  pressure  and  suction  side. 
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The  potential  flow  calculation  method  does  not  account  for  wakes  and  the  blade  contour  is  therefore  closed  by  rounding-off 
at  the  trailing  edge  The  blade  velocity  distribution  agtees  very  welt  with  the  required  one  as  shown  in  figure  3.e.  Discrepcncics 
arc  observed  only  at  the  last  two  points  on  the  pressure  and  suction  side,  at  the  trailing  edge  round-off.  The  local  overshoot 
of  the  velocity  is  due  to  the  flow  acceleration  around  the  thick  circular  trailing  edge  and  cannot  be  avoided  with  potential 
flow  calculations. 

The  second  example  demonstrates  the  procedure  in  the  redesign  of  a  turbine  rotor  hub  section.  The  velocity  distribution 
on  the  initial  blade  is  compared  to  the  desired  one  m  figure  4a.  The  last  one  has  a  considerably  larger  loading  than  the  initial 
blade  and  the  pitch-chord  ratio  has  been  increased  proportionally  to  obtain  the  same  outlet  flow  conditions. 

The  new  blade  shape,  obtained  after  only  10  modifications,  is  compared  to  the  initial  shape  on  figure  4b.  Also  shown  are 
the  initial  and  new  cascade  parameters.  Figure  4c  shows  the  comparison  between  the  required  velocity  distribution  and  that 
corresponding  to  the  final  blade  shape.  Discrcpencies  are  observed  at  the  leading  edge  pressure  side  where  the  calculated 
velocity  is  higher  than  the  required  one.  This  is  a  result  of  the  special  conditions  discussed  in  the  previous  chapter.  In 
particular,  the  mean  value  of  the  required  pressure  and  suction  side  velocity  at  the  leading  edge  is  lower  than  the  inlet 
velocity.  This  would  imply  a  negative  blade  thickness  ^negative  blockage).  The  discrepency  does  not  disappear  when  the 
number  of  iterations  is  increased. 

The  second  solver  to  be  demonstrated  is  a  Time  Marching  procedure  that  solves  the  Euler  equations  for  transoms  flows  in 
axial  machines.  This  uses  a  corrected  viscosity  scheme  with  a  finite  area  discretization.  The  calculation  is  carried  out  for  a 
section  of  constant  radius  and  no  provision  is  made  for  a  variable  streamtube  thickness.  A  full  theoretical  description  of  this 
solver,  the  systen.  of  equations,  the  discretization  of  the  physical  domain  and  the  description  of  the  input  data  are  given  in 
reference  (Sj. 

The  modification  method  coupled  with  this  solver  docs  not  satisfy  the  Euler  equations  since  singularities  arc  used,  and  is 
therefore  not  exact.  However  it  can  be  assumed  that  the  correction  of-thc  blade  shape  is  in  the  right  direction,  and  a  rapid 
convergence  to  the  required  blade  shape  is  observed. 

Using  the  flow  solver  [5],  this  method  was  first  demonstrated  with  a  required  velocity  distribution  calculated  from  a  classical 
NACA-65  (12A2Ia*)10  blade.  The  NACA-65  (12Aio)10  blade  was  used  as  a  first  guess.  The  geometries  of  both  blades  are 
compared  in  figure  5a.  The  velocity  distribution  on  the  initial  blade  and  the  required  velocity  distribution  arc  sh  awn  on  fig. 
5b. 

The  flow  conditions  arc  :  ft  =  1,33  bar,  T0i  =  341.5  K,  ft  =  45  deg,  p»  =  1.173  bar.  The  cascade  geometry  is  defined  by 
A  =  31  deg  and  a  =  1  for  both  blades. 

Figures  5c  and  5d  show  the  convergence  of  the  calculated  velocity.  Good  agreement  with  the  prescribed  velocity  distribution 
is  evident  in  fig.  5d,  except  for  the  leading  edge  and  the  trailing  edge  regions.  This  can  be  due  to  the  fact  that  the  discretization 
with  a  H-type  grid  is  not  suited  to  describe  accurately  the  flow  field  in  these  regions.  The  comparison  between  the  final  blade 
geometry  and  the  NACA-65  (12A, 1^)10  is  shown  in  figure  5c.  The  calculations  are  made  with  71  stations  in  the  streamwisa 
direction  and  21  points  in  the  pitchwise  direction.  The  CPU  time  on  a  VAX  780  was  about  5  hours  for  12  modifications. 

The  second  example  demonstrates  the  procedure  in  the  design  of  a  turbine  blade.  The  starting  geometry  is  that  of  the 
workshop  VK1-LS  82-05  [6).  The  flow  conditions  are  :  ft  =  1  bar,  7oi  --  278  K,  ft  =  0  deg,  Afj  =  1.2.  The  cascade  geometry 
is  defined  by  X  =  -60  deg  and  a  =  1.25. 

Problems  have  been  encountered  modifying  the  suction  and  pressure  surfaces  at  the  same  time,  since  there  is  a  strong 
interaction  between  both  surfaces.  The  expansion  waves  starting  from  the  pressure  side  trailing  edge  interact  with  the  suction 
side. 

To  work  around  this  problem,  only  the  pressure  side  velocity  was  imposed  during  the  first  modifications.  This  reduces  the 
expansion  in  the  trailing  edge  region.  Figures  6a  shows  the  starting  velocity  distnb»t'on  and  the  required  velocity  distribution, 
while  figure  6b  shows  the  velocity  distribution  after  2  modifications. 

Once  the  required  velocity  distribution  has  been  obtained  on  the  pressure  side  ,  a  similar  procedure  has  been  applied  on 
the  suction  side,  in  which  we  impose  simultaneously  the  suction-  and  pressure  side  velocity  distribution.  Six  modifications 
were  needed  to  obtain  the  required  suction  side  velocity  distribution.  Figure  6c  shows  the  final  velocity  distribution  while  the 
comparison  of  the  initial  and  the  final  blade  geometry  can  be  seen  in  figure  6d. 

Using  the  same  Time  Matching  solver,  an  off-design  analysis  has  been  made  for  this  final  blade.  Results  are  shown  on 
figures  7a  for  Afj  =  1  and  7h  for  A/j  =  0.8,  One  can  see  that  a  blade  which  has  been  optimized  for  one  outlet  Mach  number 
does  not  necessarily  give  a  good  velocity  distribution  at  other  outlet  Mach  numbers. 

6.  CONCLUSIONS 

An  iterative  design  method  bastd  on  both  potential  and  Euler  type  solvers  and  a  geometry  modification  algorithm  has 
been  developped.  Good  results  have  been  obtained  for  both  subsonic  and  transonic  cases.  The  modification  is  fast  due  to  its 
physical  basis,  so  that  a  limited  number  of  iterations  have  to  be  performed.  This  modification  algorithm  can  be  coupled  with 
any  direct  solver. 
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Fig-  1  Flow  chart 


Fig.  2  Blade  modification 


tig.  3a  Requited  velocity  distribution 


Fig.  3c 


Initial  velocity  distribution 


Initial  and  final  blade  geometry  Fig.  4c  Final  velocity  distribution 


Fig.  5b  Initial  (+,* )  and  required  (O. A) 
velocity  distributions 


Y/Yl 


Fig.  6a  Initial  (+,x)  and  required  (0>  A) 
velocity  distributions 


Fig.  6b  Velocity  distribution  alter  2  modifications 
of  the  pressure  side  only 


Fig.  6c  Required  velocity  (Oi  A)  versus  velocity 

distribution  obtained  after  8  modifications  (+,  X ) 


Fig,  7a  Off-design  velocity  distribution  (Mj  =1) 
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Fig.  6d  Final  blade  shape  (• . -)  versus  initial 

blade  shape  (- - ) 


Fig,  7b 


Off-design  velocity  distribution  (Mj  -0,8) 
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SUMMARY 


A  computational  method  has  been  formulated  for  efficient  Inverse  design  of  blading.  The  surface  pressure 
distribution  Is  specified  and,  as  a  result,  the  geometric  shape  of  an  airfoil  or  cascade  blade  is  obtained.  A  steady,  two 
dimensional  Euler  code  for  transonic  flow  has  been  implemented.  The  code  uses  a  finite  volume  technique  on  a 
computational  grid  which  is  based  on  assumed  streamlines.  The  grid  is  being  updated  during  the  solution  procedure. 
The  blado  contour  ,  being  a  streamline,  corresponds  to  a  part  of  the  solution  domain  boundary  where  the  desired 
pressure  distribution  Is  glvon  .  Free  parameters  are  introduced  into  the  prescribed  pressure  distribution  and  this 
satisfies  the  closure  constraints.  Examples  based  on  redesign  of  known  shapes  aro  presented. 


LIST  OF  SYMBOLS 


A  ,  B  area  vectors 

An  area  normal  to  velocity 

C  axial  chord 

C|  Cj  multiplication  factors  or  pressuro 
distribution  constraint 
C,.  lift  force  coefficient 

C0  drag  force  confident 

C*  axial  forco  coefficient 

C,  pitchwise  forco  coefficient 

fI  f2  cell  gcomotry  functions 

g,  g2  coll  gcomotry  functions 

F  arbitrary  shape  function 

G  arbitrary  sliapo  function 

11  stagnation  enthalpy 

I  unit  tensor 

i  grid  index  along  a  streamtube 

j  grid  index  for  streamlines 

m  mass  flow  rato 

M  Mach  number 

nx  ny  components  of  unit  vector 

normal  to  current  streamline 
P  pressure  at  inlet  and  outlet 

surfaces  of  a  cell 
T  prescribed  surfaco  pressuro 

s  surface  arc  length 

S  pitch 

V  speed 

V  velocity 

X  axial  coordinate 

y  pitchwiso  coordinate 


a  anglo  of  attack;  inlet  flow  anglo 
An  displacement  of  current  streamline  nodo 
Ap  density  chango 

<t>  farfiold  velocity  potential 

7  specific  heat  ratio 

T  circulation 

H  artificial  compressibility  coefficient 

H  pressuro  on  streamline  faces  of  a  cell 

P  density 

£  sourco  strongth 

8  angular  polar  coordinate 


INTRODUCTION 


The  aircraft  and  missile  industries  are  in  constant  need  of  developing  low  dreg  -high  lift  -highly  maneuverable, 
versatile  transonic  configurations  with  optimal  design  characteristics.  The  computational  methods  have  been 
developed  primarily  to  treat  the  direct  problem  of  determining  the  load  characteristic  jf  a  prescribed  shape.  Using 

erielwoio  m*llinr|e  ^  ehanA  fc**  trijl’tSd'Crr-f.  MCfC  »»n*nMtf(  •najyoiq  k/\r?CJ  |n 

combination  with  a  numerical  optimization  minimize  an  aerodynamic  object  function  arc  appearing  to  be  useful 
design  tools  [1,2,3]  although  they  require  oxcossivo  computational  effort.  Beside  minimizing  the  diffcrcnco  botweon 
computed  pressures  and  the  target  pressuro  distribution  as  a  basic  design  approach,  these  methods  can  minimize  other 
aerodynamic  quantities  such  as  drag. 

Tho  inverse  problem  is  associated  with  the  determination  of  the  airfoil  section  shape  that  will  produco  a 
preassigned  pressure  loading  or  surface  speed  distribution.  For  incompressible  flow  ,  Lighthill  [4]  demonstrated  that 
prescribed  speed  distribution  can  not  be  arbitrary  and  certain  constraints  must  he  imposed  on  this  distribution. 
Similar  constraints  wero  expressed  by  Woods  [5]  for  compressible,  subsonic  flow.  Recently  Volpo  and  Melnik  [6] 
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emphasized  on  the  necessity  of  the  constraints  on  prescribed  pressure  distribution  for  transonic  inverse  design.  Using 
this  definition,  the  Inverse  design  procedure  finds  an  airfoil  shape  that  produces  a  desired  pressure  as  closely  as 
possible. 

Computational  design  procedures  for  transonic  airfoils  have  been  in  uso  for  many  years.  Hodograph  design 
methods  wore  developed  by  Niouwland  (7),  Bauer, Carabedian  and  Korn  (3),  and  Sobieczky  [9].  In  spite  of  their 
usefulness  in  development  of  shock-freo  airfoil  sections,  thoy  require  too  many  input  parameters  and  have  no  direct 
control  over  geometry  and  aerodynamic  quantities.  Hodograph  methods  and  fictitious  gas  methods  [10,11  J  arc  oriented 
toward  achieving  shock-free  designs,  but  don’t  address  the  problem  of  determining  shapes  which  givo  prescribed 
pressure  distributions.  In  this  respect,  they  are  catcgorizod  as  indirect  design  methods.  More  recently  an  inverse 
design  procedure  1121  for  subsonic  airfoils  , based  on  hodograph  technique,  has  boon  developed  to  dotormino  the  shape 
that  gives  the  prescribed  pressuro  distribution. 

Tranen  1131  used  the  potential  equation  as  a  first  attempt  to  solve  two-dimensional  transonic  inverse  airfoil 
problom.  Similar  approach  by  Volpc  (14)  in  developing  an  inverse  method  for  two-clement  airfoil  systoms.  Carlson  [15] 
used  Cartesian  coordinates  in  tho  physical  piano  irstcad  of  using  a  body  forming  mesh  in  the  circle  piano.  However 
all  those  attempts  are  not  well  formulatod  because  tho  Issue  of  constraints  are  not  addressed  completely.  Role  of 
constraints  arc  discussed  by  Volpo  and  Molnik  (6)  in  a  more  rccont  potential  flow  approach. 

Transonic  inverse  procedures  for  three-dimensional  wings  have  been  developed  by  Shankar,  Malmuth  and  Colo 
(16]  whose  method  is  based  on  modified  small  disturbance  theory,  and  by  Gaily  and  Carlson  [17]  whose  method  is  based 
on  a  potential  solver  including  a  finite  volume  formulation. 

This  paper  presents  results  obtained  by  a  method  similar  to  a  design  mothod  developed  by  Giles  and  Drela 
(181.  In  concept,  it  has  similarities  to  both  tho  streamline  curvature  analysis  methods  and  the  full  potential  inverse 
design  methods,  it  is  based  on  quasi-onc-dimcnsional  Euler  solution  of  streamtubes.  Using  a  solution  domain  as 
considered  to  bo  formed  by  a  bunch  of  streamtubes,  two-dimensional  transonic  cascado  and  isolated  airfoil  problems 
are  handled.  The  finlto  volume  techniques  [19,20]  aro  based  on  numerical  discretization  of  conservation  equations 
written  in  integral  form.  Tho  flow  domain  is  divided  into  several  elemental  control  volumes  (areas  in  2-D  case)  which 
exchange  mass,  momentum  and  energy.  In  the  present  method,  finite  volume  cells  are  fitted  along  tho  streamtubes. 
Therefore  two  of  the  faces  of  a  coll  correspond  to  streamlines  and  the  flux  will  oxist  only  on  other  two  faces.  The 
discrotized  Euler  equations  arc  linearized  by  a  Nowton-Raphson  mothod  and  resulting  system  of  linear  equations  is 
solved  implicitly  using  a  Gaussian  elimination  technique.  Tho  system  of  linear  equations  mainly  corresponds  to  tho 
streamwiso  momentum  conservation  on  the  coll  basis  and  a  condition  of  coupling  of  streamtubes  by  tho  pressure 
existing  in  their  streamline  interface.  Tho  unknown  variables  are  both  tho  density  of  fluid  and  tho  position  of  the 
streamlines.  For  inviscid  flow,  slip  condition  implies  that  the  blade  contour  is  a  streamline.  By  imposing  the  target 
surface  pressure  distribution  ,  on  the  streamlined  grid  boundary  representing  the  blade,  tho  code  wilt  find  the  blade 
geometry  through  the  updating  of  streamline  shapes  together  with  the  flow  field. 


FORMULATION  AND  DISCRETIZATION 


Integral  forms  of  mass,momentum  and  energy  conservation  laws  arc  used  for  a  steady,  inviscid  flow  of  a 
compressible,  non-conducting  fluid.  These  ore  : 
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pV  »  ds  -  0 
(  />VV  +  Pi  )  .  ds 


(  p\' H  )  •  ds  -  0 
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(1) 

(2) 

(3) 


where  surface  integral  reduces  to  line  integral  along  tho  closed  curve  bounding  the  flow  area  in  the  case  of  two- 
dimensional  flow  modelization.  These  integral  equations  arc  discretized  by  applying  them  on  a  conservation  coll  of  the 
finite  volume  (area)  method. 

A  part  of  initial  grid  and  a  conservation  cell  ore  shown  in  Fig.  1.  A  conservation  coll  is  formed  by  connecting 
tho  mid-points  of  line  segments  botwcon  grid  nodes.  Tho  geometry  of  the  coll  is  completely  known  in  terms  of  nodal 
coordinates  of  the  grid  at  a  solution  step.  If  grid  lines  are  labolcd  as  j-constant  lines  and  i-constant  lines  .where  I 
and  j  arc  indexing  parameters,  j-constant  lines  arc  assumed  to  bo  streamlines.  In  the  present  method,  one  of  the  main 
task  is  to  update  the  grid  so  that  it  would  represent  the  actual  streamlines  when  the  algorithm  converges  to  tho 
solution. 

The_geometry  of  a  conservation  cell  and  the  variables  on  Its  surfaces  con  be  seen  in  Fig.  2  .  Sinco  the  uppor 
and  lower  surfaces  correspond  to  streamlines,  thero  is  no  flux  through  them  and  tho  only  contribution  from  these 
surfaces  is  the  pressuro  force  term  in  tho  momentum  equation.  The  density  p  ,  pressure  P  ,  and  speed  V  aro 
defined  to  be  uniform  on  inlot  and  outlet  faces  of  the  conservation  cell.  The  direction  of  velocity  is  defined  by 
taking  the  average  direction  of  upper  and  lower  streamline  segments  of  tho  conservation  cell.  The  discretization  is 
possiblo  if  a  different  pressure  variable  II  is  defined  on  the  streamline  faces  to  describe  the  pressure  distribution  in 
the  pitchwisc  direction.  For  a  consistent  discretization  of  the  pressure  an  additional  constraint  equation  is  necessary 
for  each  ceil. 


R+  ▼  S  -  r,  t  r2  (4) 

This  condition  implies  that  tho  average  of  H*  and  II”  and  tho  average  of  Pj  and  P2  aro  same  and  tho  avorago 
represent  tho  pressure  value  for  the  cell  center  if  it  is  to  be  located.  In  the  case  of  infinitely  small  mesh  size, 
pressuro  values  on  the  sides  of  tho  conservation  cell  become  almost  the  same.  However  for  finito  mesh  size,  these 


four  pressure  variables  have  different  values  and  should  satisfy  a  consistent  pressure  distribution  in  the  flow 
domain  given  by  Eqn.  4  . 

By  discretizing  the  mass  conservation  (Eqn.  1)  on  the  conservation  coll  ,  on  algebraic  relation  oxpressing  that 
mass  flow  rate  remains  constant  along  a  streamtube  is  obtained 

m  —  fii  Vj  Anl  -  P2  V 2  A (5) 
whore  An  is  tho  area  (length  in  two-dimensional  case)  normal  to  velocity. 

Tho  discretized  form  of  the  momentum  equation  becomes 


-*v,4.„vt  +  />2V2A„2V2  +  P,A,  +  P2A2  +  n+B+  +  n-B-  -  0  (6) 


where  A  »ni  §  are  area  vectors  shown  in  Fig.  3  . 

Discretization  of  the  energy  conservation  (Eqn.  3)  gives  tho  following  algebraic  equation: 


H 


X  El  +  Vj!  _  X  h  +X? 
7-1  Pi  2  7-1  ^2  2 


(7) 


As  it  is  expected  for  an  adiabatic  steady  flow,  Eqn.  7  states  that  tho  stagnation  enthalpy  remains  constant  along  a 
streamtube. 

The  momentum  equation  (Eqn.  6)  is  in  vectorial  form  and  can  be  expressed  as  two  scalar  equations  :  one  in  the 
streamwise  direction  which  contains  pressures  P,  and  P2  ,  the  other  in  tho  normal  direction  which  contains  pressures 
n+  and  n- 


m  (V,  f,  -  V2  f2  )  +  P,  -  P2  -  0  (8) 

m  (V,  g,  -  v2  g2 )  +  n-  -  n+  -  o  (9) 

where  f|  ,  f2  ,  gj  f  and  g2  are  functions  of  geometry. 

At  a  solution  stop,  all  geometric  and  state  variables  arc  input  as  tho  initial  solution.  For  a  specified  mass  flow 
rate  and  stagnation  enthalpy,  now  velocities  are  computed  by  using  tho  continuity  Eqn.  5  and  now  ”  P  M  pressures  aro 
obtained  from  tho  energy  equation  (Eqn.7).  Momentum  oquation  in  tho  normal  direction  (Eqn.  8)  and  the  constraint 
relation  of  auxiliary  pressuro  (Eqn.  4)  aro  solved  simultaneously  to  detormino  new  values  of  11“  and  II*.  All  variables 
(oxcept  tho  density  and  tho  geometric  ones)  aro  assigned  to  thoir  now  values  .  Tho  computation  of  theso  variables  in 
tho  existing  iteration  step  is  done  by  sweeping  the  conservation  cells  along  each  streamtube.  While  this  procedure  is 
applied  to  the  noxt  (adjacent)  stroamtubes,  II  pressure  values  on  tho  interfacing  stroamlino  has  already  been  updated 
at  tho  previous  streamwiso  sweep.  Different  values  for  II'  and  n+,  j  aro  obtained  of  a  nonconvergcd  result  and 
this  violates  the  necessary  condition 

n-,  -  n+,.,  -  o  do) 

|L  it. 

which  states  tho  compatibility  of  pressuro  at  the  common  boundary  of  two  adjacent  streamtubes  (J  "  and  J-l  ).  Tho 
streamwise  momentum  equation  (Eqn.  9)  is  tho  other  equation  which  has  remained  unsatisfied  at  a  nonconverged 
iteration  stop.  Tho  compatibility  condition  (Eqn.  10)  and  the  streamwise  momentum  equation  (Eqn.  9)  give  residuals 
which  vanish  as  the  algorithm  converges.  These  equations  arc  linearized  by  using  Newton-Raphson  method.  In  their 
linearized  form  ,  the  perturbation  (change)  of  tho  variables  are  given  by  A/vAv,  AP,  All,  AAn  etc...  AH  change 
parameters  can  bo  expressed  in  terms  of  grid  node  displacement  An  and  donsity  chango  A p  where  the  displacement 
describes  tho  change  of  streamlino  position  in  the  direction  normal  to  current  streamline.  In  this  process  ,  linearized 
forms  of  governing  algebraic  equations  and  gcomotrical  relations  arc  used.  Therefore  tho  resulting  system  of  linear 
equations  contains  two  equations  with  two  unknowns  (A p  and  An)  for  each  computational  cell.  At  the  boundaries  of 
solution  domain,  the  boundary  condition  should  replace  Eqn.  10. 

There  arc  some  additional  constraints  or  conditions  to  be  satisfied  such  as  the  closure  constraints  for  inverse 
design  calculation  or  Kulta  conditon  for  analysis  calculation.  Tho  linearized  forms  of  the  constraint  equations  aro 
additional  linear  equations  to  be  solved  for  tho  additional  unknowns  that  are  tho  changes  of  variables  such  as  tho 
free  parameters  of  specified  pressuro  and  tho  circulation  around  the  airfoil.  Once  the  system  of  linear  equations  is 
solved  the  unknown  chango  parameters  (perturbations)  aro  found.  Using  An  tho  new  grid  node  coordinates  are 
computed  from 

Xo**  -  x  +  n*  An  (11a) 

yr»«  -  y  +  nr  An  (lib) 

where  n*  and  ny  arc  directional  cosines  of  the  unit  vector  along  which  the  node  is  allowed  to  move. 

The  new  density  is  calculated  from: 

Pr**  "  P  +  Ap  (12) 

ART1F1CAI.  COMPRESSIBILITY; 

In  the  present  method,  steady  Euler  equations  which  are  essentially  elliptic  arc  solved  in  the  conservation 
form.  In  tho  supersonic  regions,  it  is  necessary  to  include  some  form  of  suporsonic  upstream  dopondonce  to  chango 
the  character  of  tho  governing  equations.  Therefore,  artificial  compressibility  is  introduced.  Tho  concept  of  artificial 
compressibility  was  first  introduced  by  Hafez  ot  al.  [21]  for  the  solution  of  transonic  full  potential  equation.  A 
similar  approach  was  used  by  Wormon  [22]  for  quasi-one-dimenstonal  Euler  equations.  In  principle,  density  is  modified 
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in  suporsonic  regions  using  a  discretization  in  tho  upwind  direction  as 


Pi-  Pi-  H  tpi  •  Pi)  03) 

where  n  is  a  function  of  local  Mach  numbor  and  has  zero  value  in  suosonic  regions.  This  density  modification  is 
equivalent  to  the  artificial  viscosity  implementation.  Strongth  and  location  of  shocks  are  calculated  correctly  without 
any  special  treatment  such  as  shock  fitting. 


BOUNDARY  CONDITIONS 


CASCADE 

A  typical  numerical  domain  for  cascado  flow  is  made  up  of  one  blade  passage  and  extends  approximately  ono 
chord  upstream  and  downstream  as  shown  in  Fig.  4.  Boundaries  AB,  EF,  CD,  and  GH  arc  assumed  to  bo  stagnation 
streamlines.  A  grid  node  on  AB  and  tho  grid  nodo  on  EF  having  samo  streamwiso  station  index  i  acquire  the  samo  x 
coordinate  while  their  y  coordinates  will  c  **«r  by  the  pitch.  Hence  both  grid  points  would  have  equal  nodal 
displacement  An  in  tho  samo  direction  after  t  solution  step  always  keeping  the  stagnation  streamlines  parallol.  Also 
pressure  II  on  these  grid  nodes  are  forced  to  be  equal  using  Eqn.  10  .  Hence,  periodicity  of  the  flow  on  AB-EF  and 
CD-GH  is  satisfied. 

At  the  upstream  boundary  AE  stagnation  enthalpy  and  stagnation  density  arc  specified  for  each  strcamtubc. 
Besides  theso  flow  variables  tho  first  segments  of  grid  lines  (streamlines)  are  constrained  to  be  parallel  to  each  other 
using  tho  specified  inlot  flow  angle  (inlet  slope.)  Similar  parallclity  condition  is  also  applied  to  the  last  segments  of 
tho  streamlines.  At  the  downstream  boundary  ,  the  common  slope  is  a  variablo  whoso  chango  AS^t  is  an  unknown  to 
be  found  in  a  solution  stop. 

For  inviscid  flow,  slip  condition  on  the  wall  implies  that  the  wall  itself  is  a  streamline.  In  the  present  method 
set  of  j-constant  lines  correspond  to  assumed  streamlines.  The  grid  locations  and  tho  solution  domain  are  not  fixed, 
thoy  may  move  during  the  solution.  In  fact,  grid  poi.  s  and  therefore  the  shape  of  streamlines  are  computed  at  each 
iteration  step.  Therefore  initially  assumed  blade  contojr  as  a  streamlino  will  chango  during  the  computation.  Once  tho 
convergence  is  obtained  the  updated  boundary  streamline  becomes  the  designed  blado  surface  for  which  the  target 
pressure  distribution  is  specified.  Hence  tho  only  boundary  condition  to  be  employed  on  the  wall-shaped  boundary 
(BC  and  FG)  is  to  specify  target  surface  pressure  distribution.  However  this  targot  pressure  distribution  is  not 
arbitrary.  It  was  shown  by  Lighthill  [41  that  tho  prescribed  surface  speed  distribution  for  incomprc~siblo  flow  must 
satisfy  three  constraints.  Volpo  and  Melnik  161  have  pointed  out  the  necessity  and  importance  of  similar  constraints 
on  surface  pressuro  distribution  in  tho  inverse  design  of  transonic  airfoils.  In  the  present  method  three  constraints 
have  been  imposed  at  the  grid  nodes  corresponding  to  leading  and  trailing  edge  stations  on  the  suction  and  pressure 
surfaces.  These  constraints  on  node  displacements  are 


Anu.ss  ~  0 

(14) 

Anic.ss  ‘  0 

(15) 

Aortas  -  Anrr.ss 

(16) 

as  shown  in  the  Fig.  5  .  The  first  constraint  (Eqn.  14)  prevents  the  rigid  body  motion  of  whole  domain.  The  second 
keeps  the  specified  pitch  unchanged  (or  imposes  th*  closure  of  leading  edge.)  The  third  constraint  (Eqn.  16)  imposes 
the  closure  of  trailing  edge.  Tho  addition  of  the  linearized  forms  of  these  constraints  into  tho  overall  equation  set, 
make  it  necessary  to  describe  three  unknowns  (or  free  parameters  to  bo  updated.)  One  of  them  is  the  outlet  slope  S^t 
which  describes  tho  flow  angle  at  the  far  downstream  boundary.  The  othor  two  free  parameters  appear  in  the  target 
pressuro  distribution.  Tho  specified  surface  pressure  distribution  T(s)  is  imposed  to  tho  solution  in  tho  following 
form. 

Ws)  -  5>(s)  +  Cj  F(s)  +  C*  G(s)  (17) 

where -C]  and  C2  are  two  new  froo  parameters  (multiplication  factors)  and  where  F(s)  and  G(s)  are  arbitrary  shape 
functions  of  relative  arc  length  s.  Linearization  of  tho  boundary  condition  (Eqn.  17)  introduces  the  changes  of  free 
parameters  ACX  and  ACj  as  unknowns.  The  exact  distribution  of  the  pressure  Imposed  on  the  blade  surface  can -be 
determined  when  tho  solution  converges.  The  pressure  distribution  obtained  at  the  convergence  is  referred  as 
"output"  pressure  distribution  in  this  study. 

AIRFOIL 

A  typical  numerical  domain  for  an  airfoil  can  be  seen  in  Fig.  6  .  The  flow  domain  for  the  airfoil  consists  of  a 
bunch  of  streamtubes  as  in  the  case  of  cascades.  To  be  able  to  make  a  distinction  between  the  suction  and  pressure 
surface  streamlines,  tho  grid  is  generated  such  that  there  arc  two  grid  lines  coincident  along  the  stagnation 
streamlino.  These  grid  lines  should  be  observed  as  separating  from  each  other  at  the  node  corresponding  to  the 
leading  edge  ,  one  of  them  follows  tho  suction  surface  while  tho  other  is  following  pressuro  surface.  Hence  conditions 
on  upstream  and  downstream  stagnation  lines  arc  the  samo  as  the  periodic  boundary  conditions  of  the  cascade  flow 
case.  Therefore  nodes  (1,1)  and  (i,jmtx)  shown  on  the  Fig.  6  satisfy  tho  following  conditions  ; 


ni,l  “  "i.Jmix 

xi,l  -  xi,W 
yi.t  -  5 ?(,u 


(18.8) 

(18.b) 


On  tho  airfoil  surfaco  pressure  Is  specified  through  Eqn.  17  and  tho  constraints  (Equations  14,  15  and  16)  are 
also  valid.  Tho  circulation  T  around  the  airfoil  fs  used  as  a  free  parameter  and  replaces  tho  outlot  slope  of  cascade 
case. 
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The  farfield  boundary  conditions  arc  based  on  tho  farficld  potential  C>  that  is  obtained  by  superimposing  a  free 
stream  and  a  vortex  flows  as  proposed  by  Ludford  123).  This  procedure  is  also  used  by  Giles  and  Drela  (18)  in  which 
thoy  discussed  tho  effect  of  additional  doublet  flow  on  tho  solution.  Tho  velocity  potential  is  taken  as 

<t>  «x  +  ^logr  —  ~~  0  (19) 

whero  r  and  O^aro  the  polar  coordinates  of  tho  grid  measured  from  the  moment  conter  of  the  airfoil.  E  is  tho  source 
strength  which  only  existr  for  entropy  generating  flows.  Tho  velocity  distribution  at  tho  farficld  boundary  can  be 
found  from  this  velocity  potential.  Using  the  resulting  velocity  distribution  ,  the  pressure  n  is  computed  and 
specified  as  boundary  condition  at  a  grid  node  on  tho  upper  or  lower  boundary  of  the  farficld.  The  upstream  and 
downstream  farficld  boundary  conditions  are  treated  as  in  the  case  of  cascade  flows.  However,  the  slopes  of 
streamlines  arc  computed  from  the  farficld  velocity  potential  and  each  streamline  may  have  a  different  slope. 


SOLUTION  PROCEDURE 


Tho  initial  solution  (i.e.  tho  approximated  streamline  grid  and  approximated  flow  field)  is  found  to  bo  important 
for  tho  present  inverse  method.  Solution  domain  for  cascade  inverse  solution  was  constructed  by  assuming  a  blade 
contour.  Tho  stagnation  streamlines  wore  tokon  as  straight  lines  and  oxtended  from  tho  leading  edge  at  tho  specified 
inlet  flow  anglo  and  from  tho  trailing  edge  as  tangent  to  tho  camborline.  Far-upstream  and  far-downstream  boundary 
lines  are  then  located  one  chord  away  from  leading  and  trailing  edges  in  the  caso  of  cascade  flows  and  six  chord  away 
from  leading  and  trailing  edges  for  airfoil  case.  Using  an  elliptic  grid  generator  method  developed  by  Thompson  (24J , 
tho  initial  grid  with  j-constant  lines  approximately  corresponding  to  streamlines  of  incompressible  flow  is  constructed. 
Tho  remaining  part  of  initial  solution  ,  i.o.  the  flow  field,  is  approximated  by  assigning  a  constant  pressure  and 
density  corresponding  a  low-subsonic  value  and  a  coarso  distribution  of  *pecd.  This  initial  solution  is  good  enough 
for  tho  analysis  of  transonic  flow  and  converged  flow  field  can  bo  obtained  in  5  to  i5  iterations.  But  starting  the 
inverse  design  from  this  initial  solution  which  has  low-subsonic  pressure  caused  excessive  accelerations  and  generally 
ended  up  with  a  negate  e  enthalpy  near  tho  solid  surface.  This  was  probably  duo  to  large  difference  between  the 
specified  transonic  surfaco  pressure  and  the  low-subsonic  pressure  of  neighboring  nodes.  Therefore  before  the  design 
procedure  was  started,  the  coarso  incompressible  initial  solution  was  improved  by  employing  a  few  iterations  in  the 
analysis  mode  from  which  a  flow  field  distribution  for  pressure  at  transonic  or  high-subsonic  level  was  obtained. 
There  was  no  need  to  continue  the  iterations  to  obtain  a  converged  solution  of  the  analysis  mode. 

Tho  analysis  mode  of  the  code  differs  from  design  mode  mainly  in  the  boundary  conditions  of  the  blado 
contour,  instead  of  target  pressure  specification  by  Eqn.  17,  the  rigid  wall  condition 

Anwa„  -  0  (20) 

was  applied. 

The  system  of  linear  equations  which  are  obtained  after  discretization  and  linearization  includes  governing 
equations,  boundary  conditions  and  constraints.  Unknowns  for  cascade  solution  are  donsity  change  A/>u  at  each  state 
node,  An,j  at  each  grid  node,  and  four  additional  unknowns  AC,  ,  ACj  ,  AS3ul  ,  and  AS„  which  are  tho  changes  of 
first  and  second  multiplication  factors  of  the  pressure  distribution,  tho  outiot  slope  and  tho  inlet  slopo.  Unknowns  for 
airfoil  solution  aro  the  samo  except  AS„  and  AS00l  are  replaced  by  Acc  (anglo  of  attack)  and  A V  (circulation).  This 
system  of  linear  equations  is  solved  by  a  direct  method  employing  Gaussian  elimination  technique. 


RESULTS  AND  DISCUSSION 


For  tho  purpose  of  illustrating  tho  ability  and  accuracy  of  the  presont  method  three  tost  cases  wore  used. 
Theso  woro  an  airfoil  test  caso  NLR  7301  from  Ref.  1251  and  two  cascade  configurations;  Sanz  supercritical  propeller 
from  Rof.  [26]  and  Hobson-2  impulso  turbine  cascado  from  Ref.  [25].  Tho  blade  gcomotries  and  analytical  solutions  of 
theso  test  cases  aro  available  in  the  above  mentioned  references.  These  test  cases  aro  well  known  for  testing 
transonic  direct  solutions.  In  tho  presont  investigation,  theso  test  cases  ore  used  for  tho  inverse  solution  by 
redesigning  tho  blades  from  the  specified  pressure-distributions.  Calculated  geometries  wore  thon  compared  with  tho 
original  (actual)  onos,  for  tho  assessment  of  tho  accuracy. 


HOBSON-2  Impulse  Turbine  Cascade  Test  Case: 

Hobson-2  is  an  impulse  turbine  cascade  for  which  accurate  analytical  solution  is  avaiiabio  In  Ref.  [251.  Tho 
geometry  of  this  cascade  was  originally  obtained  by  a  iiodograph  solution  to  the  transonic  flow  equation.  Hobson-2 
cascade  blade  has  sharp  leading  end  trailing  edges,  Tho  cascade  produces  shockless  flow  at  the  design  conditions  of 
M,~0.575  ,  ct,  **46.123'  and  spacing  S/C-0.5259  . 

Fig.  7  shows  original,  starting  and  dosignod  blado  geometries.  As  it  is  seen  from  tho  figure  original  and  designed 
bladn  shapes  aro  indistinguishable.  A  specified  surface  pressuro  distribution  which  is  the  "input”  to  tho  program 
usually  diffors  slightly  from  the  surfaco  distribution  resulted  over  the  designed  blade  due  to  free  parameters 
introduced  in  Eqn.  [7.  Since  tho  specified  pressuro  distribution  is  not  an  arbitrary  one  but  corresponds  to  an  actual 
cascade,  in  this  test  case  free  parameters  should  bo  zero  in  the  converged  solution.  This  can  be  seen  in  Fig.  8  in 
which  tho  specified  and  the  "output”  pressure  distributions  are  almost  tho  same.  Initial  surfaco  pressure  distribution 
around  the  hand-drawn  starting  geometry  is  also  depicted  in  tho  same  figure  from  which  the  design  procedure  starts. 
The  initial  flow  field  was  obtained  by  running  tho  analysis  program  for  a  guessed  blade  geometry.  Ein.9  shows  the 
sizrSIsj  ouifavu  iviocii  number  aistntiution  and  the  designed  ("output”)  one  to  give  an  idea  about  tho  development  of 
the  new  flow  fiold  in  this  dosign  procedure.  Axial  and  pitchwiso  force  coefficients  are  computed  as  Cx“0.0032  and 
Cy  —1 .04 1  respectively. 
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SANZ  Supercritical  Propellor  Cascade  Test  Case: 

Sanz  supercritical  propeller  blade  is  a  transonic  airfoil  fit  lor  a  mid-span  section  of  a  modern  propeller  for 
which  tho  accurate  analytical  solution  Is  available  In  NASA  TP-2676  (26).  Tho  geometry  of  this  cascade  was  originally 
obtained  by  a  hodogroph  related  method  with  boundary  layer  corrections.  Therefore  as  a  test  case  for  inviscid 
solutions,  the  blade  has  to  bo  treated  with  open  trailing  edge  geometry.  During  the  design  procedure  nodes 
corresponding  to  suction  and  pressure  side  trailing  edge  arc  displaced  by  the  same  amount  as  imposed  by  Eqn.  16  . 
Hence  the  trailing  edge  opening  was  kept  constant.  Therefore  the  trailing  edgo  opening  in  tho  starting  geomotry  must 
bo  equal  to  the  original  opening.  For  this  cascade  design  values  of  upstream  Mach  number,  upstream  flow  angle  and 
spacing  are  :  M,— 0.828  ,  ai —25.72*  and  S/C  *-1.055  respectively. 

The  original  and  tho  dosigned  blado  geometries  togothor  with  the  starting  (initial)  geometry  are  shown  in  Fig 
10.  Designed  blade  shapo  was  found  to  bo  almost  tho  same  as  the  original  blado  shapo.  Fig.  11  depicts  starting  ,  input 
(specified),  and  output  surface  pressure  distribution.  Tho  starting  surface  pressuro  distribution  which  was  obtained 
by  analyzing  tho  starting  goomotry  shows  a  shock-like  suction  pressuro  variation.  Tho  specified  pressure  has  a  shock 
free  feature  corresponding  tc  original  Sanz  surface  pressuro  distribution.  Tho  design  code  is  therefore  capable  of 
romoving  tho  possible  shocks  by  modifying  the  blado  shape.  Starting  and  output  Mach  number  surface  distributions 
are  shown  in  Fig.  12.  Tho  input  pressure  distribution  is  not  available  in  Ref.  |26J  ,  therefore  it  was  obtained  by  using 
tho  code  in  analysis  mode.  Tho  Mach  numbor  distribution  which  is  available  in  Ref.  (26]  was  compared  with  the 
output  distribution  of  Fig.  12  and  thoy  arc  found  to  bo  consistent.  Axial  and  pitchwise  force  coefficients  are 
calculated  os  Cx  —  —0.152  and  Cy-«  0.390  rcspoctivoly. 

NLR  7301  Airfoil  Test  Case: 

The  NLR  7301  airfoil  section  is  a  representative  aft-loaded  airfoil  designed  especially  for  wing  tips  at  high 
subsonic  speeds.  Tho  NLR  7301  section  also  provide  a  rather  uniform  pressure  distribution  over  the  forward  50%  of 
tho  chord  at  low  angles  of  attsck  and  at  high  subsonic  speeds.  The  ability  to  predict  the  design  shape  of  this  airfoil 
has  been  demonstrated  in  this  research.  Ref.  (25)  reports  analytical  and  computational  results  about  the 
characteristics  of  this  airfoil.  Tho  input  airfoil  shape  thickness  was  randomly  chosen  to  bo  a  thin  section  at  a-- 
0.194*.  Tho  calculated  pressure  distribution  shows  a  woak  shock  formation  around  x/c<— 0.3  from  the  leading  edRo 
(Fig. 13).  At  the  final  pressure  distribution,  this  is  removed  and  the  loading  conforms  with  tho  designed  targot 
pressure  distribution  (Fig.  14  and  15).  It  should  bo  noted  that  due  to  fewer  calculation  nodes  in  the  normal  direction, 
the  upper  boundary  condition  at  the  farfield  was  chosen  to  be  close  to  the  airfoil  section.  This,  in  turn,  caused  the 
upper  surfaco  pressure  to  be  smaller  than  expected.  The  airfoil  loading  characteristics  are  calculated  as  Q.—  0.524 
and  Co—  0.0009  at  Moo  “  0.721  and  ct  —  —0.194  . 

The  following  tabic  lists  the  convergence  behavior  of  tho  code. 


j  MESH  POINTS  ] 

RESIDUALS  j 

total 

on  blade 

|  rms  | 

mam 

HOBSON-2 

78X15 

56+56 

9 

SANZ 

88X17 

60+60 

9 

NLR 

102x31 

59+59 

9 

|  8.47X10*9 

|  1.87X10'7  | 

CONCLUSIONS 


A  design  method  has  bcon  doscribed  for  the  design  of  cascade  blades  and  airfoils  with  given  pressure 
distribution  in  transonic  flow. 

In  the  present  method,  steady  Euler  equations  arc  discretized  on  a  streamline  grid  using  finite  volume  method. 
Finite  volume  ccllsarc  aligned  with  the  streamlines  with  non-zero  flux  terms  only  in  the  streamwiso  direction.  The 
method  is  suitable  for  specifying  pressure  distribution  along  streamline  segments.  Discrotizcd  nonlinear  governing 
equations  and  boundary  conditions  are  linearized  by  using  Newton’s  method.  Tho  resulting  linear  equations  are 
reduced  to  a  system  which  mainly  consists  of  two  equations  per  cell.  The  unknowns  in  a  solution  step  become  the 
density  change  and  the  displacement  (position  chango)  at  nodes. 

Tho  advantage  of  present  approach  is  that  it  is  conceptually  straight  forward  and  can  be  easily  handled. 
Contrary  to  unsteady  Euler  codes,  the  convergence  of  tho  present  method  is  not  limited  by  relatively  slow 
propagation  of  pressuro  waves  throughout  tho  flow  domain.  All  boundary  conditions  are  physical  and  easy  to  apply. 

Application  of  tho  method  to  transonic  cascado  and  airfoil  designs  showed  that,  if  surface  pressure  distribution 
is  not  arbitrary  but  corresponds  to  actual  blade,  freo  parameters  of  the  pressure  specifying  equation  tend  to  zero  as 
expected. 

The  method  is  capable  of  solving  sharp  and  blunt  leading  edge  shapes  with  either  sharp  or  open  trailing  edge 
configurations. 
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Summary 

The  method  solves  the  inverse  problem  for  supercritical  blade-to-blade  flow  on 
stream  surfaces  of  revolution  with  variable  radius  and  variable  stream  surface 
thickness  in  a  relative  system.  Some  provisions  for  the  treatment  of  the  "ill- 
posed"  design  problem  in  local  supersonic  regions  are  discussed.  A  procedure 
for  the  design  of  cascades  with  improved  off-design  behaviour  is  described  and 
compared  with  experimental  results.  Comparisons  with  other  numerical  methods 
and  experimental  results  are  also  included. 


Nomenclature 

C-...C-  coefficients  of  potential  equation 
dA  profile  thickness 

h1  metric  factor 

1A  chord  length 

La  Laval  number;  velocity  rv lated  to  critical  sonic  velocity 

m  meridional  coordinate 

R  radius 

s  arc  length  along  streamlines 

t  stream  surface  thickness 

T  pitch 

W  velocity  magnitude 

z  axial  coordinate 

7  flow  angle,  measured  against  circumferential  direction 

r  circulation 

6  flow  angle,  measured  against  inlet  direction 

0  polar  angle 

\  angle  of  stream  surface  against  axijl  direction 

n  density 

v>  coordinate  function  normal  to  streamlines 

<f>  stream  function 

4>  angular  velocity 

0  axial  velocity  density  ratio 


Subscipts 

1,2  upstream,  downstream 


Introduction 


Blade  design  for  turbomachines  has  the  aspiration  to  obtain  energy  transfer  as 
high  as  possible  between  the  fluid  and  the  blading  with  as  little  as  possible 
manufacturing  expenses  at  lowest  flow  losses.  Manufacturing  costs  can  only 
effectively  be  reduced  by  raising  the  flow  velocity.  The  reinforcement  of  the 
velocity  differences  between  blade  suction-  and  pressure-side  for  increase  of 
turning  and  the  raising  of  the  velocity  level  for  growing  mass  flow  lead  to 
local  supersonic  regions  on  the  blade  suction  sides  (supercritical  flow)  which 
mostly  return  with  a  shock  to  subsonic  velocity.  As  the  pressure  rise  of  the 
shock  may  cause  boundary  layer  separation  and  with  it  increased  losses,  the 
formation  of  shocks  should  be  prevented  as  far  as  possible. 

in  the  regions  with  pleasure  rise,  boundary  layer  separation  can  only  be 
avoided  by  careful  blade-profiling.  Since  in  the  transonic  velocity  domain 
shockfree  solutions  can  be  found  with  only  poor  chances  by  iterative  contour 
variation,  a  convenient  alternative  is  given  by  the  inverse  design:  Starting 
from  a  prescribed  shockfree  velocity  distribution  the  corresponding  profile 
contour  is  calculated  numerically.  The  prescribed  distribution  of  the  pressure 
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or  velocity  can  be  clearly  influenced  in  the  direction  of  a  loss  minimization 
or  boundary  layer  optimization.  If  in  this  way  a  profile  adapted  to  the  re¬ 
ferred  blade  section  was  found,  the  off-design  range  has  to  be  verified  by  an 
analysis  method  which  is  connected  with  a  loss  determination  based  on  a  bound¬ 
ary  layer  calculation.  The  demand  for  low  loss  supercritical  blade  flow  has  to 
be  performed  not  only  in  the  design  point  at  a  high  upstream  Mach  number,  but 
also  in  an  off-design  range  of  the  blading  as  extended  as  possible.  But  hith¬ 
erto  it  is  not  possible  to  prescribe  the  extent  of  the  off-design  range  in  the 
cascade  design.  Likewise  until  now  it  is  not  possible  to  prescribe  the  posi¬ 
tion  of  the  off-design  range  relatively  to  the  design  point  in  a  desired  mode, 
e.g.  this  way,  that  there  exists  a  sufficient  extended  region  with  low  loss 
for  deviations  of  the  incidence  angle  to  positive  and  negative  directions. 
That  means  for  the  compressor  design  that  the  design  point  can  be  obtained 
nearly  exactly  but  that  no  exact  specification  can  be  made  for  the  partial- 
load  behaviour. 

For  the  supercritical  blade  cascade  design  the  combination  of  a  design  method 
and  an  analysis  method  is  reguired.  The  published  literature  about  cascade 
computation  methods  is  governed  by  the  analysis  methods.  In  the  transonic 
velocity  range  for  higher  accuracy  only  numerical  methods  come  to  the  fore. 
They  are  based  on  relaxation,  e.g.  /1,2/,  finite  element  /3,4/,  or  time- 
dependent  solution  processes  /5,6/.  Computations  for  comparison  have  shown 
that  there  are  application  problems  especially  in  the  local  supersonic  region. 

The  design  methods,  mostly  suitable  for  blade-to-blade  calculations  can  be 
divided  into  different  groups: 

The  pure  inverse  methods  deal  with  the  classical  problem  to  determine  the 
complete  detailed  geometry  for  a  prescribed  velocity  distribution  along  the 
arc  length.  Their  advantage  is  given  by  the  fact  that  one  prescribes  the 
physical  quantity  about  the  course  of  which  one  has  the  best  knowledge  for 
obtaining  the  target  of  low  loss  flow.  One  of  the  earliest  formulations  of  the 
inverse  problem  for  plane  compressible  potential  flow  originates  in  Stanitz 
/7/,  on  which  the  method  of  the  author,  developed  for  transonic  and  super¬ 
critical  flows  /8 , 9/ ,  is  based.  Other  inverse  methods  using  the  time-dependent 
solved  2D-Euler  equations  exist  of  Meauz^  /10/  and  Zanetti  /ll/. 

In  the  semi-inverse  or  hybrid  methods  on  parts  of  the  contour  the  velocity,  on 
other  parts  the  geometry  is  prescribed,  e.g.  in  /12/.  In  indirect  methods  like 
the  hodograph  method  /13/  no  direct  control  occurs  by  aerodynamic  quantities 
(velocity  or  pressure  distribution)  or  by  the  geometry.  Direct  methods  start 
from  a  geometry  prescription,  for  which  the  respective  pressure  or  velocity 
distribution  is  calculated.  Dependent  on  the  result  the  geometry  is  varied  in 
this  way  that  the  new  results  approach  to  a  desired  target  distribution  /14/, 


Fundamental  procedure 


The  following  method,  an  extension  of  earlier  developments  in  /9,15/,  solves 
the  inverse  problem  for  supercritical  blade-to-blade  flow  on  stream  surfaces 
of  revolution  with  variable  radius  and  variable  stream  surface  thickness  in  a 
relative  system  /16/.  Prandtl’s  concept  of  distinct  potential  flow-  and  bound¬ 
ary  layer-calculation  can  be  applied,  since  inverse  design  strives  for  low 
loss  flow  without  shocks  and  boundary  layer  separation. 

In  Fiq.l  the  solution  process  of  the  method  is  sketched.  The  sensitive 
cross-section  dependence  of  the  transonic  flow  requires  the  treatment  of  a 
flow  passage  between  two  blades  from  far  upstream  to  far  downstream.  The 
velj^ity  distributions  are  prescribed  along  the  arc  length  of  the  stagnation 
streamlines  of  the  suction  and  pressure  sides  of  the  flow  channel.  Thus, 
velocity  gradients  can  be  prescribed  which  is  important  for  the  boundary  layer 
development.  Moreover,  radius  and  thickness  of  the  stream  surface  of 
revolution  are  prescribed  along  the  axial  coordinate.  These  boundary 
conditions  are  transformed  by  integration  into  the  computation  plane  with 
stream  function  coordinates  and  their  normals.  The  computation  grid  is 
rectangular  in  this  plane  and  contour  adapted  in  the  physical  plane. 
Therefore,  no  interpolations  are  necessary  on  the  boundaries.  The  flow  field 
is  computed  by  the  solution  of  the  difference  equation  system  applying  re¬ 
laxation  combined  with  multi-grid.  The  gradients  of  the  velocity  field  are 
used  to  determine  the  flow  angle  field,  and  finally,  by  integration,  the  field 
boundaries  in  the  physical  plane,  i.e.  the  contour  shapes,  are  computed. 
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Governing  equations 

For  steady,  compressible,  isentropic  flow  the  full  potential  equation, 
transformed  into  the  potential-stream-function-plane  is  /17/: 


r  ■  H  .  <T2ln  W  . 

1  ,-,.2  C2  ,.2  C3 
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a  in  w 


t-^)2  *  vpV-f 


+  c  --dl".  w-  +  c - — 

5  5?  ^6 
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with  the  metric  factor 

h x ( v >  a  hlu-  -g —  ■  exp 


«  sin  1 
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As  h.n  W  is  valid  for  the  flows  in  an  absolute  system,  it  is  used  as  the 
condition  for  the  free  integration  constant  hlu,  so  that  h^u(<p=0)  =  Wu> 

For  flows  with  constant  stream  surface  thickness  and  constant  radius  the 
introduction  of  the  logarithm  in  the  differentials  reduces  the  terms  Cg  to  C? 
to  zero. 

The  type  of  this  quasilinear  partial  differential  equation  of  second  order 
changes  according  to  the  sign  of  C..  It  is  elliptic  for  positive  (Ma<1.0), 
hyperbolic  for  Cj  negative  (Ma>1.0T,  and  parabolic  for  C1  =  0  (Ma=1.0). 

For  the  numerical  solution  of  the  potential  equation  (1)  with  finite  differ¬ 
ences  the  flow  field  is  covered  with  a  computational  grid  which  is  rectangular 
in  the  v>,v-plane.  The  adjustment  to  the  different  domains  of  dependence  occurs 
by  type-dependent  switching  between  the  respective  difference  stars.  The 
solution  of  the  difference  equation  is  performed  by  successive  line  over¬ 
relaxation.  The  relaxation  factors  were  optimized  dependent  on  the  computed 
local  Kach  number.  An  additional  convergence  acceleration  has  been  obtained  by 
the  application  of  the  multi-grid-method  /18/.  For  the  non-linear  difference 
equation  system  of  ISGAV  suitably  the  "full  approximation  scheme"  was  applied. 

Local  grid  refinement  is  provided  for  regions  with  steep  gradients,  since  mesh 
sizes  for  sufficient  resolution  of  these  gradients  are  not  acceptable  for  ap¬ 
plication  in  the  whole  flow  field.  The  results  of  the  coarse  grid  computation 
are  used  as  presetting  of  the  fine  grid.  For  high  accuracy,  a  feed-back  calcu¬ 
lation  can  be  performed  which  uses  the  results  of  the  fine  grid  for  recalcu¬ 
lation  in  the  coarse  grid  in  an  iterative  way  with  overlapping  boundaries  of 
both  regions. 

The  flow  field  solution  has  to  be  transformed  from  the  computation  plane  into 
the  physical  plane.  From  the  computed  velocity  field,  the  flow  angles  can  be 
calculated  by  integrating  the  continuity  equation  on  normal  lines  and  the 
equation  of  motion  on  streamlines. 
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To  avoid  numerical  inaccuracies  in  determining  the  derivatives  on  normal  lines 
at  the  boundary,  equation  (4)  is  used  only  to  compute  the  flow  angle  of  the 
mean  streamline.  From  the  mean  streamline  to  the  boundary  the  flow  angle  can 
be  calculated  by  using  equation  (3). 

Analogously  the  physical  coordinates  on  streamlines  can  be  calculated  from: 
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Boundary  conditions 


In  transonic  flows  with  local  supersonic  regions,  it  is  generally  not  possible 
to  predict  whether  a  certain  prescribed  profile  velocity  distribution  would 
lead  to  a  convergent  solution  as  this  represents  an  "ill-posed  problem"  and 
therefore  a  physical  solution  need  not  exist  in  this  case.  The  non-elliptical 
type  of  the  differential  equation  in  the  supersonic  areas  admits  the  flow 
computation  only  in  the  domain  of  dependence.  By  completely  prescribing  the 
boundary  values  along  the  profile  contour,  the  interaction  between  the 
elliptic  subsonic  differential  equation  and  the  hyperbolic  type  in  the  super¬ 
sonic  field  leads  to  an  overdetermination  of  the  equation  system.  For  a  "bad" 
prescription,  the  differential  equation  system  cannot  be  solved,  i.e.  non¬ 
convergence  of  the  numerical  system  appears  or  an  unsteady  shock  is  formed  in 
the  flow  field  (Fig .2) .  In  such  cases  iterative  modification  of  the  boundary 
conditions  is  required: 

If  weak  shocks  are  present,  their  location  in  the  flow  field  -  mostly  easily 
recognized  in  the  shape  of  the  sonic  line  -  is  traced  back  to  the  flow  field 
boundary  (Fiq,3)  .  For  this  the  local  characteristic  directions  are  plotted 
throughout  the  local  supersonic  region.  Following  these  directions,  the 
position  of  the  producing  boundary  values  is  found.  They  have  to  be  modified 
so  that  additional  expansion  waves  are  generated  and  remove  the  weak  shock. 

If  strong  oscillating  shocks  appear  in  the  field,  the  prescription  of  a  shock 
on  the  boundary  with  consideration  of  the  Ranklne-Hugoniot  relation  is  the 
only  alternative.  Otherwise  a  total  change  of  the  velocity  distribution  with 
lower  maximum  velocity  and  different  distribution  of  the  circulation  over  the 
blade  depth  is  needed. 

The  correct  periodical  velocity  distribution  on  the  upstream  stagnation 
streamline  has  to  be  found  iteratively  by  checking  the  complete  covering  of 
the  upstream  region  with  flow,  i.e.  the  upstream  suction  a -d  pressure  side 
stagnation  streamlines  have  to  coincide. 

Since  the  course  of  the  deceleration  in  front  of  the  leading  edge  depends  on 
the  blade  nose  shape  and  therefore  on  the  prescribed  velocity  distribution 
over  the  blade  contour,  this  laborious  iterative  process  should  be  solved  by 
the  program:  Interchanging  computation  of  a  standard  upstream  flow  field  and  a 
transposed  second  field  between  the  mean  streamlines  of  two  adjacent  flow 
channels  leads  to  the  final  upstream  velocity  distribution. 

The  transformation  of  the  prescribed  radius  and  stream  surface  thickness  along 
the  axis  of  rotation  z  has  to  be  performed  iteratively,  since  the  function  of 
the  axial  coordinate  z  =  f ( v> , tr- )  is  a  result  of  the  computation  itself. 

A  further  iteration  occurs  for  the  rotor  calculation  in  the  relative  system. 
The  transformation  of  the  prescribed  velocity  distribution  into  the 
computation  plane  is  carried  out  by  integration  of  the  prescribed  velocity 
distribution  to  determine  the  normal  function  f  .  The  suction  side  values  can 
be  integrated  directly,  whereas  the  metric  factor  h.  of  the  pressure  side 
streamline  has  to  be  determined  iteratively. 
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Iterative  adjustment  of  cascade  parameters 

A  prescribed  velocity  distribution  does  not  necessarily  result  in  a  profile 
with  desired  parameters  such  as  turning  angle,  pitch-chord  ratio  or  profile 
thickness . 

For  obtaining  these  target  quantities  the  prescribed  velocity  distribution  - 
due  to  the  non-linearity  of  the  problem  -  has  to  be  varied  iteratively. 

Necessary  but  not  sufficient  condition  for  the  prescribed  turning  is  the 
correct  adjustment  of  the  circulation  quantity  over  the  blade  to  the  value 
from  up-  and  downstream  flow  parameters.  In  the  rotor  case  an  additional 
integral  term  results  from  the  rotation  of  the  flow  field,  thus  the  complete 
circulation  is  given  by 

E  i 

r  =  -  <.»R-ds  -  J  W2ds  +  |  H1ds  (7) 

D  K 

For  sufficient  fulfilment  of  the  conditions  for  the  validity  of  this  equation 
the  arc  lengths  on  the  flow  channel  boundaries  have  to  be  prescribed 
correctly.  Moreover,  the  periodicity  conditions  have  to  be  observed  on  the  up- 
and  downstream  streamlines.  Therefore,  since  the  geometry  is  unknown  at  the 
beginning,  an  iterative  procedure  is  necessary.  The  kind  of  correction  depends 
on  the  monitoring  of  the  pitch-chord  ratio  which  is  acting  simultaneously. 

After  adjusting  turning  and  pitch-chord  ratio,  the  thickness  distribution  of 
the  computed  profile  is  investigated.  The  variation  of  the  velocity 
distribution  for  a  desired  profile  thickness  distribution  is  accomplished  this 
way  that  not  only  negative  profile  thickness  can  be  avoided  but  also  a  maximum 
thickness  can  be  obtained  in  a  specified  region.  Thus,  the  thickness 
distribution  can  be  adjusted  successively  to  prescribed  values  in  the  whole 
profile  range. 

At  the  beginning  of  the  thickness  iteration  the  existing  velocity  distribution 
has  to  be  varied  so  that  after  the  subsequent  field  solution  the  desired 
thickness  will  be  obtained. 

The  modification  needed  on  the  boundary  of  the  computation  field  is  obtained 
by  transformation  of  the  profile  velocity  distribution  with  application  of 
trigonometrical  functions.  Depending  on  the  profile  region,  where  the  maximum 
modification  is  necessary,  different  functions  of  transformation  are  applied  . 

For  greater  thickness  modifications  unfavourable  distributions  can  arise.  This 
will  be  recognized  in  the  program  and  be  solved  in  this  way,  that  the  maximum 
modification  in  the  profile  region  will  be  shifted  to  points  where  such 
difficulties  cannot  appear,  i.e.,  either  to  the  profile  trailing  edge  or  to 
the  point  of  maximum  velocity  (Fig. 4) .  As  the  point  of  maximum  velocity 
modification  on  the  profile  has  to  be  identical  with  the  point  of  thickness 
modification  to  calculate,  a  certain  thickness  modification  in  the  new  point 
is  assumed  dependent  on  the  desired  value  in  the  former  point  (centre  of 
Fig. 4).  Since  the  resulting  inaccuracies  cause  deviations  from  the  desired 
thickness  distribution,  the  prescribed  values  are  obtained  only  after  some 
iterations. 

If  one  of  the  considered  cross-sections  is  placed  in  the  supersonic  region  of 
the  profile,  an  additional  difficulty  appears  by  the  reversing  of  the  mass 
flow  density  behaviour  and  the  condition  of  constant  circulation.  In  this  case 
the  mass  flow  density . requires  an  opposing  velocity  modification,  i.e.  for 
obtaining  a  greater  profile  thickness  a  lowering  of  the  velocity  in  the  super¬ 
sonic  region  and  a  lifting  in  the  subsonic  flow.  Therefore,  it  would  be  neces¬ 
sary  to  widen  the  distribution  around  the  maximum  in  order  to  maintain  the 
circulation  constant.  Numerically  this  would  be  an  aggravation,  since  the  nec¬ 
essary  widening  should  be  introduced  into  the  equation  system,  so  that  an 
analytical  solution  would  be  impossible. 

Furthermore,  some  cascade  designs  have  shown  that  the  influence  of  the  field 
distribution  leads  to  stronger  deviations  from  the  linear  one-dimensional 
assumptions  so  that  opposite  thickness  modifications  may  arise.  By  widening 
the  supersonic  part  of  the  velocity  distribution  the  local  supersonic  field 
may  spread  to  such  an  extent,  that  a  reversing  of  the  thickness  dependence  may 
appear. 


The  cascade,  Fig .  5 ,  yielded  the  following  course  of  iteration  for  a  desired 
thickness  of  3.5  %  in  the  trailing  edge  region: 

start  minimum  thickness  1.85  %  (D/L) 

1.  iteration  "  "  3.72  %  (D/L) 

2.  iteration  "  *’  3.47  %  (D/L) 

The  relative  error  of  0.8  %  is  less  than  the  prescribed  error  limit  of  1  %.  In 
the  prescription  of  the  error  limit  it  is  to  be  considered  that  not  the 
profile  thickness  but  the  channel  cross-section  is  the  result  of  the  design. 
In  this  example  the  tolerance  of  1  %  means  an  accuracy  of  0.02  %  for  the 
channel  geometry.  In  this  range  the  accuracy  of  some  computers  (e.g.  IBM,  VAX) 
is  not  too  far  away. 

The  inverse  design  method  computes  the  isentropic  potential  flow  boundaries. 
For  consideration  of  friction  effects  the  results  have  to  be  corrected  by 
boundary  layer  calculations.  Against  analysis  methods  the  inverse  method  needs 
no  iterative  procedure.  The  calculated  boundary  layer  displacement  thickness 
can  be  subtracted  directly  from  the  potential  flow  boundaries.  By  this  step 
the  metal  or  fabrication  contour  is  obtained.  (The  thickness  distribution 
iteration  also  works  with  these  contour  values  if  desired.) 


Cascade  design  for  extended  off-design  range 


For  the  design  of  cascades  with  extended  off-design  range  the  following 
procedure  is  applied  (Fig. 6) : 

Starting  from  experimental  velocity  distributions  or  results  of  analysis 
methods  for  off-design  .conditions  -  e.g.  positive  and  negative  incidence 
against  design  upstream  flow  direction  -  new  velocity  distributions  for  these 
conditions  are  designed  which  may  be  expected  to  produce  a  more  favourable 
boundary  layer  behaviour,  but  retain  the  characteristic  off-design  behaviour. 
For  these  new  distributions  the  cascade  contours  are  inversely  designed. 
Hence,  for  these  cascades  the  velocity  distributions  for  the  original  design 
point  are  computed  by  an  analysis  method.  Of  course,  they  are  differently 
shaped.  Therefore,  from  both  distributions  a  new  distribution  is  developed 
with  the  aid  of  boundary  layer  calculations.  This  new  distribution  produces 
the  new  cascade  by  application  of  the  inverse  method.  Analysis  computations 
for  this  new  cascade  in  the  off-design  have  to  demonstrate,  whether  additional 
changes  are  necessary  /19/. 

Starting  point  for  the  design  of  a  cascade  for  extended  off-design  range  was 
the  off-design  behaviour  of  the  cascade  SKG  2.2  at  incidence  angles  of  -3  and 
+3  degrees  (data  in  Fig. 8) .  Based  on  the  measurements  for  these  conditions  new 
distributions  with  less  critical  boundary  layer  behaviour  were  developed,  and 
by  application  of  an  analysis  method  /20/  the  velocity  distributions  for  the 
design  angle  of  the  original  cascade  (<7^  =  142  degrees)  were  comput.ed. 

The  comparison  with  the  design  distribution  of  the  original  cascade  SKG  2.2  in 
Fig. 7  demonstrates  that  the  off-design  effect  was  underestimated:  The  design 
of  the  negative  incidence  point  (N)  produces  already  a  front  peak  on  the 
suction  side  distribution  at  original  design  point  upstream  flow  conditions 
and  the  design  of  the  positive  incidence  point  (P)  a  front  bay  in  the  velocity 
distribution  relevant  to  design  condition.  Consequently,  the  suction  side 
velocity  gradients  in  the  nose  regions  have  to  be  reduced,  whereas  the 
pressure  side  gradients  near  the  nose  have  to  be  raised.  Since  the  circulation 
is  reduced  by  these  variations  the  suction  side  velocity  distribution  has  to 
be  raised  in  the  rear  part  of  the  profile. 

For  comparison  purposes  with  the  new  design  results,  in  Fig. 8  the  design  and 
computed  off-design  distributions  of  the  SKG  2.2  are  given.  In  Fig. 9  in  the 
centre  the  new  design  velocity  distribution  is  shown  together  with  the 
negative  incidence  (left)  and  positive  incidence  distribution  (right) .  The 
velocity  peak3  of  the  suction  side  front  at  positive  incidence  and  of  the 
pressure  side  front  at  negative  incidence  are  clearly  reduced,  but  not  the 
peak  of  the  suction  side  centre  at  negative  incidence. 

The  shape  of  the  complete  cascade  SKG  3.3  and  the  respective  flow  field,  given 
by  constant  velocity  lines,  is  shown  in  Fig. 10.  For  high  resolution  of  the 
steep  gradients  in  the  leading  edge  region  local  grid  refinements  have  been 
introduced  (Fig.ll) . 

After  modifications  in  the  inverse  design  method  by  introducing  the  stream 
surface  thickness  into  the  governing  aquations,  for  the  purpose  of  comparison 
analysis  computations  at  the  design  point  were  made  by  a  flux  finite  element 
method  (FFEtl)  / 20/  shown  in  Fig. 12.  Except  for  some  differences  in  the  leading 
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edge  region  of  the  pressure  side  and  in  the  local  supersonic  region  there  is 
very  good  agreement. 

The  experimental  velocity  distributions  (Fig. 13)  from  the  DFVLR,  Cologne,  /20 / 
show  satisfactory  agreement  with  the  design  distribution.  The  total  pressure 
losses  (Fig . 14)  in  the  design  point  and  in  the  range  of  *  2  degrees  of 
incidence  have  the  same  favourable  behaviour  as  the  cascade  SKG  2.2.  The 
velocity  modifications  on  the  profile  suction  side  lead  to  distinctly  lower 
total  pressure  losses  in  the  range  of  positive  incidence.  The  increase  of  the 
losses  in  the  range  of  negative  incidence  is  probably  to  be  explained  by  the 
shifting  of  the  maximum  velocity  on  the  suction  side  towards  the  trailing 
edge. 


Cascade  design  on  stream  surfaces  with  increasing  radius 

A  cascade  has  been  designed  for  high  subsonic  flow  with  La.  =  0.786  and 
aturning  angle  of  33  degrees.  The  mean  divergence  angle  of  the  stream  surface 
is  A  =  30  degrees,  and  the  side  wall  contraction  with  sinusoidal  slope 
through  the  cascade  amounts  33  percent.  In  Fig .15  the  prescribed  velocity 
distribution  is  given  by  the  solid  line.  The  computed  profile  contour  on  the 
bottom  has  been  transformed  to  an  equivalent  cylindrical  stream  surface. 

For  comparison,  analysis  computation  with  a  time  dependent  finite  volume 
method  originating  from  P.W.  McDonald  /21/  has  been  performed.  The  result  is 
given  by  the  symbols  in  Fig. 15.  Almost  excellent  agreement  is  obtained. 


Conclusions 


Inverse  design  methods  receive  growing  interest,  since  in  this  way  progress 
can  be  achieved  for  low  loss  turbomachinery  bladings,  especially  in  the 
transonic  flow  region. 

The  present  extended  inverse  design  method  seems  to  be  an  effective  procedure 
to  design  highly  loaded  axial  compressor  cascades  on  stream  surfaces  of  revo¬ 
lution.  It  produces  accurate  results  compared  with  measurements  and  computa¬ 
tions  from  other  methods.  It  was  applied  to  cascade  and  multi-section  compres¬ 
sor  blade  design.  Lower  losses  were  obtained  compared  with  conventional 
blading. 
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i  Inverse  Design  Method 
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fig.  6:  Design  procedure  for  extended  off-design  range 


point  (centre)  and  off-design  velocity  distributions  of  the 
off-design  optimized  cascade. 


Fig,  12;  Comparison  of  inverse  design  and  analysis 
coaputation  of  the  off-design  optimized 
cascade. 
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Fig.  14;  Comparison  of  losses  of  original  and 
off-design  optiaized  cascade  /20/. 
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UNE  METHODE  INVERSE  POUR  LA  DETERMINATION 
D’AUBES  DE  TURBOMACHINES 
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RESUME 

Cet  article  ddcrit  une  mc'tltode  inverse  de  determination  de  profils  de  grilles  d’aubcs  de  turbomachines, 
applicable  en  ecoulement  transsoniquc.  La  me'thodc  ddvcloppc'e  cst  relative  a  re'coulcincnt  quasi- 
tridimensionnel  autour  d’unc  giille  d’aubcs  ct  cst  bnsc'c  sur  la  resolution  on  mode  inverse  tie  Peculation  du 
potcntiel  scalaire  assotic  a  la  vitesse  absolue  dans  un  reperc  rclatif  lie  a  l’aube.  La  definition  inalhematitiue 
corrccte  de  la  formulation  inverse  pour  les  grilles  d’aubes  en  compressible  cst  examinee,  le  profil  desire  cst 
obtenu  apres  une  sdrie  d’itc'rations  resultant  de  Pajuslcnient  de  para  metres  aulorisant  la  convergence  du 
proedde.  La  resolution  nume'riquc  cmploie  la  inctliodc  ties  elements  finis.  Dcs  resu I tats  sont  ensuite 
presentds.  Us  conce  icnt  tout  d’abord  lets  validations  preiiminaires  de  la  inetbodc  ct  montrent  In  possibility 
qu’a  celle-ci  de  restitucr  un  profil  connu  a  partir  d’iiiitialisations  grossiercs.  Certains  cas  tests  trait.es  sunt 
enfm  montres. 


INTRODUCTION 

Les  performances  (charge  ae'rodynamiquc,  rendement)  d’un  profil  dans  une  grille  d’aubes  en  c'coulement 
subsonique  ou  transsonique  non  bloquc'  sont  cssenliellcment  determinces  par  la  vitesse  a  Pextrados  et  a 
Pintrados  du  profil.  cette  distribution  indue  en  diet  dircctemcnt  sur  le  comportement  des  couches  limilcs 
qui  se  devcloppent  sur  le  profil.  Ceci  justifie  Pc'tude  d’unc  methode  permettant  de  de'finir  un  profil 
conduisant  a  une  repartition  de  vitesse  iinpost-e  sur  celui-ci.  Deux  approches  peuvent  etre  adoptees  pour 
obtenir  des  profils  d’aubes  qui  possedcnl  les  caractcristiqucs  requises.  les  methodes  "directes"  d’une  part  qui 
consistent  a  analyser  Pecoulement  aulour  d’un  profil  donneVpuis  a  en  modifier  la  forme  si  la  vitesse  sur 
celui-ci  n’est  pas  satisfaisante;  les  imthodcs  "inverses”  d’autre  part,  dans  lesqucllcs  une  distribution  de 
vitesse  ou  de  pression  cst  choisie  ct  le  profil  directcmcnt  determine  a  partir  de  cette  distribution.  Alors  que 
la  premiere  approchc  ndeessite  en  ge'mfral  une  certainc  experience  de  l’utilisatcur  ct  conduit  a  un  grand 
nombre  d’ite'rations  ou  ne'cessite  Ic  couplagc  avee  une  methode  d ’optimisation  numerique,  la  secondc 
apparait  mieux  adaplcc  car  elle  permet  d’uliliscr  dircctemcnt  la  distribution  du  vitesse  idculc  du  point  de 
vue  de  la  couche  limite.  Naturellcincnt  le  profil  obtenu  ne  satisfait  pas  nt;ccssaircmcnt  les  contraintcs 
geomc'triqucs  ou  de  structure  qui  pourraient  par  nillcurs  etre  iinposccs.  Nous  nous  proposons  de  pr&cnter 
ici  une  telle  methode  inverse  appliquee  a  la  determination  de  profils  d’aubcs  de  turbomachines  dans 
Papproxitnalion  d’c'coulement  polenlicl  quasi-lridiincnsionncl  (ou  approximation  2,5D). 

Pour  une  revue  complete  dcs  deux  classes  de  inc'tliodcs,  nous  renvoyons  a  Sloof  [7|;  nous  tenons 
cepcndant  a  mentionner  ici  certains  auteurs  qui  on!  dcveloppc  dcs  me'tliodes  qui  nous  out  appoilc'  des  idees 
importantes.  Dans  j8j,  Volpc  et  Melnik  out  iusistc  sur  (’importance  de  contraintcs  mists  en  evidence  par 
Lighthill  [5],  cl  ont  conslruit  un  algorithmc  permettant  de  determiner  dcs  profils  isoles  sotisfaisant  ces 
contraintcs.  Cepcndant  leurs  choix  nc  peuvent  etre  appliques  pout  la  determination  de  piofils  non  isoies 
d’aubes  ct  il  a  6li  ne'cessairc  de  Irouver  les  Irons  parninctrcs  pcimcttaiit  de  satisfairc  ccs  conlraintes.  Dans 
(2),  Cedar  cl  Stow  ont  propose  line  methode  d’analysc  et  de  determination  de  grilles  d’aubes  baseesur  une 
discretisation  de  type  elements  finis,  cede  methode  permet  d’obtenir  un  profil  par  modifications  successives 
en  ulilisant  un  modele  de  transpiration,  cepcndant,  elle  tie  gamut  it  ni  ,!existence  d’un  |)rofil,  ni  la 
convergence  du  processus  de  modification. 

Certains  problcmes  thcoiiqucs  sont  lies  a  I’existencc  de  solutions  an  problcme  inverse  et  scront  tout 
d'aborii  evoques.  En  paiticuiier,  nous  precisons  les  paraim-lres  qui  doivent  etie  busses  bines  aim  de 
garantir  I’cxislcncc  d’une  solution  et  la  convergence  de  I’nlgoiithme  <lc  determination  de  forme.  Les 
equations  regissant  Ic  modele  potcntiel  quasi-lridiuicusionnel  sont  ensuite  rappelces.  elles  permettent  de 
prendre  en  eomple  les  effels  de  I’epaisscur  el  de  la  conicite  de  la  nappe  de  eourant,  ainsi  que  ceux  de  la 
rotation  de  la  roue,  pour  un  ecoulement  de  lluide  parfail  irrotationnel.  Pour  une  distribution  de  vitesse 
donnee,  nous  montrons  comment  resoudre  res  equations  de  manierc  a  pouvoir  modiliei  un  piofi) 
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quclconquc  et  en  obtenir  mi  nouveau  mil  our  diiquel  IVcoulciiicnl  correspond  a  la  distribution  donne'e. 
L’nlgorilhmc  nmneiiqnc  utilise  une  discretisation  par  elements  finis  qui  inclut.  deux  champs  d’inconimes:  le 
jKJten tiel  uans  le  dotnainc  et  lc  displacement  normal  de  la  courhc  rcprescntanl  le  profit.  Nous  montrons 
enfin  certains  cxemples  qui  out  c'te'  traites  afin  dc  tester  la  nic'lhodc;  cn  particulier  nous  montrons  un  cas  de 
non-unicite  qui  a  cle  obtenu  quand  lc  nombre  de  parametres  laisses  libres  n’est  pas  coircct.  Quand  cetlc 
difficult^  cst  correctement  prise  cn  cotnplc,  la  mc'tbode  pertnet,  a  parlir  d ’initialisations  quelconques,  d’unc 
part  de  retrouver  tin  piofil  connu  et  d’aulre  part  de  dc'tcrmincr  le  prolil  autour  duquel  l’ccoulemcnt 
correspond  a  une  distribution  dc  vitessc  quelconque. 


EXISTENCE  D’UNE  SOLUTION  POUR  LE  PROBLEME  INVERSE 


Lcs  contraintes  dc  Ligiitbill 

Dcpuis  plusicurs  dizaines  d’aiinecs,  le  probleme  inverse  cn  tlicoric  des  profits  a  e'le'  ctudie  et  dc 
nombreuses  nicthodes  de  construction  dc  profils  out  c'te  formulecs  pour  des  cVoulemoiits  incompressibles  ou 
compressiblcs,  subsoniques  ou  transsoniques,  avec  ou  sans  choc.  II  a  eld  en  particulier  demontre  par 
Lighlhill  { l]  que  pour  un  dcoulcnicnt  incompressible  autour  d’un  profit  hole,  la  solution  du  pioblcmc  inverse 
n’existe  pas,  a  nioins  que  la  repetition  de  vitesse  prcscrilc  H'(l  tie  verilie  ccrtaines  contraintes  inte’grales. 
Ccs  relations  peuvent  s’ccrirc: 


JPnJU 


JPrcfil 


J Profit 


log  1 

MW 

|  i/u  =  0 

»'co 

log  1 

|  cos  w  dio  =  0 

log  | 

^o(^) 

H' 

|  sin-w  du  =  0 

(1) 

(2) 

(3) 


oil  \VM  cst  la  vitesse  a  I’inlini,  ct  w  cst  I’anglc  polairc  dans  le  plan  defini  par  transformation  conforme  du 
profit  en  ccrcle.  La  premiere  contraintc  cst  une  consequence  de  la  conservation  de  la  masse  ou,  dc  maniere 
dquivalcntc,  elle  exprime  une  ncccssairc  compatibility  entre  la  vitesse  a  I’infini  et  la  vitessc  prcscrilc  stir  lc 
profil.  Les  deux  derniercs  contraintes  sonl  lie'es  a  la  fcrincturc  du  profil;  si  cellcs-ci  lie  sont  pas  satisfaites, 
un  profil  peut  etre  obtenu  ,  mais  il  ne  sera  pas  ne'cessaircmcnt  fermc. 

Plus  tard,  Woods  [12]  a  generalise  lcs  resultats  dc  Lighthill  au  probleme  inverse  mixte  oil  la 
distribution  dc  vitesse  cst  prcscrilc  sur  uneparlio  du  profil,  la  forme  (ft ant  fige'e  stir  une  autre.  Ccrtaines 
autres  generalisations  out  die  obtcnucs  pour  I’ecoulcmcnt  incompressible  autour  de  giillcs  d’aubes 
(Roscnblal  ct  Woods  jfij)  ou  pour  ccrtaines  approximations  de  gaz  compressiblcs:  approximation  dc 
Karman-Tsicn  (Woods  (l lj)  ou  loi  de  Chaplygiiine  (Karadimas  [•!)).  Cepcndant,  auctiue  relation  cxplicitc 
n’est  actucllement  connue  pour  lcs  c'coulcmcnts  transsoniques  dc  gaz  par  fails,  el  auctinc  c'tudc  ne  scmblc 
avoir  dte'  engage'e  pour  les  c'coulements  quasi-tridimcnsiomiels  qui  font  I’objct  de  cet  article.  II  est 
ne'anmoins  raisonnable  de  penser  que  ces  relations  existent  dans  le  cas  general  par  passage  a  la  limite  d’un 
e'coulement  incompressible  lorsque  lc  nombre  dc  Mach  tend  vers  zero.  Ccei  sc  (raduit  par  lc  fait  quo,  pour 
tine  repartition  arbitrairenicnt  donnee,  il  n’existe  pas  de  profil  sur  leqtiel  la  vitesse  tangenlielle  soit  egale  a 
la  icpartilion  donnee.  Alin  d’assmer  I’cxistence  d’un  tel  prolil.  quclques  ajusleiiients  doivent  etre  aulorises 
dans  la  donne'e  de  la  vitessc  sur  le  piofil  pour  que  trois  conliaintcs  soient  satisfaites.  Ceci  pent  etre 
accompli  en  laissant  Hois  parametres  libres  dans  la  repnitition  donne'e. 

Rdcemmenl,  Volpe  et  Melnik  (8,  10]  out  propose  quclqucs  cboix  possibles  de  parametres.  lls  out  choisi 
coniine  premier  paramelre  la  vitesse  ll'„„  afin  de  satisfairc  a  I'cquivalent  cn  incompiessible  de  la  pieinicre 
contrainte  de  Lighthill.  Ainsi,  en  s’iinposant  une  dislrilmtion  de  vitesse  donnee  en  function  d’une  absefsse 
rcduitc 


SlcM 


variant  de  0  a  I  stir  le  prolil,  ils  out  mis  an  point  une  nidihode  peimeilniii  d’nliimiir  m;  profit,  no::  forme, 
dont  la  vilesse  egale  la  vitesse  donnee  a  un  factcnr  inulliplieatif  pies  |9|.  Ulilisant  cettc  mc'thode  iniliale, 
ils  out  obtenu  empiiiqiieineiil  ceilaines  fonclioiis  de  modifiealion  qui,  ajoiilees  a  la  distribution  initialc, 
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permettcnl  de  controler  I’cpaisseur  de  I’ouverlure  <lu  bord  dp  fiiile.  Ainsi  loir  melliodu  permcl  d’oblenir  un 
profil  fcrme  don l  la  rcponse  IV,  (vites.se  tangcnlicllc)  est  voisinu  de  cello  imposrfe  IV,,,  et  de  la  forme: 

W,  «o 

“  =  ~  ^0+ ai  9i  +  ai  (5) 

"  00  "  CO 

od  a0  (rcspectivcmenl  a,  et  a2)  est  voisin  de  1  (rcsp.  voisins  de  0)  ct  g,,  q2  sont  les  fonctions  de 
modification. 

Rcnforcement  des  contraintes  pour  les  grilles  d’aubes 

Lc  cas  du  calcul  inverse  est  sensiblement  different  pour  les  grilles  d’aubes.  Tout  d’abord,  il  est  apparu 
que  pour  les  utilisations  futures  de  la  mc'tliode,  la  vitesse  a  l’infini  IV^  ne  peut  etre  modifiee,  et  ceci 
interdit  l’utilisation  de  cettc  quantity  commc  un  parametre  ajustable.  D’autre  part,  le  constructeur  n’est 
pas  inlcresse'  par  l’obtention  d’un  profil  a  partir  d’unc  distribution  donnee  sur  tout  le  profil  a  I’aidc  d’une 
abscisse  reduite  unique:  cctte  dunne'e  fixe  (dans  le  cas  purcincnt  bidimensionnel)  les  longueurs  relatives  de 
l’extrados  et  de  l’intrados  du  profil  ct  done  la  position  du  point  d’arret.  Au  conlrairc,  la  repartition  de 
vitesse  est  plus  avantageusement  ulilisablc  si  ccllc-ci  est  preterite  independainmeut  sur  l’cxtrados  cl 
l’intrados  du  prolil,  et  done  donne'e  par  deux  fonctions  definies  a  I’aidc  de  deux  abscisses  curvilignes 
reduites,  et  slllt  .  La  position  relative  du  point  d’arret  sur  le  prolil  pout  alors  etre  laissce  libre,  et 
constituer  le  premier  degrd  de  liberte  mfccssaire  a  satisfaire  unc  conlraintc. 

II  est  d’autre  part  possible  de  considercr  le  pas  inter-aube  commc  lc  second  parametre  neccssaire.  En 
effet,  dans  l’etude  mende  par  Liglitliill,  le  profil  rccherclid  est  isole,  ce  qui  revient  a  fixer  le  pas  (h  — *•  oo). 
De  raeme,  dans  les  travaux  de  Woods,  le  pas  relatif  (pas  rapporle  a  la  corde  du  profit)  est  fixd.  II  est 
d’autre  part  apparu  que  pour  lc  constructeur,  il  est  nc'cessaire  dans  certains  cas  de  fixer  lc  pas  en  laissant  la 
corde  libre  en  particulicr"  pour  obtenir  un  nombre  entier  d’aubes  par  roue.  Ce  parametre  est  done  choisi 
pour  satisfaire  unc  deuxieme  contraintc. 

Tout  comme  Volpe  ct  Melnik,  le  troisieme  parametre  laissd  libre  est  1’ouvcrlurc  angulaire  an  bord  de 
fuitc  e. 


LE  MODELE  POTENTIEL  QUASI-TRIDIMENSIONNEL 
Les  dquations  du  modcle 

L’dtude  aerodynamique  d’unc  roue  de  turbomachine  axialc  peut  etre  aborddc  avec  une  certainc 
approximation  en  ddcomposanl  I’dcoulemcnt  tridimensionnel  en: 

•  un  e'coulerncnt  moyen  dont  la  caracldristique  principale  csl  d’adiiicttrc  des  surfaces  de  courant  de 
revolution  autour  d’un  axe  Oz, 

•  un  dcoulemcnl  de  grille  d’aubes  sur  chacunc  des  surfaces  de  resolution  constituant  une  nappe  de 
courant. 

Nous  supposons  que  lc  rcsultat  du  calcul  de  I’dcoulcment  moyen  est  connu  ct  en  particulicr  que  la  forme 
des  nappes  de  courant  est  donne'e  par  une  fonction  r(z).  On  lienl  compte  de  la  conicite'  de  la  vcine  dans 
l’dcriture  de  I’dquation  de- continuity  en  introduisant  i’e'paisseur  6(z)  entre  deux  nappes  de  courant.  Le 
calcul  se  fait  alors  sur  une  nappe  en  prenant  commc  variables  indcpcndanlcs  m  et  0  ou  m  est  l’abscisse 
curviligne  de  la  mc'ridiennc  ct  0  est  I’nngle  reperant  une  te'le  meridienne  (fig.l).  Ccs  hypotheses  constituent 
(’approximation  "  2,5D 

Les  hypotheses  ae'rodynamiques  sjnl  ceiles  d’un  ecoulemcnt  irrotationncl  de  Ituide  paifait: 

rot  V  =  0  (0) 

ou  V  est  la  vitesse  absolue  du  lluide.  En  tenant  compte  de  la  rotation  w  de  la  roue,  cctte  vitesse  peut  etre 
dc'composc'e  en  unc  vitesse  relative  W  dans  un  repcrc  lie  a  I’aube  ct  une  vitesse  d’entrainement  u)  k  X  r; 

V  -  W  +  u  k  X  r  (7) 

oil  k  est  lc  vccteur  unitairc  de  I’axe  Or  et  r  est  le  vecteur  radial  reperant  le  point  consider^  par  rapport 
i’axc  Gz.  D-apri«  («)(  il  est  possible  de  deduire  I'exiMence  d’unc  function  potential  d  telle  (pic: 

V  ■—  grad  d 


ct  done: 


(8) 
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06  06 

H'  =  —  et  W,  =  —  -  w  r 

Out  rOO 

(«) 

oil  Wf  et  H’m  sont  les  projections  dc  W  sur  les  axes  de'fmis  sur  la  nappe  de  cournnl, 
continuity  pour  I’c'coulemcnt  suppose  slalionnairc  dans  le  repere  relatif: 

L’e'quation  de 

dt'v  (  pbr  W  )  =  0 

(10) 

s’yerit  alors: 

Id  06  0  06 

- (  pbr  (  - -  w  r  )  )  + - (  pbr  - )  =  0 

r  00  rOO  dm  dm 

(11) 

La  masse  volumiquis’obtient  a  I’aidc  de  I’c'quation  de  Bernoulli  dans  lc  repere  relatif: 

/  =  — - —  —  +  —  ( H'2  —  J2  r2)  —  Constanlc 

1-1  P  2 

(12) 

oil  la  pression  p  est  donnee  par: 

t  P  \'i 

P  <=  Pi  (  — ) 

(13) 

Pi 


Dans  la  suite,  les  indices  1  et  2  feront  re'fe'rcncc  aux  quantiles  a  Lamonl  et  a  1’aval.  La  masse  volumique 
apparait  done  coinmc  unc  fonction  du  potcntiel: 


P  =  P,  I  1  + 


T-±  Mf 

2  H'2 


(  wl  -  If2  —  <i?  (r2-r2)  ] 


i/b-i) 


(Id) 


avee: 


IV2  =  (~^~f  + 
dm 


0<l> 

rOO 


(15) 


Lc  systeme  d Equations  (11,  14),  complete'  par  des  conditions  aux  limites,  peut  etre  re'solu  numc'riqucment 
par  les  me'tliodcs  classiques,  notanuncnl  par  la  me'thodc  des  elements  finis  qui  sera  dc'laillc'e  plus  loin.,  Gca 
Equations  sont  valables  dans  le  .‘as  ou  I’c'coulcincnt  du  fluide  est  transsonique  sans  choc  ou  avee  des  chocs 
d’intensite'  faiblc,  c’esl  a  dire  pour  des  uoinbres  de  Mach  nc  dc'passant  pas  1,4  avanl  le  choc. 

Les  conditions  applique'es  aux  limites  du  doinaine  de  calcul  et  plus  particulicremenl  sur  le  profil 
ddterminent  le  inode  de  resolution:  calcul  direct  ou  calcul  inverse. 


Conditions  aux  limites  cn  dehors  du  profil 

Supposons  (out  d’abord  que  lc  doinaine  de  calcul  soil  conslilue  d’un  canal  s’appuyanl  sur  deux,  aubes 
consc'culivcs  (fig.2a).  Celle  topologic  sera  dc'notcV  par  In  lettre  IJ  cn  reference  ail  maillagc  qui  sera  aussi 
construit.  Une  autre  topologie  (C)  sera  aussi  considered  (lig.2b);  dans  celle-ci,  le  doinaine  cntouri  I’aube  et 
est  limits  par  deux  lignes  succcssives  tracc'es  au  milieu  d’un  canal  intcr-aube. 

Nous  d&ignons  par  h  le  pas  angulairc  inter-aubc  (a  I’amont)  el  nous  n’excluons  i>as  la  possibility  d’avoir 
un  profil  "ouverl"  au  bold  de  fuile:  celui-ci  est  aims  prolonge  par  un  pseudo-sillage,  sans  portance,  de 
memo  ypaisscur  angulairc  e  quo  (’obstruction  du  Lord  de  fuile.  Toulefois  dans  le  ras-de  1’ctude  quasi- 
tridimensionnelle,  il  n’est  pas  possible  de  donner  d’intcrprelation  physique  au  cas  on  I’obstruclion 
presenterait  un  de'ealage  cn  m.  Nous  liinilerons  done  I’dlude  mix  sculs  cas  ou  Us  bonis  dc  fuile  inlrados  et 
cxlrados  out  nicme  abscisse  mnr.  Le  canal  inler-aube  a  done  unc  largeiir  It  cn  ninont  et  h—e  cn  aval. 

La  resolution  de  (I),  14)  access!  tc  alors  la  donnee  dc  rcrlaines  quantiles  relatives  a  IVcouleinent  cn 
amont  et  cn  aval.  Le  clioix  fait  par  le  constructcur  consists  cn  la  donnee  des  conditions  ge'netratriccs 
amont,  noinbre  de  Mach  A/,  cl.  di'cction  dc  IVcoulcmcnt  o,,  ainsi  <|iic  la  direction  tie  I’cconlcincnl  a  l-’aval 
0ra  .  Dans  le  cas  ou  il  y  a  iota  (ion  des  aubes,  outre  la  valeur  w  dc  la -vilcsse  de  lotation,  unc  autre  quantile' 
(temperature  ou  pression)  doit  cue  donnee  alin  dc  fixer  lc  parainclic  uir,/ ll'j.  fuss  quantiles  donnecs  a 
I’amont.  prrmrtlent  dc  calciiler  relies  relatives  a  I’aval  (vitesse  Il'„  cl  masse  volumique  cn  ulilisanl  la 
conservation  du  debit  qui  pent  sVcrire: 

h  bt  rl  pl  cos  it ,  =  (/< -c)  it,,  r,,  p2  llr2  i<»  ira 


(-16) 
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Alors,  sur  la  fronticre  All  et.  (Ill  du  domaine  (lig.'Ja),  on  pent  nppliquer  one  condition  <t*  debit 
(condition  dc  Neumann): 

9(5  , 

p  b  —  =  /),  4,  It',  cos  ft,  sur  AB  (17.a) 

dn 

p  b  - =  />2  b2  ll'2  cos  ft2  sur  Gil  (I7.b) 

On 

En  cc  qui  conccrne  la  topologie  cii  C  (fig.21>),  ccs  conditions  sont  appliquecs  sur  les  cotes  AB  d’une  part,  ct 
CD  U  EE  d ’autre  part. 

La  periodicity  dcs  aubes  fournil  un  autre  type  de  condition  aux  limitcs  du  domaine;  en  diet,  si  la 
vitesse  est’la  mcmc  entre  deux  points  quelconquts  sc'parcs  d’un  pas  angulaire  h ,  il  cst  clair  que  la  difference 
dc  potcnticl  en  ces  deux  points  cst  unc  constnntc.  En  efTct,  si  on  a: 

Wm  (m ,0+h)=  Wm  (in ,  0)  ct  Wt  (m,0+h)=  (.« ,  0)  (18) 

on  a  nycessaircment: 

<t>  (m,  0+h)  =  <j>  (m,  0 )  +  G  (19) 

En  particulicr  pour  les  parties  AC  ct  111)  d’une  part,  ct  EG  ct  F1J  d’autre  part,  unc  condition  de  periodicity 
cst  imposed 

~  A ac  +  (20.a) 

*n  =  ha  +  (20-'>) 

oil  les  constantcs  G,  ct  6'2  sont  calctilccs  a  l’amont  ct  a  I’aval  ou  IVcouIcment  est  suppose  uniformc: 

G,  =  A  r,  ( W,  sin  or,  +  w  r, .)  (21. a) 

G2  =  (A  —  t )  r2  ( 11'2  sin  o2  +  w  r2  )  (21.b) 

Dans  le  cas  de  la  topologie  G,  les  conditions  de  pe'riodicite  s’e'crivcnt: 

J’BF  ~  $  AC  +  (22.a) 

i’HE  ~  too  +  (22.b) 

avec 

G,  =  G,  -  G,  (23) 


PRINCIPE  DE  LA  DETERMINATION  INVERSE 
Conditions  sur  le  profll 

Les  conditions  manquantes  sur  le  profil  (colds  CE  et  DE  dans  la  topologie  II  ct  G1I  dons  la  topologie  C) 
dypendent  du  problemc  traite.  I ’our  un  calcul  direct,  des  conditions  de  paroi  de  type  Neumann  (vitesse 
relative  normale  au  prolil  nulie)  sont  appliquccs.  II  cst  alors  hycessairc  do  fixer- le  potcnticl  en  un  point  du 
domaine  afin  d’assurer  I’unicite  de  celui-ci. 

Em  mode  inverse,  unc  condition  de  type  Diricblct  t*t  iinposee  sur  le  piolil:  supposons  que  l’on  se  donne 
sur  le  prord  une  repartition  dc  vitesse  relative  I1'0;  on  pent  alors  de'linir  iincTourlioii  4>0  par  integration  dc 
1E0  le  long  du  prolil  donne  par  une  rcpiysenlation  (hi  fl(m )).  Cette  foneliondoit  verifier: 

0J>n  06„ 

^o(<)2  =  (—  f+(— -*'?  (*) 

dm  rOO 

ou  s  rcpresenle  l’abscisse  eurviligne  le  long  du  prolil: 

<f»2  =  din  +  r’dO*  (25) 

La  lonction  <t>Q  pent  done  elre  obleniie  par  integration  de: 
dh  ,  o  i!0 

•=  =  1E0  J-  uy  / -  (20) 
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La  rdsolution  dc  I’cquation  du  potentiel  nvcc  prescription  dc  sur  lc  prolil  est  appclce  resolution  inverse  cl 
est  a  la  base  dc  la  methode  dc  determination  dc  profit  proposcc  dans  cet  article. 


Modiflcation  du  profit 

La  determination  inverse  consisle  a  trouver  un  prolil  qui  saiisfait  a  la  fois: 
a)  Vitesse  Normal®  —  0 
et  b)  Vitesse  tangcnliclle  =  1K0  donnec 

sur  le  profil.  La  solution  du  probieme  direct  (condition  de  Neumann  sur  lc  prolil)  satisfait  a)  mais  pas  b). 
La  solution  d’un  probieme  inverse  (condition  dc  Diriclilct  issue  de  I’integration  d’une  donnec  VK0)  satisfait 
b)  mais  line  vitesse  normal':  au  profil  non  nullc  est  obtenue  si  lc  profi!  ii’cst  pas  celui  recherche.  Cette 
vjtcssc  normale  rcsiduclle  IVj,  peut  alors  etre  uliliscc  pour  modifier  lc  profil;  I’c'quation  rdgissant  celte 
modification  peut  etre  deduite  d’un  inodclc  de  transpiration  dans  Ictpicl  on  consideic  une  injection  lictive  de 
fluid®  a  travers  la  surface  du  profil  associee  a  la  vitesse  normale  et  de  debit  pbWn.  Le  nouveau  profil 
recherche  doit  constitucr  alors  une  surface  dc  couranl.  Le  displacement  norma!  a  la  paroi  £  a  cffectuer  pour 
passer  d’un  profil  a  I’aulrc  peut  etre  ohlenu  on  c'crivanl  la  conservation  de  la  masse  outre  deux  surfaces 
(figure  3)i 

pbWn  dS=pbW0t  \t+„-pb\V0S  I,  (27) 

d’oil  I’dquatiompour 

-y(pbW0t)>-pbWn  /  (28) 

ds 


Principe  de  la  methode 

La  mdthode  inverse  consistc  done  on  une  succession  d’ilc'rations  comportant  les  trois  e'tapes  suivantes: 

1)  calcul  dc  la  condition  de  Diriclilct  par  integration  dc  (20); 

2)  resolution  du  probieme  inverse  avee  condition  de  Diriclilct  sur  lc  profil; 

3)  modification  du  profil  par  resolution  de  (28). 

Les  dtapes  1  et  3  sont  des  integrations  unidimcnsionnelles.  L’etapc  2  est  la  resolution  d’une  equation 
aux  de'rivdcs  particllcs  bidimensionnclles,  non  lineaire,  du  second  ordre  que  I ’on  choisit  de  resoudre  cn 
utilisant  une  methode  de'rive'e  dc  colie  tnise  au  point  pour  Its  c'coulcments  dans  les  tuyeres  ct  autour  de 
profils  isolds  (1)  et  de'erile  plus  loin.  Rcmarquons  d’une  part  que  cettc  methode  determine  les  valeurs  du 
potentiel  aux  noeuds  d’un  maillage  el  done  la  valcur  dc  la  vitesse  et  dc  la  masse  volumiquc  au  baryccntre 
des  tnailles;  la  ddrive'c  curviligne  dans  lc  inembre  de  gauche  dans  (28)  lie  peut  done  etre  dc'fmie  que  dans  un 
sens  faible.  D’autrc  part,  la  vitesse  normale  est  difficilcmcnl  cvaluc'c  a  parlir  dc  valcers  du  potentiel  aux 
nocuds  mais  peut,  die  aussi,  etre  definic  dans  un  sens  faible.  Ces  remarques  ineltcnt  en  evidence  la 
ndccssitd  d’introduire  line  formulation  corrcctc  de  (U8)  compatible  avec  la methode  utilise'e  pour  calculcr  le 
potentiel. 


.  ' 

RESOLUTION  NUMERIQUE  DU -PROBLEMS  INVERSE 


Formulation  variationncllccontinue  du  probieme  inverse 

La  me'lhodc  inverse  decritc  inlrodiiit  a  chaquc  iteration  deux  champs  d’inconmies:  le  potentiel  dcfilii 
dans  lc  domaine  et  sur  le  profil,  ninsi  quo  le  de'placeinenl  normal  f  defini  sur  le  prolil  a  rhaque  modification. 
Une  indthode  d ’elements  finis  a  etc  clioisic  pour  la  resolution  iiuiudrique  des  equations  du  inodclc;  celle-ci 
repose  sur  une  formulation  variationnellc  <|ui  est  obtenue  pai  multiplication  des  equations  (11,  26,  28)  par 
des  fonctions  test  V’  (admissible)  et  <;  dc'linies  respect  ivement  dans  f)  et  sur  le  prolil.  Par  "admissible"  nous 
signifions  que  les  fonctions  test  <!'  saljsfoiil  la  condition  de  peiiodicile.  A  pres  integration  par  parties,  on 
oblicnl  une  formulation  qui  couple  les  deux  champs  d‘inco"mies: 


Trouver  <j>  do'fini  dans  12  et  (  delini  sur  lc  profil  tch  quo: 

,  d<j>  d>!>  Difi  Of,  ,  . 

f  pb - +  ( - -  sir)  -  rdmdO  -  J  <!'d(pb <J<'.’d\' 

ran  rim  1  -W  11 


(29.n) 

(2f).b) 
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pour  tout-  >l>  admissible  delini  dans  fl  ct  (  dc'lini  sur  ir  prolil. 

La  formulation  mixlc  (20)  prdsenlc  plusicurs  attraits.  ’J'onl  d’abord,  rile  est  symetrique  par  rapport 
aux  deux  couples  de  champs  {$£)  ct  (V’lf)  (quand  la  masse  volumiquc  est  supposc'e  constantc),  ce  qui  est 
satisfaisant  niatlie'inatiquemcnl:  cn  elTct  lcs  theoremcs  d’cxistence,  d’unicitc  et  dc  convergence  de  solutions 
pour  de  tcls  problemcs  inixtcs  ne  pcuvcnt  etre  ctablis  quo  pour  tics  systcmes  syinctriqucs.  D’autre  part, 
c’est  cette  formulation  qui  permellra,  unc  fois  discrc'tisde,  d’intcgrcr  1 ’equation  dc  modification  de  maniere 
consistante  avec  la  metliodc  des  elements  utilisee  pour  calculcr  lc  potential. 

Les  formulations  variationnclles  correspondant  a  chacunc  dcs  trois  elapcs  du  calcul  inverse  sont  done: 

•  Integration  de  la  vitessc  ear  It  profit:  on  resout  (29,b)  ce  qui  pcrinct  de  calculer  d’o  Sllr  le  piofil: 

Trouver  <£0  de'fini  sur  !e  profit  tel  que: 

■Lra  piW°<  Mo r«r2J0)  =  pbWl  g  do 

pour  tout  g  de'fini  sur  lc  profil.  (30) 

Cette  formulation  variationnellc  est  cn  fait  c'quivnlcnte  a  la  formula  d’integration  (2(1). 

•  Calcul  du  potenliel  avee  condition  de  Diriehlcl  sur  le  Profit:  on  sc  liinilc  dans  (29.a)  aux  fonclions  tests  rji 
nulle  sur  le  profil: 

Trouver  <f>  de'fini  dans  0  tel  que  4>  =  d’o  sur  profil  ct 

dj>  di/>  06  diji  ,  , 

J  pb  [  - - +  ( -  —  ojt) - I  r  dm  dO  =  f  g  i/'d  1’ 

n  dm  dm  rdO  rdO  *" 

pour  tout  de'fini  dans  Q  ct  nul  sur  le  profil.  (31) 

•  Modification  du  Profit:  <j>  elant  comiu  dans  (out  le  domainc,  on  resout  (2D.a)  cn  se  limitant  aux 
restrictions  des  fonctians  V'  sur  lc  profil: 


Trouver  f,  dc'lini  sur  lc  profil  tel  quo: 

,  ,  06  Og’i  06  Oil i 

f  <pd(pb\V0f)  =  f.  pi  \—-^  +  t~-ior)  — 
W  oW  1  dm  Dm  rOO  rdO 

pour  tout  V'  dc'lini  sur  ic  profil. 


r  dm  dO 


Le  second  membre  de  (32)  coustilue  une  representation  faible  du  flux  normal  pbWn  a  travers  le  profil. 


Discretisation  par  elements  finis 

La  premiere  etape  de  la  discretisation  consislc  a  conslruirc  dons  lcs  domaines  considcrcs  (topologie" 1 1  ou 
C)  un  maillagc.  Pour  lcs  calculs,  il  est  utile  dc  profiler  dcs  simplifications  qu’apportc  unc  structure  "i,j”  de 
cc  maillage:  construction  facile  du  maillagc,  prograinmatioi:  et  vectorisalion  aise'es.  On  choisil  done  unc 
discretisation  ulilisanl  des  elements  finis  quadrilateraux  Q,.  Une  contrainte  imposce  aux  mnillagcs  est 
dietde  par  les  conditions  aux  limilcs  dc  type  pr'riodiqur:  afin  dc  pouvoir  facilemenl  les  prcscrirc,  on  impose 
que  les  nocuds  silucs  sur  les  lignes  131)  et-  Ell  du  domainc  (topologie  cn  II)  sc  ddduiscnl  par  translation  d’un 
pas  des  noeuds  sur  AO  cl  EG.  Kn  cc  qui  concerue  la  topologie  cn  O,.on  suppose  qu’il  cn  est  dc  menic  pour 
la  ligne  de  maillage  HE  par  rapport  a  AC.  ainsi  que  HE  par  rapport  aGI)  (translalion  dc  e).  Un  cxcmplc 
de  chacun  des  types  dc  maillagcs  qu’il  est  possible  de  cpnstiuire  esl.  monlrc  sur  la  figure  d;ils  permettent  de 
disposer  d’une  partition  du  domainc  U: 

0  -  U,  n,  (33) 

ou  lcs  fit  dc'notonl  lcs  elements  du  maillagc.  On  delinil  lout  d'nbord  un  espace  de  dimension  linie  E* , 
espace  d’rtpproximalions  des  fonclions  admis.-.iblcs,  delini  par: 

V*  =  {  d>*  admissible  c(  continue  •  d>k  \(>r  S  Q,  (II,) )  (3d) 

ou  Qx  est  I’enscmble  dcs  polynbmes  bilineaires  sur  H*: 


Q}  —  {  s  j  J-.-  pf y a-d ;  !«.t. c  <I)  C  I?'  1  (35) 

Une  base  dc  E*  est  consliluec  <le<  fonrtions  valanl  I  an  nocud  (i.j)  du  maillage  et  0  en  tons  les  aulres 
ct  qui  respectent  lcs  conditions  de  priiodiritc. 
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Un  cspacc  d’npproximatiou  pour  les  fboelions  do  modification  doit  aussi  otic  clioisi.  Itejiiarquons  tout 
d’abord  que  cel  cspacc  pent  inclure  lies  functions  discontinues.  I'integralc  du  mcinbrc  de  gauche  dc  (32)  csl 
alors  deTinie  au  sens  des  distributions  ct  pout  s’exprinicr  cn  ternie  de  saut: 


Lfii  www = w  i*  -  r  (36) 

od  est  une  fonction  de  base  de  P*  valant  1  stir  un  nocud  i  du  piofil,  ct  +  et  —  dcsignenl  les  valeurs  de 
quantiles  a  droite  et  a  gauche  de  ce  nocud  sur  le  prolil. 

Conformdment  a  ce  qui  est  d’liabitudc  clioisi  pour  ce  genre  dc  probleme  mixte  alin  d’assurer  l’unicite  de  la 
solution,  il  est  raisonnablc  dc  prendre  1’cspace  d’approxiniation  des  fonctions  f  dans  un  espace  de 
polynomes  de  degre'  inoindrc  que  cclui  des  fonctions  >!>.  L’espace  clioisi  est  done: 

Qh  =  {  f*  /  f*  |p(  constant  sur  P,  }  (37) 

oil  Pe  ddsigne  un  dement  sur  lc  prolil: 

rt  =ntn  Profit  (38) 

La.  formulation  discrete  du  probleme  varintioiniel  (29)s’oblienl.  en  remplacant  les  fonctions  continues 
par  leurs  approximations.  Des  tors.  In  resolution  dc  (30)  est  imme'dintr,  flic  correspond  a  I’integratioii  de  la 
vitesse  IP0  donne'e  et  perinct  d’obtcnir  les  valours  du  poleiiticl  aux  noends  si  tuc's  sur  lc  profit  par: 

/+1  =  /  +  lP;+“  A«,+v4  +  01  /***  AO1**  (39) 

oil  1’indice  i+'A  ddsigne  la  valeur  des  quantiles  correspondanlcs  entre  les  nocuds  «  et  i+1.  Conformdment 
aux  clioix  imposes  pour  I’existcnce  d’une  solution  dc  la  me'tliodc  inverse,  eelte  integration  est  effcctuec 
sdparc'incnt  sur  l’cxtrados  et  l’intrados  du  profit  a  paitir  du  point  d’arret  oil  lc  potenticl  peut  etre  choisi 
egal  a  0.  Ceci  permet  dc  calculer  la  difference  dc  potenticl  A<j>  au  bord  dc  fuite  entre  l’intrados  et 
l’cxtrados,  puis  la  valeur  du  pas  intcr-aube  et  des  conditions  a  I’aval:  en  clfet,  ccs  quantiles  doivent 
satisfairc: 

•  (’equation  de  circulation: 


A<j>  =  r2  (h—  e)  (  1P2  sin  o2  +  wr2  )  -  r,  li  (  .IP,  sin  <v,  +  wr,  ) 
•  /' equation  de  conservation  du  debit: 

p,  6 ,  r,  h  IP,  cos  a,  =  p2  bt  r2  (A-<)  1P2  cos  i>2 


(40) 

('»!) 


Pi  =  P,  [  1  + 
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IP,2 


IP2  —  1P2  —  w2(r2-r2)  I*/''-1* 


(«) 


Ces  trois  equations  sont  resolues  simultandincnt  de  mauicre  iterative  et  permetteiit  de  calculer  h,  p2  ct  1P2. 

Le  probleme  varialionncl  (3J)  conduit  a  la  formulation  faiblc  disci  etc  il’iin  probleme  dc  Dirichlct.  En 
prenant  successivcment  comme  fonctions  tests  toutes  les  fonctions  de  bases  dc  V  nillles  sur  le  profil,  on 
obtient  un  sysleine  d’cquations  iion-Miidaircs.de  In  forme: 


A  ( <J> ) .  <I>  =  I)  (d3) 

oil  <I>  denote  lc  vecteur  forme  des  valeurs  de  $  aux  noriids  du  mnillnge  el  oil  A  est.  une  matriee  qui  ddpend 
dc  <f>  du  fait  de  la  de'pciidance  de  p  en  tj>.  La  lion-linen! ild  de  ce  systemo  est  trnitde  par  un  algoritbme  mixte 
coinbinnnt  un  algoritliinc  de  point  lixe  dans  le.s  regions  sopeisoniqucs  1 1  un  nlgoritlune  de.  Newton  dans  les 
rdgions  subsoniques.  D’autre  part,  afiu  d’assurer  I’umeite  d’unc  solution  physique.  une  viscositc  artificielle 
est  in  trod  u  ile  dans  les  regions  supeisoniqucs  par  le  biais  dull  decent  ivinenl  dv-la-in.is.se  lolmnique  cfTcctuc 
conformement  aux  rtkullals  salisfaisants  obtenus  pom  les  prolik  isoles  []|,  ||  lonsiste  a  considerer  une 
combinnison  de  la  masse  voliimiqiie  dans  I’clcmenl  et  dans  IVIdmciil  ainont: 


Pi  =  Pi  ~  vi  (  Pi  “  Pi-,  )  (','0 

ou  t/,-  est  une  fonction  <lu  noinbre  <le  Mach  local: 

v.  =  max  (  0  .  I - — - -  )  ('•*») 

0.3  A +  0.7  A/,‘ 
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Les  systeincs  lineaires  oblcnus  a  In  suite  dc  cctte  linearisation  soul  rcsolus  par  mi  algorithms  de  gradient 
conjugud  avec  prcconditionncinciit  incomplct  de  Cliolcski  (i ). 

Finalement,  la  resolution  de  (32)  peut  ctre  effectude  cn  considdrant  les  fonclions  de  la  base  de  V 
Agates  a  1  au  nocud  •  du  profil  et  0  a  tous  Its  autres.  Le  displacement  £  n’dtant  pas  ne'cessairemcnt  continu, 
les  inte'grales  daiis  (32)  sont  prises  au  sens  des  distributions  et  conduisent  au  saut  de  la  quantite'  pbW^. 

fiiWjtf-fibWjir-flW,  |(  (46) 


od  la  quantity  au  second  membre  represente  lefiux  de  masse  a  travers  le  noeud  i  qui  cst  calcule  par: 


PWJ,- =  /„/'*  I 


dij>  Wi  d<j>  Wi  , 

— - +  t-Z.  _  wr)  —  r  im  io 

dm  dm  rdO  rdO 


(41) 


Le  displacement  normal  f  de  cliaque  facctte  cst  done  integre'  a  partir  du  point  d’arret  vers  le  bord  de  fuite. 
Une  moyenne  en  cliaque  nocud  cst  ensuite  clfcctue'c  pour  obtenir  le  nouveau  profil.  D’autrc  part,  afin 
d’dviter  des  oscillations  et  d’accclercr  la  convergence  des  profils,  un  coefficient  de  sous-relaxation  (5  =  0.5)  a 
dtd  introduit  dans  l’dquation  dc  modification,  ainsi  (46)  est  rcinplace'c  par: 

pbW0i  \  +  -  pt,W0t\r  =  6  pWn  If  (48) 


RESULTATS  NUMERIQUES 

Dans  cette  partie  nous  montrons  et  commentons  les  rcsultats  que  la  mc'thode  a  pennis  d’obtenir.  Its 
concernent  les  premiers  essais  qui  ont  dtd  faits  afin  de  verifier  la  possibility  qu’a  la  methode  de  retrouver  des 
profils  connus  a  partir  d’initialisations  arbitrages  dans  le.cas  purement  bidimcnsionnel  (w=0,r=fc=l),  nous 
comparons  ensuite  les  rcsultats  obtenus  en  utilisant  les  deux  types  dc  maillage.  Un  excinple  quasi- 
tridiinensionncl  a  caractcre  plus  industriel  est  enfin  presente. 

Grille  Hobson 

Afin  dc  tester  la  mc'tliodc  inverse,  il  cst  tout  d’abord  apparu  intcrcssuul  de  vc'rificr  si  cclle-ci  ctait 
capable  de  retrouver  un  profil  connu  a  partir  d'iuitialisations  relativcmcnt  dloignces  de  la  solution.  Le 
profil  choisi  est  le  profil  Hobson  (fig.Ga)  (3),  donl  la  distribution  dc  vitesse  exactc  est  moutre'e  sur  I, a  figure 
5b.  Les  grandeurs  caractdrisliqucs  sont  les  suivantes: 

M,  =  0.575 
a,  =  +0.805  rad 
ct2  =  —0.805  rad 
h  =  0.5259 

DifFdrcnlcs  initialisations  dc  plus  cn  plus  lointaines  du  profil  Hobson  recherche  ont  dtd  essayecs,  en 
particular: 

•  une  initialisation  syme'lrique  constitudc  d’un  autre  profil  de  type  Hobson  plus  c'pais  (fig.Oa), 

•  une  initialisation  non-syme'trique  et  ferme'e  constitute  du  piofil  recherche'  ayant  subi  une  rotation  dc  5 
degrds  (fig.Ob), 

•  un  profil  ouvert  conslitud  de  I’  cxlrados  du  profil  recherche  ayant  subi  une  rotation  dc  5  dcgies,  cl  d’un 
intrados  tel  que  y  —  0  :  cc  profil  cst  ouvert  au  bord  dc  fuite  (fig.fic). 

Pour  ces  trois  initialisations,  le  profit  a  etc  rclrouve  rcspcctivcim-nt  apres  5,  8  et  12  modifications.  Pour  10 
modifications  d’un  profil  defini  par  121  points  dans  un  maillage  de  1930  nocuds,  le  temps  epu  nccessaire  est 
de  8  s.  sur  CRAY  XMP-18. 

Nous  avons  aussi  essayddc  rclacher  la  contraintc  Am  =  0  au  bord  dc  fuite.  Conformemcnl  a  I ’etude 
the'orique  qui  prcvoit  la  noii-unicilc  du  profil,  plusicurs  piolils  peuvcnl  etre  (routes  scion  I 'initialisation. 
Nous  montrons  sur  la  figure  7a  les  modifications  sticccssivcs  du  profil  a  partir  de  la-lroisiciuc  initialisation 
prdcddeimnenl  dccritc.  Le  maillage  autour  d)i  profil  converge  ainsi  que  les  fignes  iso-noinbre  de  Mach  sont 
aussi  nion tides  (fig.7b  et  c):  la  distribution  paiictalc  obtenue  est.  bien  eelle  impose'e. 

Ddtermination  d’un  Profil  dc  Redrcsseur 

Pour  cet  cxcmple,  la  distribution  dc  vitesse  represented  snr  la  figure  8  a  eld  rouinie.  Les  deux  versions 
(H  et  O)  du  code  out  ctd  tcsle'es  avec  les  initialisations  suivantes: 

•  rviaiiiage  en  ii:  profit'  d'e'paifscur  iiiliie  d’equation  y  =  0, 
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•  Maillage  en  O:  piolil  NACAI2  ayanl  subi-iinc  iota!  ion  dc  5  dcgire. 

Les  figures  Ha  el-  1>  montrcnl.  Its  modifications  siicccssivcs  des  profits  a  pailir  ile  I 'initialisation.  Les 
maillages  aulour  dcs  piolils  converges  sont  ccux  ayanl.  servi  d’illust ration  pic'ccdcmment  (fig.-la  et  I;). 

Lcs  formes  dcs  profils  ohlcmis  sold,  voisines  (fig. JO);  ccpcmlanl  1c  prolil  olilcnii  avuc  la  version  qii  II 
(fig.lOa)  reste  point n  alors-quc  le  prolil  ohtenu  avec  le  mniliage  cn  C  (fig.lOli)  csl.  arrondi.  Les  resuitats 
d’un  calcul  direct-  aulour  de  c cs  profits  inon treat  le  liicilleur  respect  de  la  distribution  de  la  vitesse  impose'e 
par  le  prolil  oblcmi  par  le  code  avec  inaillagc  cn  0.  Le  pas  iclntif  (rapporlc  a  la  corde  du  prolil)  est 
dgalemenl  calculi!  par  Ic  code;  les  valours  obtenucs  sont  voisines;  0.0908  pour  le  code  avec  inaillagc  cn  C  et 
0.0787  pour  le  code  avec  inaillagc  cn  II.  La  valeur  plus  polite  calculcc  avec  le  code  avec  inaillagc  cn  II 
s’explitjue  par  le  Lord  d’ntlaquc  pointu  du  prolil  cjui  allonge  le  prolil  et  done  diiiliiiue  la  valeur  de  h . 

Re'sultat  d’un  calcul  inverse  qiiasi-tridizncnsionncl 

Le  problcnie  consiste  a  retiouver  tin  piolil  a  partir  des  lesiillats  obteiris  par  tin  calcul  direct  par  une 
metliode  de  differences  fillies.  Les  doniie'cs  sont  les  siiivantcs: 

e  donnee  de  la  nappe  sons  la  forme  d’line  serie  de  points  (?.,  r(,  i,)  rcpoiles  Mir  la  figure  I  la, 

•  donnee  d’lmc  dislrilmlion  du  nomine  de  Marli  on  foncf ion  de  Pabscissc  leduilesur  i’exlrados  et  I’inliados 
(figure  lib), 

•  vitesse  de  rotation  de  la  roue:  w  =  —9551  tours /minute , 

•  conditions  general  rices:  A/,  =  0.091,  ot  =  35.4-1  * ,  «2  =  —1 1.88' , 

•  tempe'rature  lotalc  cn  repero  fixe:  T0  =  288*  K. 

Lcs  rdsullals  oblenus  sur  cc  cas  test  sont  inontres  sur  la  figure  12,  Its  monlrcnt  lcs  modifications 
successives  a  partir  d’-un  piofil  initial  (NACA12  ayanl  snbi  une  rotation  de  20  degres)  vers  tin  profil  a  bord 
d’attaque  arrondi.  Cc  calcul  pcrnicl  d’autre  part  de  calculer  Ic  pas;  on  oblient  li  =  0.1807  ce  qui 
correspond  a  33  aubes. 
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Summary 

A  truly  three-dimensional  inverse  method  is  described  and  applied  to  the  design  of  the  rotor 
of  a  radial  inflow  turbine  with  a  specific  speed  equal  to  0.6.  The  described  indirect  method  uses  a 
mean  swirl  (i.  c.  radius  times  mean  tangential  velocity)  specification  and  applies  to  inviscia  and 
incompressible  fluid.  In  addition,  it  is  assumed  that  the  inlet  flow  is  uniform  and  that  the  blades  are 
infinitely  thin.  The  action  of  the  blades  is  modelled  by  surface  vorticity,  using  the  Clcbsch  formulation 
for  the  calculation  of  the  velocity  field.  The  blade  shape  is  evaluated  by  requiring  it  to  be  aligned 
with  the  local  velocity  vectors  throughout  its  entire  length.  Since  the  vorticity  depends  on  the  blade 
shape,  the  problem  must  be  solved  iteratively.  As  the  mean  swirl  specification  is  not  a  familiar  input 
design,  its  physical  significance  is  discussed  and  some  advice  is  given  on  the  best  way  of  choosing  it. 
Finally,  the  results  of  some  experimental  tests  arc  briefly  discussed.  In  these  tests  the  performance  of 
a  rotor  designed  using  the  present  indirect  methoc  was  compared  with  that  achieved  by  an  impeller 
designed  using  conventional  techniques.  It  is  shown  that  the  rotor  designed  using  the  inverse  method 
is  more  efficient  than  the  conventional  impeller. 


Notation 

D  number  of  blades 

Cp  pressure  coefficient  (see  (33)) 

D  rotor  lip  diameter 

/  angular  coordinate  of  blade  surface  (wrap 
angle)  in  radians 
k  integer 

m  along  a  streamline 

n  normal  to  a  boundary 

N  number  of  harmonics  used 

N,  specific  speed  (non-dimensional  -  see  (31)) 
P  static  pressure 

p„  stagnation  pressure 

Q  volume  flow 

r  radius 

rV,  mean  swirl  (radius  times  mean  tangential 
velocity) 

S  saw-tooth  function 

U  blade  speed 

Hit  periodic  absolute  velocity  at  the  blade  (sec 
(28)) 

V  absolute  velocity 

V,  mean  tangential  velocity 

\V  relative  velocity 

z  axial  coordinate 

a  auxiliary  coordinate  (see  (d)) 

T  circulation 

Sr  periodic  della  function 

n  coordinate  in  the  transformed  domain 


0 

6 

p 

Ok 

* 

w 

a 

Subscripts 

bl 

downstream 

k 

o 

r 

ref 

lip 

upstream 

z 

0 

l 

3 


angular  coordinate 

coordinate  in  the  transformed  domain 
density 

Lanezos’smoothing  factors 
potential 
strcamfunction 
rotational  speed 
vorticity 


referring  to  blade 

referring  to  the  downstream  boundary 

kth  harmonic 

mean  value- 

in  the  radial  direction 

reference  value 

tip  of  impeller 

referring  to  the  upstream  boundary 
in  the  axial  direction 
in  the  tangential  direction 
turbine  inlet 
turbine  exit 


Superscripts 

c  cosine  harmonic 
s  sine  harmonic 
+  suction  surface 
-  pressure  surface 


1.  Introduction  and  Literature  Survey. 

When  designing  a  radial  inflow  turbine  for  a  particular  application,  the  first  step  to  be  taken 
is  the  choice  of  overall  dimensions  and  parameters  suitable  for  the  case  in  study.  This  preliminary 
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design  is  done  using  one-dimensional  calculations  based  on  simple  models  and  past  experience, 
correlated  in  terms  of  non-dimensional  similarity  parameters. 

A  classical  example  of  this  sort  of  approach  is  provided  by  Rohlik  [1).  In  this  work  optimum 
design  parameters,  such  as  ratio  of  overall  dimensions,  angles  and  blade-jet  speed  ratio,  were 

calculated  using  a  simple  one-dimensional  model.  The  unidimcnsional  loss  model  used  took  into 
account  the  stator  and  rotor  boundary  layers,  rotor  blade  tip  clearance,  disc  windage  and  kinetic 

energy  loss  at  exit.  The  optimum  design  parameters  were  determined  so  as  to  maximize  the  overall 
efficiency  and  were  correlated  as  functions  of  the  specific  speed.  The  theoretical  results  thus  obtained 
arc  in  agreement  with  the  experimental  results  described  in  Kofskey  and  Wasserbauer  [2]  and 
Kofskey  and  Nusbaum  (3). 

The  information  presented  in  reports  like  these  ones  permits  the  choice  of  the  overall 
dimensions  and  rotational  speed  of  the  turbine,  given  the  desired  nominal  conditions  (mass  flow  and 
power).  However,  at  the  end  of  this  preliminary  design,  the  blade  geometry  is  not  defined  in  great 
detail,  this  detailed  definition  of  the  turbine  geometry  being  the  object  of  the  next  stage  in  the  design 
process.  A  study  of  the  published  literature  and  of  the  present  statc-of-art  shows  that  usually  the 
detailed  definition  of  the  turbine  geometry  is  done  by  using  iteratively  direct  or  analysis  codes.  This 
process  consists  in  guessing  a  blade  geometry,  and-  then  analysing  the  flow  field  produced  by  it  using 
direct  codes.  If  adequate  flow  field  conditions  are  not  achieved,  than  a  new  blade  geometry  is 
guessed  and  the  whole  process  is  repeated,  until  the  desired  results  are  obtained,  eventually. 

The  task  of  guessing  a  blade  geometry  has  been  done  in  a  great  variety  of  ways.  For 

example,  it  is  common  to  use  straight  lines  and  circular  arcs,  or  in  general  conic  sections  (such  as 
ellipse  arcs),  both  in  the  definition  of  the  meridional  geometry  and  of  the  camber  surface  (sec  Moore 
(4)).  Another  different  form  of  doing  this  is  presented  in  Vines  ct  al.  [5]  who  used  Lame  ovals  for  the 
definition  of  the  geometry  of  mixed  flow  turbines. 

Techniques  used  for  the  definition  of  the  rotor  geometry  of  centrifugal  compressors  can  also 

be  used  for  the  case  of  radial  inflow  turbines,  since  the  problems  to  be  solved  are  quite  similar.  So, 

three-dimensional  analytic  surfaces  defined  with  the  help  of  the  interpolation  formulae  of  Coons  could 
be  used  for  this  purpose,  as  was  done  by  Smith  and  MciTywcathcr  [6)  and  Came  (7),  or  alternatively, 
Bcrnstcin-Bdzier  surfaces  could  be  used,  an  example  being  the  work  of  Casey  (8]. 

A  slightly  different  way  of  generating  the  blade  geometry  is  that  applied  by  Smith  et  al.  [9] 

to  the  design  of  two  radial  inflow  turbines  and  described  in  more  detail  in  Platt  [10].  In  this  instance, 

the  blade  is  generated  by  a  scries  of  straight-line  generatrices  which  arc  defined  cither  by  joining  the 
cambcrlines  specified  along  the  shtoud  and  hub  or  by  giving  the  three-dimensional  orientation  of  the 
generatrices  and  the  camberline  on  the  shroud.  These  cambcrlines  arc  determined  using  a  specified 
blade  camber  angle  distribution  or  estimated  by  imposing  a  desired  aerodynamic  loading. 

Once  the  meridional  and  blade  geometry  are  defined  in  detail  using  any  one  of  the  above 
methods,  an  analysis  or  direct  code  is  run  to  check  if  the  flow  field  conforms  with  the  conditions  the 
designer  wishes  to  obtain.  There  arc  a  great  number  of  analysis  programs  that  can  be  used  for  this 
task,  cither  hub-io-shroud,  quasi-thrcc-dimcnsional  or  completely  three-dimensional.  In  fact,  most  of 
the  papers  mentioned  above  also  describe  analysis  codes  directly  connected  to  the  geometry 
generating  programs.  Other  possible  alternatives  include  the  throughflow  program  published  by 
Katsanis  and  McNally  [11],  which  is  based  on  a  finite-difference  stream  function  solution,  the  quasi- 
thrcc-dimcnsional  method  presented  in  Katsanis  [12]  which  uses  the  streamline  curvature  technique 
both  in  the  hub-to-shroud  and  blade-to-biade  planes  or  the  three-dimensional  tiine-marching  method 
described  in  Denton  [13],  but  this  list  is  by  no  means  exhaustive. 

This  method  of  designing  radial  inflow  turbines  through  the  iterative  use  of  analysis 
programs,  which  is  typical  of  the  present  state-of-the-art,  is  recognized  to  be  an  inefficient  process 
which  may  lead  to  a  geometry  far  from  the  optimal  configuration.  Ideally,  the  blade  geometry  should 
be  defined  using  inverse  codes,  by  which  it  is  meant  programs  that  automatically  calculate  the  blade 
shape  required  for  obtaining  certain  flow  field  conditions  specified  as  input  to  the  process. 
Nevertheless,  as  far  as  the  author  is  aware,  this  is  seldom  the  case  when  designing  this  sort  of 
machines.  In  part,  this  state  of  affairs  is  due  to  the  fact  that  the  flow  inside  the  rotor  of  a  radial 
inflow  turbine  is  highly  three-dimensional.  Therefore,  for  an  inverse  method  to  stand  a  chance  of 
being  successful,  it  must  take  into  account  three-dimensional  effects.  However,  there  are  only  a 
handful  of  published  indirect  methods  that  are  truly  three-dimensional,  the  overwhelming  majority  of 
indirect  methods  being  two-dimensional  (mostly  blade -to-blade  and  a  few  hub-to-shroud).  Instances 
of  three-dimensional  inverse  methods  can  be  found  in  the  work  of  Falciio  [14]  who  used  the  concept  of 
lifting  surface  and  in  Tan  et  al.  [15]  who  developed  a  method  using  as  input  specification,  a 


distribution  of  mean  swirl  (radius  times  mean  tangential  absolute  velocity,  rV0  )  and  determine  the 
velocity  by  usin^  thc  Cicbsch  fcrmuloticn.  Another  cxomplo  is  provided  by  Zhsc  et  el.  [16],  whc^usc  « 
Taylor  series  expansion  in  the  circumferential  direction  and  uses  as  design  specification  an  imposition 
of  the  value  of  rVg  (radius  times  tangential  velocity)  at  the  mean  stream  surface.  Nevertheless,  none 
of  these  three-dimensional  inverse  methods  have  been  applied  to  radial  inflow  turbines,  the  examples 
of  application  piesentcd  in  these  reports  being  either  linear  cascades  or  axial  turbomachincs. 


13-3 


In  the  present  report,  the  application  of  a  truly  three-dimensional  inverse  method  to  the 
rotor  design  of  a  radial  inflow  turbine  is  described.  The  design  technique  used  is  an  extension  of  the 
method  proposed  in  [15],  to  radial  turbomachinery.  This  extension  entails  the  use  of  more  general 
boundary  conditions  in  the  partial  differential  equations  ([15]  only  considered  mean  swirl 
distributions  which  were  functions  of  axial  distance  z,  a  fact  that  leads  to  considerable  simplification 
in  the  boundary  conditions),  and  a  different  form  of  solution  of  the  resultant  partial  differential 
equations  -  instead  of  using  spectral  methods  as  was  done  in  [15],  the  partial  differential  equations 
arc  solved  using  finite  difference  techniques.  Due  to  these  modifications  the  present  method  is  able  to 
cope  with  the  more  general  geometries  typical  of  radial  inflow  turbines  (and  in  general,  radial 
turbomachinery)  and  is  not  restricted  to  simple  annular  ducts  with  constant  hub  and  tip  radius  which 
were  the  only  cases  considered  in  [15].  However  and  similarly  to  what  is  done  in  [15]  it  is  assumed 
that  the  blades  are  infinitely  thin  and  that  the  fluid  is  inviscid  and  incompressible.  In  addition,  only 
blade  rows  that  accept  an  uniform  inlet  flow  and  do  constani  work  along  the  span  arc  considered. 


2.  Description  of  the  Design  Method. 

The  inverse  method  to  bo  presented  uses  as  design  specification  a  mean  swirl  (  r  Vg  ) 
distribution  instead  of  imposing,  for  example,  the  velocity  distribution  on  both  blade  surfaces. 
Although  it  may  seem  a  rather  odd  specification  at  first  sight,  it  is  ideally  suited  to  a  three- 
dimensional  situation  because  it  can  be  specified  without  unduly  inflexible  restrictions.  In  fact,  it  is 
not  necessary  to  impose  restrictions  on  this  sort  of  input,  like  those  that  arc  needed  if  the  velocity 
along  the  whole  blade  surface  was  to  be  imposed,  restrictions  that  are  difficult  to  satisfy  (they  involve 
the  calculations  of  integrals).  In.  conjunction  with  this  point,  note  that  in  a  three-dimensional  situation 
these  restrictions  would  be  even  more  complicated  and  severe  than  the  corresponding  conditions  for  a 
two-dimensional  case,  since  the  velocity  level  in  the  shroud  stream  surface  depends  on  the  velocity 
level  on  the  hub  stream  surface  and_the  curvature  of  the  machine  in  the  meridional  plane. 

In  addition,  the  quantity  rVg  plays  an  important  physical  role,  since  it  is  the  mean  angular 
momentum  per  unit  mass  and  so  is  related  to  the  way  work  is  imparted  to  the  fluid  as  it  moves 
through  the  machine.  As  the  mean  angular  momentum  can  only  be  changed  by  a  tangential  force,  the 
way  it  varies  along  a  streamline  gives  us  an  idea  of  the  variation  of  this  tangential  force,  or  in  other 
words,  gives  an  idea  of  the  blade  pressure  loading. 

Another  physical  interpretation  for  the  quantity  rVg  consists  in  saying  that  it  is  directly 
proportional  to  the  circulation  F,  a  relation  that  can  be  easily  justified  making  use  of  the  definitions  of 

T  and  rVg  .  In  fact,  the  circulation  at  a  given  point  can  be  calculated,  as  usual  by  the  integral: 

r  =  r[UV,dO  (1) 

Jo 

where  6  is  the  angular  coordinate,  r  is  the  radius  (here  and  in  the  following,  a  right-handed  cylindrical 
polar  coordinate  system  defined  by  (r,0,z)  will  be  used)  and  Vg  is  the  local  value  of  the  absolute 
tangential  velocity.  On  the  other  hand,  the  definition  of  mean  absolute  tangential  velocity  is  given 
similarly  to  the  definition  of  mean  of  any  other  quantity,  by: 

V t  =  £  [’*  V,J0  (2) 

2a  Jo 

where  Vg  is  the  mean  value  and  Vg  the  local  value  of  the  absolute  tangential  velocity  (mean  values 
will  be  denoted  with  an  overbar  in  this  report)  and  B  is  the  number  of  blades  of  the  cascade  being 

designed.  Comparing  Eqs.(l)  and  (2)  it  is  seen  that  the  relation  between  the  circulation  T  and  r  Vg  is 
quite  simply: 

T  =  2  itrV,  (3) 


The  interpretation  of  rVg  as  being  linked  to  the  circulation  1'  is  useful  when  considering  what 
happens  downstream  of  a  blade  row.  If  the  circulation  F  is  not  constant  at  the  trailing  edge  than  there 

win  uv  iivwvaoamjr  y  luuuug  rviuvvi  loouing  uimi  mv  nailing  vwgv  v»  »»»■*  *»wv 

will  have  some  kinetic  energy  associated  with  them,  so  that  the  exit  flow  will  possess  a  kinetic  energy 
greater  than  the  minimum  possible.  Therefore,  if  one  wants  to  minimize  the  exit  kinetic  energy  loss, 
in  order  to  obtain  as  good  a  total-to-static  efficiency  as  possible,  it  is  essential  to  reduce  these  trailing 
vortices  to  a  minimum  (or  to  zero  if  that  is  feasible).  Perhaps  this  argument  is  best  understood  if  a 
parallel  with  external  aerodynamics  is  made.  In  fact,  it  is  a  well  known  fact  that  for  a  finite  wing  the 
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circulation  can  not  he  constant  along  the  span,  and  that  fact  is  linked  with  the  existence  of  a  surface  of 
vortices  issuing  from  the  wing  trailing  edge.  It  is  also  known  that  there  is  a  distribution  (more 

precisely,  an  elliptic  distribution  of  circulation)  that  minimizes  the  kinetic  energy  associated  with  the 
trailing  surface  of  vortices  leading  to  the  best  design  for  the  wing.  Returning  to  the  internal 

aerodynamics  case,  the  circulation  distribution .  that  minimizes  the  exit  kinetic  energy  loss,  is  a 
constant  circulation  along  the  trailing  edge,  for  which  case,  there  are  no  additional  trailing  vortices 
being  introduced  in  the  flow.  In  other  words,  if  the  total-to-statie  efficiency  of  a  blade  row  is  to  be 

maximized  than  that  blade  row  should  be  designed  so  that  r  at  the  trailing  edge  is  constant, 

implying  constant  work  along  the  span  if  the  inlet  flow  is  uniform.  For  these  conditions  (irrotational 
inlet  flow  of  an  inviscid  fluid  and  constant  circulation),  there  is  no  trailing  vorticity  issuing  from  the 
blades  and  so  the  flow  must  remain  everywhere  irrotational  according  to  Kelvin's  theorem.  So,  if 
there  is  any  vorticity  at  all,  it  must  be  bound  to  the  blade  surfaces,  and  indeed,  the  action  of  the 
blades  (supposed  to  have  zero  thickness)  is  modelled  by  sheets  of  vorticity  whose  strength  can  be 
known. 

Before  going  on  discussing  the  value  of  vorticity,  it  is  convenient  to  have  a  simple  way  of 
defining  the  blade  geometry.  In  the  present  work  this  is  done  introducing  an  auxiliary  coordinate  a 
defined  by: 


«■»-/(  r,»)  (4) 

where  f(r,  z)  is  the  angular  coordinate  of  a  point  on  the  blade  surface  (J  will  be  called  wrap  angle  in 
the  following).  This  variable  a  can  be  interpreted  as  a  sort  of  helical  angular  coordinate,  that  takes  a 
constant  value  along  each  blade.  More  precisely,  the  blade  surfaces  are  obtained  when: 

^  =  ,  k  =  .,.,-1,0, 1,2,...  (5) 

Now  that  the  blades  are  easily  defined  in  terms  of  a,  let  us  return  to  the  discussion  of  the 
value  of  vorticity.  Since  the  velocity  field  is  soienoidal  (i.e.,  V.Q  =  0),  it  can  be  written  as  the  cross 
product  of  two  gradients  of  scalar  functions.  It  is  convenient  to  choose  one  of  the  factors  of  this  cross 
product  as  V  a  because  it  is  already  known  that  the  vorticity  is  lying  on  the  blade  surfaces  and  so  it 
must  be  normal  to  the  vector  V  a  (recall  that  V  a  is  perpendicular  to  surfaces  a  =  const,  and  that  the 
cross  product  is  p  .pcndicular  to  any  of  its  factors).  If  this  choice  is  made,  it  turns  out  that  the  other 

factor  is  VrVg  as  is  shown  in  more  detail  in  Borges  [17).  Therefore,  the  final  form  for  the  vorticity 
vector  is: 


a=[VrR,  xVa]  f,(a)  (6) 

where  8p(a)  is  the  periodic  delta  function  and  gives  the  dependence  of  the  vorticity  vector  on  the 
angular  coordinate  -  the  vorticity  is  zero  throughout,  except  at  the  blades  where  it  takes  the  infinite 
value  responsible  for  the  velocity  jump  occurring  there.  The  Fourier  expansion  of  the  periodic  delta 
function  is: 


^(o)  =  1  +  53  2cos  (kBa)  (7) 

i=i 

The  knowledge  of  all  the  vorticity  existing  in  the  flow  field  enables  us  to  evaluate  the 
complete  velocity  field,  a  task  done  in  our  case,  using  the  Clebsch  formulation.  After  the  velocity  is 
determined,  the  blade  shape  is  calculated  requiring  it  to  be  parallel  to  the  local  velocity  vector, 
throughout  its  length.  Since  the  vorticity  depends  on  the  blade  shape  through  the  variable  a,  the 
problem  must  be  solved  iteratiyely.  This  is,  in  brief,  the  basic  idea  of  the  method  being  described, 
and  which  will  be  explained  in  more  detail  in  the  following  two  subsections. 


2.1  Velocity  Field 

As  already  discussed,  the  velocity  field  will  be  calculated  from  the  knowledge  of  the 
vorticity,  using  the  Clebsch  formulation.  In  this  formulation,  the  velocity  is  written  in  such  a  way  that 
its  curl  gives  identically  the  vorticity  existing  in  the  flow-field.  The  adopted  expression  must  depend 
on  an  unknown  scalar  function  which  is  then  evaluated  by  satisfying  the  continuity  equation.  Putting 
this  idea  into  practice,  the  velocity  will  be  written  as: 

V  =  Vi(r,0,z)  +  rV,Va-S(a)VrV,  (8a) 


inside  the  blade  passage  and  as: 
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!£=  V«t>(r,0,*)  (8b) 

oulsidc  it.  In  these  equations,  <3>  is  a  potential,  so  that  Vd>  accounts  for  the  irrotational  part  of  the 
velocity  (its  curl  is  zero),  while  the  other  two  terms  arc  rotational.  The  function  S(a)  is  to  be 
determined  in  such  a  way  that  the  curl  of  Eq.(8)  is  equal  to  the  expression  giving  the  vorticity  and 
presented  in  Eq.(6).  So,  taking  the  curl  of  (8),  we  arrive  at: 


n  =  [V  x  V|  =  |S'(a)  +  1|  VrP,  x  Va 


(9) 


which,  when  compared  with  Eq,(6),  shows  that  S(a)  must  be  a  function  defined  by: 


S'(a)  =  6„(a)  -  1 


(10) 


This  shows  that  S(a)  is  the  integral  of  (5p(a)-l),  or,  in  other  words,  it  is  the  periodic  sawtooth  function 
with  zero  mean  value.  Its  Fourier  expansion  is: 


s(“)  =  p  JgSin(;.'«a) 


_  yS.  2 cos(kBf) 
jui  kb 


sin(kB0) 


■E 

tii 


2sin(kBf) 

kb 


cos(kB0) 


(H) 


Now  that  the  unknown  function  S(a)  has  been  determined  using  one  of  the  conditions  that 
Eq.(8)  must  satisfy,  namely  the  value  of  vorticity,  it  is  necessary  now  to  evaluate  the  unknown  scalar 
function  <t>(r,$,z).  This  unknown  will  be  calculated  forcing  the  velocity  field  defined  by  Eq.(8)  to 
satisfy  the  continuity  equation.  For  incompressible  flow,  the  continuity  equation  takes  the  form: 


V-Y  =  0 


(12) 


Substituting  here  the  value  of  the  velocity  V.  given  by  Eq.(8),  the  following  equation  is 
obtained: 


V1#  =  -rF,VJa  4  (S'(«)  +  l|V«  •  VrV,  +  S(a)VvF, 
inside  the  blade  region  and: 


(13a) 


(13  b) 


outside  it. 

For  the  solution  of  this  equation  in  d>,  and  since  the  flow  variables  arc  periodic  in  the 
tangential  direction,  both  <I>  and  the  remaining  terms  appearing  in  Eq.(13)  are  going  to  be  expanded  in 
a  Fourier  series  in  the  tangential  direction.  For  example,  <t>  will  be  written  as: 

<*>  00 

$  =  4><,(r,z)  +  £$J(r,«)cos(*Z?0)  +  £<f{(r,z)  sin(kBO)  (14) 

i 

Then,  by  equating  the  values  of  all  the  harmonics  a  second-order  differential  equation  is  obtained  for 
each  of  the  harmonics  of  d>.  For  example,  the  mean  value  of  <J>,  4>0(r,z),  is  calculated  by  solving  the 
following  Poisson  equation: 


3*4. 


OH, 


+  i^  +  - 

dr7  r  dr  dz1 


lr\rW,¥\ +  t  \rV>¥ 

r  or  dr  dz  dz 


inside  the  blade  passage  and 

3J40  t34«  gF$„ 

dr 7  +  7  dr  *  dz*  “  ° 

upstream  and  downstream  of  the  blade  row. 

For  the  kth  cosine  harmonic  of  <I>,  represented  by  <I>£(r,z),  the  equation  to  solve  is: 


(15a) 


(15b) 


0H\  1  dirl  d^l  k7D7 

Or*  +  7  dr  +  dz7  r7  *k 


\vbV,\  +  [v«  ■  VrF,]  2  CO s[kPf) 


(16a) 


in  the  bladcd  region  and 

d7<P\  d‘Yk 

dr*  r  dr  dz 5 


(16b) 


outside  the  bladcd  region. 


Similarly,  the  kth  sine  harmonic  of  <I>,  represented  by  O  £(r,z),  satisfies  the 


following  equation: 


d’fcj  lMJ  IFfl1,,  t-2  j7 1 2cos(A-B/)  t_  _  7»i  .  ,.nn 

3^  +  717  +  HT-  ~ ”  lV  rF»l  — tp  *  i?Q ‘ ?r/,l 2sm(fcB/)  07a) 

inside  the  blade  passage  and 

2? +i^t2fi-E2Ui.o  (>7b) 

3rJ  r  3r  3i’  r! 

outside  the  blade  passage.  Equations  (16)  and  (17)  arc  partial  differential  equations  of  the  Helmholtz 
type. 

The  determination  of  <1>  requires  the  solution,  in  the  meridional  section  of  the  turbomachine, 
of  Eq.(15)  and  one  pair  of  Eqs,(16),  (17)  for  each  harmonic  considered  in  the  Fourier  expansion.  This 
can  be  done  provide  appropriate  boundary  conditions  are  imposed  at  the  endwalls  and  at  the  far- 
upstream  and  far-downstream  boundaries. 

The  boundary  condition  to  be  imposed  at  the  endwalls  (hub  and  shroud)  states  that  there  is 
no  flow  through  these  solid  surfaces,  a  fact  that  can  be  expressed  mathematically  as: 

V.-u  =  0  (18) 

where  jl  is  the  normal  vector  to  the  endwalls.  Using  the  expression  (8)  for  the  velocity,  and 
considering  the  expansion  of  <b  in  a  Fourier  scries,  it  is  seen  that  d>0,  and  <1>  £  must  satisfy  the 

following  boundary  conditions  at  the  endwalls,  respectively: 

°-t-rV'°£  (i9a> 

_  2sin (kLJ)drV,  (,9b) 

dn  kB  dn 

3<t>;  2co s{kBf)drV,  (19C) 

dn  ~  kB  dn 
inside  the  blade  region  and: 

-  21*  _  o  (20) 

dn  dn  dn 

outside  the  blade  region.  The  partial  derivatives  appearing  in  these  boundary  conditions  are  taken  in 
the  direction  normal  to  the  endwalls. 

At  the  far-upstream  the  flow  is  uniform  according  to  an  assumption  already  made.  At  the 
far-downstream  boundary  a  similar  condition  applies  since  the  flow  is  irrotational  and  there  is  no 
trailing  vorticity  being  introduced  in  the  flow.  This  implies  that  the  boundary  condition  for  the  mean 
value  of  the  potential,  <&0,  is  : 

V'l’o  =  31up*lrc«ir.  =  Const.  (21  a) 

at  the  upstream  boundary  and  at  the  downstream  boundary  is: 

^$0  =  ^downstream  “  Const.  (21b) 

where  Slipstream  and  Xdownstrcam  are  tcspectivcly  the  uniform  velocity  at  the  far-upstream 
boundary  and  at  the  far-downstream  boundary.  As  they  are  supposed  to  be  constant  values,  they  can 
be  evaluated  from  the  specified  flow-rate  and  the  passage  area  of  the  corresponding  boundaries. 

For  the  remaining  harmonics  of  d>,  the  boundary  conditions  to  be  imposed  arc: 


=  0  (22b) 

taking  the  same  form  both  at  the  far-upstream  and  far-downstream  boundaries.  This  condition  can 
be  justified  bearing  in  mind  that,  since  the  flow  is  uniform  at  the  far-upstream  and  far-downstream 
boundaries,  the  higher  order  harmonics  must  contribute  a  zero  value  to  the  velocity  (the  periodic 
velocity  must  be  zero).  This  can  only  be  the  case  for  the  n  component  of  the  velocity,  if  conditions 
(22)  are  satisfied,  according  to  Eqs.(8)  and  (14). 

The  mean  flow  field  can  bo  calculated  using  a  partial  differential  equation  different  from 
Eq.(15).  This  other  way  of  solving  the  mean  flow  field  uses  the  streamfunction  concept,  T,  and  it  can 
be  shown  (see  [17])  that  the  equation  to  be  solved  in  this  case  is: 
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1W  dt'S/  fd/drVt  df  drV ,  ]  (23) 

dr1  r  dr  dz2  T  [  dz  dr  dr  dz  J 

inside  the  blade  passage  and  outside  it,  the  right-hand  side  of  (23)  is  equal  to  zero.  These  two 
approaches  are  equivalent  since  they  satisfy  the  same  conditions,  namely  the  continuity  equation  for 
incompressible  flow  and  the  condition  stating  that  the  curl  of  the  mean  velocity  is  equal  to  the  mean 
value  of  the  vorticity  (mean  value  of  expression  (6)  -  see  [1-7]).  However  this  last  equation  based  on 
the  streainfunction  has  boundary  conditions  more  easily  imposed  -  for  example,  at  the  endwalls,  the 
boundary  conditions  are  of  the  Dirichlct  type,  since  at  the  endwalls  the  streamfunction  is  a  constant. 
For  this  reason,  in  the  Fortran  program  written  to  implement  the  present  inverse  method,  the  mean 
flow  was  calculated  using  Eq.(23). 

There  is  one  last  condition  that  the  velocity  field  calculations  must  satisfy  which  is  the  Kutta- 
Joukowski'  condition,  requiring  zero  pressure  loading  at  the  trailing  edge.  In  order  to  impose  this 
condition,  an  expression  for  the  blade  pressure  loading  is  needed.  In  [17]  it  is  shown  that  this 
pressure  loading  is  given  by: 

P+-p-  =  fpWbl.VrF,  (24) 

where  p  is  the  density  of  the  fluid  and  p+  and  p-  arc  respectively  the  static  pressures  on  the  suction 
and  pressure  surfaces  of  the  blade  and  the  term  \V  m  represents  the  relative  velocity  calculated  at  the 
blade  sheet  (for  example,  for  a=0).  Making  use  of  Eq.(24),  it  is  seen  that  the  Kutta-Joukowski  requires 
that: 

Wbl  •  VrP,  =  0  (25> 

In  the  present  method,  this  condition  is  satisfied  by  specifying  an  r  V0  distribution  that  is  constant 
along  the  trailing  edge  and  which  has  zero  derivative  perpendicularly  to  it.  In  this  way  condition  (25) 

is  automatically  satisfied,  because  VrV0  =  0  at  the  trailing  edge.  A  similar  condition  is  also  imposed  at 
the  leading  edge  which  corresponds  to  designing  a  blade  row  that  is  exactly  aligned  with  the  local 
velocity  vector  at  the  leading  edge,  so  that  the  pressure  loading  there  is  zero. 


2.2  Calculation  of  Blade  Camber. 

In  the  previous  subsection,  the  method  for  the  calculation  of  the  flow  field  was  discussed,  but 
the  blade  shape  was  supposed  to  be  known.  However,  the  determination  of  the  blade  shape  is  the 
principal  aim  of  this  inverse  method,  so  that  an  equation  for  its  calculation  must  be  provided.  This 
will  be  done  by  requiring  that  the  blade  be  aligned  with  the  local  relative  velocity  vector,  W  i,i.  This 
condition  can  be  expressed  mathematically  as: 

WbrVa  =  0  (26) 


noting  again  that  Va  is  a  vector  normal  to  the  blade  camber  surface.  This  equation  can  be  expanded 
in  the  form: 

fir  ,  1  df  ,  f?7  ...  1df  rV‘  ,  Urn  .. 


where  /  is  the  angular  coordinate  of  the  blade  camber  surface,  or  wrap  angle,  and  co  is  the  rotational 
speed  of  the  blade  row.  Vr,  V0  and  V2  are  the  three  components  of  the  mean  absolute  velocity  and  v ,jj, 
v obt  and  vl6I  arc  the  three  components  of  the  periodic  absolute  velocity  evaluated  at  the  blade  (a  =  0). 
This  periodic  component  of  velocity  at  the  blade  is  the  summation  of  the  contribution  of  all  the 
periodic  harmonics  and  is  calculated  by: 


.E^pcos(,C/) 

k=l  U  kml  U 


»  JUD  co  t rn 

2m  =  -  £  — <tJ(r,z)sin(AB/)  +  £  —  $‘k(r,z)cos(kBf)  (28b) 

ksl  r  t= 1  r 

£.  3$'t(r,z)  „  „„  .  3$[(r,z)  .  „  (28c) 

=  L.  — cos  (kB /)+}_,  g-  sin  (kBf) 

Equation  (27)  will  be  referred  to  as  the  blade  boundary  condition  in  the  following  and  its 
solution  y/ill  give  us  the  desired  blade  shape,  provided  the  velocity  at  the  blade  is  known.  The  values 
of  the  blade  velocity  are  known  from  the  previous  iteration,  being  calculated  with  the  help  of  the 
equations  described  in  subsection  2:1  r.nd  using  Eqs.(28).  The  blade  boundary  condition  is  a  first- 
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order  partial  differential  equation  with  characteristic  lines  coincident  with  the  meridional  projection 
of  the  blade  streamlines.  In  order  to  integrate  this  differential  equation,  some  initial  data  (values  of  f) 
must  be  specified  along  a  line  roughly  perpendicular  to  these  characteristic  lines  and  extending  from 
hub  to  shroud.  This  initial  data  on  /  will  be  called  t'nc  stacking  condition  of  the  blade.  In  our  method 
this  stacking  condition  is  implemented  by  giving  as  input,  the  values  of  blade  wrap  .angle,  /,  along  a 
quasi-orthogonal,  for  example,  at  the  leading  edge. 

If  in  the  calculations  described  so  far,  the  periodic  value  of  the  velocity  (Eqs.(2S))  is 
neglected,  a  simpler  version  of  the  inverse  method  is  obtained  which  is  simply  a  hub-to-shroud 
method  and  not  a  truly  three-dimensional  technique.  This  axisymmetric  solution  requires  much  less 
computing  power  than  the  three-dimensional  solution  since  one  only  needs  to  solve  two  differential 
partial  equations,  Eq.(23)  (or  alternatively,  Eq.(15))  for  the  mean  flow  and  the  blade  boundary 
condition,  Eq.(27).  This  simpler  inverse  technique  is  designated  an  actuator  duct  solution  in  (15]  and 
that  name  will  be  adopted  here. 


2.3  Numerical  Techniques  Used. 

The  calculation  of  the  velocity  field  and  blade  shape  requires  the  solution  of  partial 
differential  equations  on  the  meridional  section  of  the  turbomachine.  This  meridional  section  has,  in 
general,  a  complicated  geometry  with  curved  endwalls,  especially  in  the  case  of  radial  turbomachinery 
(see  Fig.  1  as  an  example).  In  order  to  avoid  numerical  difficulties  with  the  implementation  of  the 
boundary  conditions  at  the  curved  endwalls,  and  the  possible  loss  of  accuracy,  it  was  decided  to  use  a 
transformation  of  coordinates  from  (r.,z)  to  a  body-fitted  curvilinear  coordinate  system  (g,  it)  with  the 
points  equally  distributed  along  quasi-orthogonals,  extending  from  hub-to-shroud,  obtaining  a  grid 
like  the  one  shown  in  Fig.  1.  A  more  complete  discussion  of  this  technique  and  some  examples  of  its 
practical  application  to  the  solution  of  partial  differential  equations  can  be  found  in  Thompson  et  al. 
[18].  The  form  taken  by  equations  (15),  (16),  (17)  and  (27)  in  the  transformed  numerical  plane  is 
given  in  [17]. 

The  equations  for  the  calculation  of  the  velocity  field  in  the  transformed  numerical  plane  are 
solved  using  finite  difference  techniques.  It  is  used  throughout  second-order  accurate,  central 
difference  formulae  and  a  nine-point  numerical  molecule  (see  [17]).  The  resulting  finite  difference 
equations  are  solved  by  relaxation,  the  particular  method  used  in  our  case  being  the’  Gauss-Seidel 
relaxation  scheme.  In  our  program  this  was  implemented  in  conjunction  with  a  multi-grid  technique 
in  order  to  accelerate  the  convergence  rate  of  the  solution.  A  good  description  and  discussion  of 
multi-grid  methods  can  be  found  in  Iiackbusch  and  Trottenberg  [19],  together  with  several  instances 
of  its  practical  implementation. 

Finite  difference  techniques  arc  also  used  for  the  solution  of  the  blade  boundary  condition  in 
the  transformed  numerical  plane.  However,  this  time  it  is  not  possible  to  use  a  relaxation  scheme 
similar  to  the  one  used  for  the  velocity  calculation  because  Eq.(27)  is  a  first-order  differential 
equation  which  must  be  solved  by  respecting  the  direction  of  the  characteristic  lines.  Due  to  this  fact, 
the  blade  boundary  condition  is  solved  using  an  Euler's  modified  method  (see  Roache  [20]).  This  is  an 
implicit  numerical  scheme  that  has  a  truncation  error  of  second  order  in  Art  and  Al;  and  is  consistent 
and  stable.  In  order  to  start  this  method  the  values  of  wrap  angle,  /,  must  be  known  along  an  initial 
quasi-orthogonal.  This  information  is  provided  by  the  stacking  condition. 

It  is  obvious  that  there  is  a  need  to  truncate  the  Fourier  scries  for  the  velocity  profile  in  the 
tangential  direction  after  a  certain,  finite,  number  of  harmonics.  Since  the  velocity  profile  is 
discontinuous  across  the  blade,  it  is  then  inevitable  that  the  Gibbs  phenomenon  will  appear.  This 
phenomenon  is  present  no  matter  how  many  harmonics  are  taken  in  the  truncated  scries,  seriously 
affecting  the  accuracy  of  the  flow  calculation  near  the  blade.  In  order  to  counteract  this  influence,  it 
was  decided  to  use  the  "Lanczos*  smoothing  factors"  (see  Lanczos  [21]),  which  is  a  sort  of  numerical 
filter.  This  procedure  consists  in  multiplying  each  harmonic  by  a  factor  Ok  depending  on  the 
maximum  number  of  harmonics  used,  N.  These  factors  are  defined  by: 

.  sin  G&r)  (29) 

-  — — — 

N*  1 

For  an  assessment  of  the  influence  of  the  truncation  of  the  Fourier  series  into  the  accuracy  of  the 
method,  a  comparison  was  made  between  a  test  case  with  15  harmonics  and  another  with  30 
harmonics.  The  case  considered  was  the  rotor  redesign  to  be  discussed  later,  the  maximum  difference 
found  in  wrap  angle,  /,  between  the  two  runs  being  0.0028  rad  (0,16°).  This  is  a  value  smaller  than 
the  unavoidable  manufacturing  errors,  and  so  can  be  considered  acceptable. 

If  trying  to  solve  the  equations  in  the  form  just  presented,  it  is  lound  that  the  velocity  shows 
a  logarithmic  singular  behaviour  at  the  intersection  of  the  blades  w>th  the  endwalls,  leading  to  a 
divergence  of  the  method.  In  order  to  better  understand  this  sort  of  behaviour  let  us  recall  that, 
when  using  a  Clebsch  formulation  in  the  form: 
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X  =  V4>  +  /tVj/ 


(30) 


the  vortex  lines  lie  at  the  intersection  of  the  surfaces  p  =  const,  and  v  =  const..  In  our  case,  this  means 

that  the  vortex  lines  lie  at  the  intersection  of  the  blades  (a  =  const.)  and  surfaces  where  r  const. 

(Fig.  3  gives  ;thc  intersection  of  surfaces  rVg=  const,  with  the  meridional  plane,  for  the  particular 
application  discussed  later  in  this  paper).  Since  ,  in  general,  neither  the  blade  camber  surface  nor  the 

surfaces  of  constant  swirl  (rV0=  const.)  intersect  the  cndwalls  perpendicularly  it  follows  that,  in 
general,  the  vortex  lines  intersect  the  solid  cndwalls  at  an  angle  different  from  90°  (in  fact,  in  cases 


where  0  >  the  numerical  results  show  that  0  ).  If  one  tries  to  model  the  solid  wall  by 

placing  behind  the  wall  the  reflexion  of  the  original  vortex  line,  a  line  vortex  with  a  kink  situated  at 
the  solid  wall  will  be  obtained.  However,  it  is  a  well  known  fact  that  this  geometry  leads  to  a 
logarithmic  singularity  -  see  Brebncr  and  Wyatt  [22J  who  discuss  theoretically  this  behaviour  and 
Kiichcmann  [23]  who  presents  this  effect  in  connection  with  the  simulation  of  swept  aircraft  wings. 
This  last  reference  also  describes  some  of  the  physical  consequences  of  this  vortex  geometry,  giving 
the  name  of  kink  effect  to  the  phenomenon  originated  in  this  way.  Similar  problems  also  arise  when 
modelling  cascades  of  swept  blades  as  was  shown  in  [14]. 

Ideally  this  singular  behaviour  should  be  handled  in  a  analytical  way  in  order  to  obtain  exact 
results.  Unfortunately  the  problem  is  very  complicated  and  non-linear,  and  an  analytic  solution  is  not 
known.  Therefore  our  only  hope  of  tackling  the  problem  is  by  making  some  numerical 
approximations.  So,  it  was  decided  to  follow  the  suggestion  made  in  [14]  in  the  present  study.  This 
consists  in  extrapolating  towards  the  cndwalls  the  results  obtained  a  short  distance  from  them.  In  our 
case,  this  entails  two  approximations.  In  the  first  place,  the  term  containing  the  velocity  component 
along  the  quasi-orthogonals  is  neglected  in  a  small  region  near  the  cndwalls,  when  solving  the  blade 
boundary  condition  (i.  c.,  the  equation  obtained  from  Eq.(27)  after  the  transformation  of  coordinates  is 
done).  This  velocity  is  exactly  equal  to  zero  at  the  cndwalls  and  it  should  have  small  values  in  the 
regions  where  it  is  being  neglected.  The  second  approximation  involves  the  boundary  conditions  for 
the  periodic  velocity,  Eqs.(19b)  and  (i9c),  and  consists  in  substituting  the  riglu-hand  side  of  these 


equations  by  zero  (i.c.,  it  is  assumed  that 


=0). 


A  more  detailed  discussion  of  the  approximations 


made  can  be  found  in  [17],  together  with  some  numerical  tests  that  showed  that  these  approximations 
do  not  introduce  appreciable  errors  in  the  main  part  of  the  flow  field  (its  influence  is  restricted  to  the 
small  region  near  the  cndwalls  where  the  approximations  were  introduced). 

Finally,  it  should  be  noted  that  the  equations  must  be  solved  iteratively,  since  the  vorticity 
depends  on  the  blade  shape  which  is  not  known  at  the  start  of  the  method.  Each  iteration  is  started 
by  the  calculation  of  the  velocity  field  using  the  equations  presented  in  subsection  2.1,  and  then  the 
blade  shape  is  updated  using  the  blade  boundary  condition,  Eq.(27).  Further  information  on  the 
numerical  procedure  can  be  found  in  [17]. 


3.  Application  to  the  design  of  a  radial  inflow  turbine. 

As  an  example  of  application  of  the  three-dimensional  inverse  method  just  outlined,  the 
redesign  of  the  rotor  of  a  radial  inflow  turbine  will  be  discused.  This  will  be  a  stringent  test  since  this 
is  a  machine  with  important  three-dimensional  flows.  The  rotor  that  was  redesigned  belonged  to  a 
low-speed  model  of  a  radial  inflow  turbine.  Titcrefore,  the  flow  can  be  considered  incompressible  and 
the  inverse  method  described  can  be  applied. 

The  specific  speed  of  this  turbine,  defined  by: 


has  the  value  0.6.  This  value  was  chosen  because  it  is  for  values  near  this  one  that  one  can  except  the 
best  level  of  total-to-static  efficiency  for  radial  inflow  turbines. 

Both  rotors  (the  original  or  conventional  impeller  and  the  new  rotor,  as  they  will  be  called, 
for  short)  have  the  same  tip  diameter  of  310  mm  and  17  blades.  The  meridional  geometry  is  also  the 
same  for  both  rotors  and  is  indicated  in  Fig.  1.  The  conventional  rotor  was  designed  using  methods 
typical  of  the  current  know-how,  i.c.,  was  designed  by  an  iterative  use  of  direct  methods  and  has 
radial  blades.  It  was  tested  in  order  to  obtain  a  set  of  data  typical  of  what  can  be  achieved  with  tiie 
present  technology. 
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The  grid  used  in  the  inverse  design  calculations  was  formed  by  145  quasi-orthogonals  and 
49  quasi-streamlines  -  every  other  line  of  the  grid  used  is  shown  in  Fig.  1.  The  number  of  harmonics 
considered  in  the  circumferential  direction  was  15  (each  harmonic  has  two  components,  the  cosine 
and  sine  one).  Notice  that  the  present  grid  has  a  region  both  upstream  and  downstream  of  the 
impeller,  with  81  quasi-orthogonals  placed  inside  the  bladcd  region. 

An  important  input  to  the  present  inverse  method  is  the  specification  of  mean  swirl,  rV0  ,  on 
the  meridional  section  of  the  blade  row  to  be  designed.  As  discussed  in  [17],  this  sort  of  input  is 
chosen  bearing  in  mind  two  main  requirements: 

-  the  pressure  distribution  on  the  blade  surfaces  should  show  a  smooth  evolution  with  the 
loading  distributed  along  the  blades  as  evenly  as  possible; 

-  the  variation  in  wrap  angle,  /,  along  the  blade  should  not  be  excessive,  in  order  to  avoid  a 
highly  twisted  blade  that  would  be  very  difficult  to  manufacture  and  could  present  high  stress  levels 
for  the  rotational  speeds  usually  used. 

Both  points  can  be  controlled  through  an  appropriate  specification  of  mean  swirl.  In  fact, 

Eq.(24)  shows  that  there  is  a  close  relationship  between  the  derivatives  of  rVg  and  the  pressure 
loading  across  the  blades.  As  a  consequence,  if  a  smooth  variation  of  pressure  loading  is  desired,  it  is 


essential  to  specify  the  mean  swirl,  rVg  ,  so  that  its  derivatives  do  not  change  abruptly.  On  the  other 
hand,  the  blade  boundary  equation  (Eq.(27))  can  be  written  along  a  streamline,  in  the  form: 


/-w; 


dm 


(32) 


where  a  and  b  arc  two  arbitrary  points  along  the  same  streamline,  ( Vm+  vmi,i)  is  the  blade  velocity 
component  in  the  meridional  plane  and  m  is  distance  along  the  meridional  projection  of  the 
streamline.  If  it  is  desired  to  keep  down  the  total  variation  of  wrap  angle  between  the  leading  and 
trailing  edges,  it  is  convenient  that  the  expression  under  the  integral  sign  in  Eq.(32)  should  present 

small  values.  This  can  be  achieved  if  one  specifies  the  value  of  r  Vg  so  that  the  value  of  Vg  closely 
follows  the  local  value  of  the  transport  velocity,  cor  .  This  is  the  more  important,  the  lower  is  the  value 


of  radius,  r,  or  the  meridional  velocity,  (Fm+  ymW).  So,  this  means  that  at  the  hub,  where  the  radius  is 
small  and  the  meridional  velocity  usually  takes  the  smallest  values,  it  is  highly  recommended  to 

specify  an  rVg  distribution  following  the  local  value  of  cor2  (sec  [17]  for  a  more  detailed  discussion  of 
this  point). 

The  specified  rVg  for  the  present  application  was  chosen  along  these  general  guide-lines. 

The  imposed  variation  of  mean  swirl,  rVg  ,  along  hub  and.  shroud  is  plotted  in  Fig.  2,  and  in  Fig.  3  are 

shown  contours  of  the  input  rVg  in  the  meridional  plane  (in  these  two  plots  the  linear  dimensions 
were  made  non-dimensional  dividing  them  by  the  tip  radius  of  the  rotor  and  the  velocities  were  non- 
dimcnsionalised  using  the  blade  tip  speed).  As  can  be  seen,  the  imposed  variation  is  smooth 
everywhere,  although  at  hub  the  variation  is  clearly  more  irregular  than  at  shroud.  This  is  so  because 

in  this  particular  case,  the  rVg  along  the  hub  was  chosen  trying  to  minimize  the  total  variation  of  wrap 
angle.  On  the  contrary,  at  the  shroud,  most  consideration  was  given  trying  to  obtain  a  smooth 
variation  of  the  pressure  distribution  on  the  blade  surfaces.  This  compromise  resulted  in  a  blade 
which  is  heavily  loaded  at  the  hub  inlet  while,  at  the  shroud,  most  of  the  load  is  concentrated  near  the 
trailing  edge. 

The  blade  geometry  obtained  as  output  using  the  input  just  discussed,  is  described  in  the 
next  two  figures.  Fig.  4  is  a  plot  of  wrap  angle,/,  along  some  typical  quasi-streamlines,  as  a  function 
of  meridional  distance.  The  quasi-streamlines  considered  are  hub,  1/4  of  the  span,  mid-span,  3/4 
span  and  shroud.  This  plot  shows  that  the  maximum  variation  of  wrap  angle  is  not  excessive,  taking  a 
value  around  0.75  rad  (this  variation  is  of  the  order  of  2  blade  pitches  for  a  rotor  with  17  blades,  as  is 
the  case).  The  next  figure,  Fig.  5,  is  a  plot  of  contours  of  the  wrap  angle,  /,  on  the  meridional  section  of 
the  rotor.  It  should  be  noted  that  the  resultant  blade  shape  has  double  curvature  (it  could  not  be 
generate  by  a  straight  line).  Therefore,  it  would  bo  very  difficult,  if  not  impossible,  for  a  designer  to 
guess  such  a  blade  shape,  and  so,  it  is  highly  unlike  that  this  design  could  ever  be  reached  by  an 
iterative  use  of  analysis  programs.  This  illustrates  one  of  the  big  advantages  of  inverse  design 
techniques. 

Another  important  output  of  the  present  inverse  method  is  the  pressure  distribution  on  the 
blade  surfaces!  This  result  is  presented  in  the  next  plot.  Fig.  6,  which  gives  the  pressure  coefficient  on 
hub  and  shroud  as  a  function  of  percent  meridional  distance.  The  value  of  the  pressure  coefficient  Cp, 
used  in  this  plot,  is  defined  as: 
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where  Wrcf  is  the  relative  velocity  at  the  intersection  of  the  leading  edge  with  hub.  For  the  present 
case,  WfCf  =  0.278  torup.  The  pressure  distribution  has  a  smooth  variation  throughout  except  at  the 
shroud  where  it  has  a  small  dip,  located  towards  the  trailing  edge  at  around  80%  of  the  meridional 
distance.  This  dip  is  caused  by  a  sudden  change  in  the  radius  of  curvature  of  the  shroud  profile  in  the 
meridional  plane  (check  with  the  next  figure  -  the  point  A  marked  there  corresponds  to  the 
intersection  of  an  arc  of  circle  with  a  straight  line  and  is  coincident  with  the  place  where  the  dip 
occurs).  This  suggests  that  the  definition  of  the  meridional  section  using  only  arcs  of  circle  and 
straight  lines  is  not  the  best  choice.  However,  this  meridional  geometry  was  not  changed  since,  for 
comparison  purposes,  it  was  advisable  to  maintain  the  meridional  geometry  the  same  for  both  rotors. 

Contours  of  pressure  coefficient,  Cp,  on  the  suction  surface  of  the  rotor  blades  are  presented 
in  the  next  figure,  Fig.  7,  and  Fig.  8  is  the  equivalent  plot  for  the  pressure  surface.  These  plots  show 
that  the  pressure  distribution  vary  smoothly  for  the  most  part  of  both  blade  surfaces.  The  more 
marked  exceptions  are  the  region  near  the  trailing  edge  where  there  is  a  rapid  variation  of  Cp  which  is 
a  consequence  of  the  rapid  unloading  imposed  to  the  blades,  and,  to  a  less  extent,  the  region  near  the 
leading  edge  where  again  the  pressure  varies  quickly,  this  time  because  of  the  rapid  loading  of  the 
blades. 

It  is  instructive  to  compare  this  fully  three-dimensional  solution  with  the  axisymmetric 
solution  or  actuator  duct  solution  as  was  called  above.  As  in  this  solution  only  the  mean  flow  is 
computed,  its  representation  of  reality  is  less  accurate  than  the  completely  three-dimensional 
solution,  the  flow  being  modelled  only  in  an  average  sense.  This  can  be  seen,  comparing  the  next  two 
plots,  Fig.  9  which  gives  the  wrap  angle  along  some  typical  quasi-streamlines  and  Fig.  10  which 
presents  contours  of  the  wrap  angle  with  the  corresponding  figures  for  the  three-dimensional 
solution,  Fig.  4  and  Fig.  5.  The  differences  arc  obvious,  the  actuator  duct  solution  giving  a  less  twisted 
blade  than  the  three-dimensional  solution.  This  is  in  agreement  with  what  one  would  expect,  since  in 
the  three-dimensional  case  the  flow  always  turns  less  than  the  value  of  the  blade  angle.  Therefore,  in 
order  to  obtain  in  the  three-dimensional  case  the  same  mean  swirl  and  mean  quantities,  it  is 
necessary  to  use  a  more  curved  blade. 

Using  the  results  of  the  actuator  duct  solution  it  is  possible  to  estimate  the  blade  velocities 
and  pressure  distribution  on  the  blade  surfaces,  by  assuming  a  linear  tangential  variation  for  the 
velocity  profile,  between  the  suction  and  pressure  surfaces,  A  plot  of  the  pressure  coefficient,  Cp, 
calculated  in  this  way,  is  shown  on  the  next  figure,  for  the  hub  and  shroud  streamlines  (see  Fig.  11). 
Comparing  this  plot  with  the  corresponding  results  for  the  three-dimensional  solution  (Fig.  6)  it  is 
seen  that  there  are  some  differences  between  the  two  results,  as  one  would  expect.  Nevertheless, 
notice  that  the  pressure  distribution  predicted  by  the  actuator  duct  solution  gives  a  pretty  good  idea 

of  the  overall  shape  of  the  pressure  distribution.  The  same  can  be  stated  about  the  blade  geometry 

since  the  actuator  duct  solution  gives  a  blade  shape  which  is  similar  to  the  three-dimensional  solution, 
presenting  the  same  sort  of  value  for  the  total  amount  of  blade  twist  (i.e.  total  variation  in  wrap 
angle).  This  is  an  important  asset  because,  as  already  mentioned,  the  actuator  duct  solution  requires 
much  less  computing  time  than  the  three-dimensional  solution  (typically,  the  computing  time 
required  is  two  orders  of  magnitude  less).  So,  the  above  similarities  can  be  explored  with  advantage 
to  scan  quickly  and  inexpensively  several  inputs  to  the  design  program  (in  particular,  different  mean 
swirl  schedules);  In  fact,  this  was  the  process  followed  for  the  final  choice  of  mean  swirl  distribution 
used  in  the  present  design,  among  several  other  distributions  that  followed  the  guide-lines  regarding 
the  control  of  pressure  loading  and  total  amount  of  blade  twist,  discussed  above. 

The  rotor  redesigned  using  an  earlier  version  of  the  inverse  program  just  described  was 

actually  built  and  tested.  Its  experimental  performance  was  compared  with  that  obtained  with  the 
impeller  typical  of  the  present  know-how.  The  tests  involved  the  measurement  of  overall  quantities 
such  as  variation  of  efficiencies  with  volume  flow  together  with  some  detailed  traverses,  using  a 
three-hole  probe,  made  both  upstream  and  downstream  of  the  rotor. 

A  detailed  description  of  the  experimental  results  obtained  from  these  tests  can  be  found  in 
[17],  Here,  the  only  results  that  will  be  presented  are  the  variation  of  total-to-total  and  total-to-static 
efficiencies  as  a  function  of  non-dimensional  volume  flow  (this  non-dimensional  volume  flow  is 


defined  as  Q/«D3  -  see  Fig.  12).  For  the  calculation  of  these  efficiencies,  use  was  made  of  the  mass 
averaged  values  of  the  downstream  stagnation  and  static  pressures  (these  values  were  obtained  from 
the  detailed  traverses  made). 

First  of  all,  notice  that  the  peak  value  for  the  total-to-static  efficiency  of  the  conventional 
impeller  is  around  88.3%  which  compares  favourably  with  the  present  state-of-the-art.  In  fac*  Rohlik 


[1]  predicted  a  maximum  value  for  the  total-to-static  efficiency  of  0.87  for  a  specific  speed  around  0.6, 


the  value  of  specific  speed  of  the  present  turbine.  Seme  expc; 
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also  corroborate  this  conclusion.  For  example,  a  maximum  value  of  the  total-to-static  efficiency  equal 
to  0.87  was  reported  in  (2J  for  a  turbine  with  specific  speed  of  0.67  and  Kofskey  and  Nusbaum  [3] 
obtained  a  value  of  0.880  for  a  specific  speed  of  0.59.  More  recently,  Ribaud  and  Mischel  [24] 
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measured  a  maximum  value  of  0.883  for  the  totai-io-static  efficiency  of  a  radial  inflow  turbine  of 
specific  speed  equal  to  0.58.  All  these  results  indicate  that  the  efficiency  levels  achieved  by  the 
conventional  rotor  are  representative  of  the  current  know-how  and  so  the  conventional  rotor  is  a  good 
standard  against  whicit  to  compare  the  performance  of  the  new  impeller. 

Comparing  the  peak  values  of  efficiency  for  both  rotors,  it  is  seen  that  the  new  impeller  gives 
better  results  than  the  conventional  built,  both  in  a  total-to-total  and  total-to-static  sense.  Indeed, 
the  difference  between  the  peak  values  of  the  total-to-static  efficiency  is  1.7%  and  between  the  total- 
to-total  efficiencies  a  difference  of  around  1,6%  is  found.  These  differences  arc  significant,  implying 
that  the  redesign  changed  the  blade  geometry  in  the  right  direction. 

Finally  notice  that  the  improvements  in  the  total-to-static  efficiency  are  more  marked  than 
the  corresponding  improvements  in  the  total-to-total  efficiency,  and  extend  to  all  the  volume  flows 
investigated.  This  indicates  lower  exit  kinetic  energy  losses  for  the  new  impeller  due  to  more  orderly 
exit  flows  and  suggests  that  it  is  possible  to  improve  the  total-to-static  efficiency  by  avoiding  the 
introduction  in  the  flow  field  of  unnecessary  trailing  vortices.  In  order  to  achieve  this  the  blade  rows 
must  be  designed-  so  that  they  execute  constant  work  along  the  span,  as  already  mentioned. 

In  spite  of  the  fact  that  the  present  inverse  method  leads  to  blades  more  difficult  t  o 
manufacture  and  is  less  familiar  to  turbine  designers  than  present  techniques,  it  should  find 
application  in  situations  where  efficiency  is  of  paramount  importance.  More  research  should  be  done 
on  the  extension  of  this  method  to  compressible  flow,  on  the  inclusion  of  thickness  effects  and  a  more 

careful  investigation  should  be  carried  out  on  the  best  way  of  specifying  the  r  Vq  distribution. 


4;  Summary  and  Conclusions. 

A  review  of  the  available  literature  showed  that  the  usual  way  of  designing  radial  inflow 
turbines  consists  in  the  iterative  use  of  analysis  or  direct  methods.  As  described,  this-  is  a  process 
whereby  a  blade  geometry  is  guessed,  followed  by  a  calculation  of  the  flow  field  produced  by  it  to 
check  whether  it  has  desirable  characteristics.  This  is  recognized  as  being  inefficient  and  time 
consuming  so  that  it  would  seem  appropriate  to  design  this  kind  of  machines  using  inverse  methods. 
However,  this  only  makes  sense  if  a  truly  three-dimensional  inverse  method  is  used  because  these 
turbomachines  have  significant  three-dimensional  effects.  This  need  for  a  three-dimensional  inverse 
method  was  the  motivation  behind  the  present  work.  In  fact,  a  completely  three-dimensional  indirect 
method  was  developed  and  applied  to  the  redesign  of  an  impeller  of  a  radial  inflow  turbine. 

This  inverse  method  uses  as  input  a  prescribed  mean  swirl  distribution  specified  throughout 
the  meridional  section  of  the  turbomachine.  It  can  be  applied  to  the  design  of  rotating  or  stationary 
blade  rows  with  any  amount  of  blade  turning  and  any  meridional  section  (either  radial  or  axial). 
However,  in  the  present  implementation  it  is  supposed  that  the  fluid  passing  through  the 
turbomachinc  is  inviscid  and  incompressible.  In  addition,  it  is  assumed  that  the  flow  far  upstream  of 
the  blade  row  is  uniform  (irrotational)  and  the  blades  are  considered  to  have  zero  thickness. 

By  applying  this  method  to  a  concrete  and  difficult  case  -  the  rotor  of  a  radial  inflow  turbine 
-  it  was  shown  that  it  is  possible  to  obtain  a  design  with  a  reasonable  pressure  distribution  on  the 
blade  surfaces,  keeping  at  the  same  time,  the  total  amount  of  blade  twist  under  acceptable  limits. 
This  was  achieved  by  means  of  a  convenient  choice  of  the  mean  swirl  distribution.  Based  on  the 
experience  obtained  with  this  design,  some  guide-lines  for  the  choice  of  the  mean  swirl  were 
advanced  which  permitted  a  first  approximation  to  the  r  7p  schedule  to  be  used.  For  the  final 
selection  of  this  input,  it  was  found  helpful  to  use  an  axisymmetric  (actuator  duct)  solution  since  it 
requires  much  less  computing  effort  than  the  complete  three-dimensional  solution  giving,  however,  a 
good  idea  of  the  blade  pressure  distribution  and  total  amount  of  blade  twist.  So  the  actuator  duct 

solution  can  be  used  to  scan  quickly  and  inexpensively  several  different  rVo  distributions. 

All  these  theoretical  considerations  were  put  into  practice  and  experimentally  verified  by 
actually  testing  an  impeller  designed  using  an  earlier  version  of  this  inverse  method  and  comparing 
its  performance  with  that  achieved  by  a  rotor  designed  with  conventional  techniques.  The  results  for 
the  new  impeller  showed  an  improvement  in  the  peak  values  of  the  total-to-total  and  total-to-static 
efficiencies  over  the  corresponding  values  of  the  conventional  rotor.  As  the  performance  of  the 
conventional  wheel  could  be  considered  typical  of  the  present  day  technology,  it  can  be  concluded  that 
this  application  of  an  inverse  method  was  successful  and  constitutes  an  advance  over  what  can  be 
done  nowadays.  Therefore,  it  is  recommended  that  radial  inflow  turbines  be  designed  using  a  truly 
three-dimensional  inverse  method. 
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FAR  UPSTREAM  BOUUOARV 


Fig.  1  Grid  used  in  the  Meridional- Plane. 


Percent  Meridional  Distance 

Fig.  2  Input  Mean  Swirl  Distribution  on  the  Hub 
and  Shroud  Stream  Surfaces. 
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Fig.  3  Contours  of_the  Input  Mean  Swirl 
Distribution  (defined  as  rVgl  (r;ip  Utip)). 
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Fig.  4  Wrap  Angle  Distribution  along  Quasi- 
Streamlines  (the  Meridional  Distance  is  made  non- 
dimensional  using  r:ip). 
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Fig.  6  Pressure  Distribution  on  tlie  Hub  and 
Shroud  Stream  Surfaces. 
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Fig.  7  Contours  of  Pressure  Coefficient,  Cp,  on 
Suction  Surface. 
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1  Introduction 

In  order  to  improve  the  performance  of  modern  highly  loaded  turbomachinery  compo¬ 
nents,  attention  must  be  paid  in  aerodynamic  blade  profiles  design.  The  viscous  effect 
and  shock  intensities,  for  example,  can  be  reduced  by  dcsignig  blade  geometries  which 
give  a  proper  velocity  (or  pressure)  distribution. 

A  possible  approach  for  designing  blade  rows  consists  on  carring  out  successive  modi¬ 
fication  of  blade  shape  and  direct  flow  field  calculations  in  on  iterative  way.  However 
the  procedure  can  be  quite  time  consuming  and  does  not  provid.  always  the  expected 
results.  A  very  interesting  approach  to  design  blade  is  given  by  inverse  method.  That 
is  the  designer  prescribes  some  design  data  satisfying  some  criteria,  as  for  instance 
minimizing  viscous  effects,,  and  look  for  the  shape  that  the  walls  of  the  blades  have  to 
assume  in  order  to  satisfy  the  prescribed  flow  properties. 

The  time-dependent  technique  has  been  shown  quite  effective  on  solving  numerically 
inverse  problems  under  the  assumption  of  inviscid  rotational  flow  fields,  governed  by 
Euler  equations. 

Following  the  early  formulations  given  in  Ref.  (l),  the  basic  idea  is  to  consider  bodies 
with  deformable  walls  along  which  velocity  or  pressure  distributions  arc  given  together 
with  suitable  conditions  at  infinity;  an  initial  configuration  of  the  flow  field  and  an  ini¬ 
tial  shape  of  the  deformable  walls  are  guessed;  the  evolution  in  lime  of  both  flow  field 
and  walls  shape  are  described  numerically  by  integrating  in  time  the  time-dependent 
Euler  equations  by  means  of  a  finite  difference  method;  when  the  steady  state  is  reached 
the  deformable  walls  assume  the  shape  that  solves  the  inverse  problem. 

Since  Ref.  [1]  was  published,  several  improvements  have  been  done.  Upwind  numerical 
schemes  have  been  adopted  to  attain  consistency  with  the  wave.piopagation  phenomena 
described  by  the  Euler  equations,  as  a  consequence  the  computation  at  the  boundaries 
has  been  improved;  the  extension  to  3D  problems  has  been  shown  feasible;  different 
formulations  have  been  attempted.  The  path  of  the  evolution  we  followed  runs  from 
Ref.  (1)  to  Ref.  (5).  Similar  ideas  have  been  pursued  by  other  authors,  see  for  instance 
Ref.  [6,7). 

The  aim  of  the  present  work  is  the  presentation  of  a  newly  improved  method  to  solve 
inverse  problems  for  inviscid,  compressible,  rotational  flows  in  3D  ducts  or  3D  rows  of 
blades.  The  basic  idea  is  the  same  as  in  Ref.  [lj:  a  finite-difference  time-dependent 
computation  is  performed  in  a  channel  whose  walls  are  deformable  and  that  adjust 
themselves  to  the  design  data.  In  the  present  3D  formulation  we  follow  the  ideas  out¬ 
lined  in  Ref.  [8],  we  use  a  mathematical  model  based  On  the  contravariant  components 
of  the  flow  velocity  and  a  second-order  accurated  finite-difference  scheme.  A  new  pro¬ 
cedure  is  used  at  the  boundaries,  which  is  simpler  and  more  rigorous  than  the  previous 
one  [4). 

2  The  mathematical  model 

Let  us  denote  by  yn,{n=  1,...,4),  the  cartesian  coordinate  in  the  Euclidean  space- 
time  four-dimensional  space,  Ei,  reserving  the  apex  4  to  denote  lime.  Let  us  denote 


M-2 

by  xn,(n  =  1, . . . ,  4),  a  curvilinear  frame  of  reference  in  E*,  whose  transformation  from 
the  Cartesian  coordinates  has  the  form: 

=  xa(yn)  (a=l,...,3)  (n  =  l . 4) 

(1) 

x4  =  t,4 

The  mapping  1  is  sufficiently  general  to  define  the  curvilinear,  time-dependent,  body- 
fitted  grid  we  use  to  discretize  the  physical  domain  ir  ur  inverse  method.  Moreover,  we 
define  a  vector  Q  in  E4,  whose  (contravariant)  components  Qa(a  —  1,..., 3)  coincide 
with  the  components  of  the  flow  velocity  q  and  whose  time  component  is  constant  and 
equal  to  one,  Q 4  =  1.  With  such  assumptions,  the  Euler  equations  can  be  written  in 
a  form  invariant  for  transformations  with  the  form  1.  According  to  tensor  notations, 
the  3D  time-dependent  Euler  equations  can  be  written  as: 

Qna,n  +  6aQ°n  =  0 

QnQ%  +  « (y  ~  Ksfi)  9nii  =  0  (2) 

=  0 

where  latin  indexes  run  from  1  to  4,  greek  indexes  run  from  1  to  3,  denotes  tensor 
derivative,  a  is  the  speed  of  sound,  6  =  2/(7  -  1),  k  =  <1/(276 ),  7  is  the  specific  heats 
ratio  and  is  the  metric  tensor  and  all  the  variables  are  normalized  with  respect  to 
suitable  reference  values. 

Following  Ref.  [8],  eqs.  2  can  be  rearranged  in  a  form  suitable  for  upwind  discretiz- 
zation  by  decomposing  the  3D  unsteady  motion  as  due  to  waves  fronts  parallel  to  the 
coordinate  surfaces;  the  resulting  set  of  equations  prompt  an  upwind  discretization  that 
preserves  the  3D  nature  of  the  actual  flow  and  that  is  particularly  convenient  from  the 
point  of  view  of  the  treatment  of  the  boundaries,  as  shown  in  section  3: 

a,i  ~  2  [£(  +  T  %  +  Vl  +  Crf  +  Ce)  +  6ks,4 

<2,4  =  \  .{VF  [2%  +  ^22  (%  -  + 

-  £a]  +  Jg*  [2a  +  Ca)j  j 

(3) 

VfFfo  -  Vd)  +  \/ff”  j^2Cc  +  pj  Ke  -  Ca)j  j 

<&  =  |  {^[26+^  (£«-&)]  + 

/o22  [2%  +  |j2  ;_(%  -Vd)  +  [C  -  Cflj 

s,4  =  6a  +  Va  +  Co 

The  terms  in  eqs.  3  are  relative  to  waves  fronts  parallel  to  xl  =  const., 
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.i-2  =  const.,  a:3  =  const,  surfaces,  propaganting  with  speeds  X„  /t„  respectively: 


A  a  =  Ql 

h  =  Q 1 

Af  =  Ql 

td=~h  (l1  -  «.1  +  ^tt) 

A  d.=  Q1  +  aVg11 

6  =  -Ae(^-KS,-^) 

Ae  =  Q1  -  ftv/p11 

Va  =  -'I’aS,2 

$a  =  <32 

$j  =  Q2 

$C  =  Q2 

m  =  -$4  -  Ksfi  +  ) 

=  Qi  +  a\fgn 

(“  -  -  -$s) 

$e=Q2-  ay/g71 

Q  =  -/iaS,3 

Ha  =  Q3 

/4  =  <?3 

(£-££) 

Ha  =  Q3 

C4  =  ^(af-«S,3  +  ^) 

Pd  -  Q3  +  av/tF 

Cc  =  ~Ha  (t  “  K,.3  “ 

H*  =  Q3  -  O-VP1 

The  terms  express  quantities  carried  by  the  waves  in  the  unsteady  motion,  in 

a  numerical  process  they  have  to  be  approximated  by  an  upwind  numerical  scheme  to 
preserve  correctly  the  domain  of  dependence  of  the  compute  points.  The  numerical 
scheme  we  use  is  explicit,  second  order  accurated  in  time  and  space,  it  is  a  variation  of 
the  A-schemc  described  in  Ref.  [9]. 

In  order  to  semplify  the  computation  and  to  improve  the  accuracy,  we  prefer  to  avoid 
explicit  evaluation  of  ChristofTel  symbols  when  computing  the  tensor  derivatives  of 
'he  vector  Q.  In  fact,  a  tensor  derivative  has  the  general  form: 


Qk  —  +  q»  p 


npfc 
nm 


(5) 


The  balancing  in  5  of  the  partial  derivative,  approximated  by  one-sided  dilfrences,  and 
the  ChristofTel  symbol  XiL..  evaluated  oil  nodes,  is  quite  delicate.  We  prefer  to  base 
our  approximation  on  the  formula: 


dU1  dxk 
dxm  dy> 


(6) 
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where  U>  are  the  Cartesian  components  of  Q. 

It  is  also  convenient  to  integrate  in  time  the  Cartesian  components  of  Q,  getting  their 
derivatives  in  time  from  cqs.  3  and  the  formula: 


dx *  W'4dx> 

avoiding  again  the  eaiutation  of  Christoffel  symbols. 


(7) 


3  The  formulation  of  the  inverse  problem 


The  numerical  process  that  we  follow  to  solve  3D  inverse  problems  is  based  on  phy¬ 
sical  models  that  are  straight  forward  extension  of  the  2D  model  of  Ref.  [2).  We 
use  as  physical  frame  of  reference  the  cilindrical  coordinates  instead  of  the  Cartesian 
coordinates,  therefore  the  equations  of  section  2  have  now  to  be  read  considering  y1 
as  radius,  y 2  as  tangential  angle  and  y3  as  axial  coordinate.  As  a  consequence  some 
equations  have  to  be  modified.  For  instance  eq.  6  is  replaced  by: 


lew 


+  UnV’n 


d£\ 

dxm) 


dx1 

W 


(8) 


where  U ;  are  the  cilindrical  contravariant  components  of  the  vector  Q  aiid  FJn  are  the 
Christoffel  symbols  in  the  cilindrical  frame  of  reference. 

We  take  into  consideration  a  channel  whose  walls  GLTQ  and  CPPM  are  impermeable 
and  deformable,  with  DEON  and  HISR  representing  the  suction  and  pressure  sides  of 
the  blades,  respectively.  The  surfaces  GCFL  and  QMPT  are  the  annulus  solids  walls, 
the  surface  GCMQ  is  the  inlet  surface  and  LFPT  is  the  outlet  surface.  Fig.  1)  shows  a 
tipical  initial  configuration  and  Fig.  2)  the  shape  of  the  channel  solving  a  given  inverse 
problem. 

The  inlet  and  the  exit  surfaces  are  y3  =const.  plane  surfaces, .the  equations  of  the  solid 
surfaces  are: 


GCFL  :  y'  =  6(y3) 
QMPT  :  y1  =  c(y3) 

The  equations  defining  the  flexible  walls  are: 

CMPF :  y2  =  d(yl,yi,y*) 

GQTL:  y2=e(y1,y3,y4) 


(9) 


(10) 


I 

f  I 
* 


S 


* 


Fig.  1 


Fig.  2 
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The  coordinate  transformation: 

*>  -  W-zQ 

-  (c-b) 


(11) 


is  used  to  define  a  time-dependent  grid  that  fits  the  walls  and  adapts  itself  to  the 
motion  of  the  flexible  walls. 

Inverse  problems  for  blade  to  blade  flows  are  constrained  by  the  periodicity  by  the 
requirement,  identical  from  the  geometrical  viewpoint,  that  the  blade  profiles  must  be 
closed:  in  fact,  the  pitch  is  a  geometrical  parameter  that  is  known  a  priori  as  function 
of  the  radius  and  that  must  be  satified  by  the  solution  of  an  inverse  problem.  The 
3D  inverse  problem  is  formulated  following  [2):  we  prescribe  a  design  pressure  jump 
between  pressure  and  suction  sides  Ap  and  design  thikness  <  as  function  of  radial  and 
axial  coordinates 

&P  =  f(y\y3)  »  t  =  g(y',y:i)  (12) 

and  look  for  tha  blade  camber  geometry. 

The  whole  flexible  surfaces  CFPM  and  GLTQ  are  computed  satisfying  eqs.  12:  in 
the  CDNM,  EFPO,  GHRQ  and  ILTS  surfaces  in  front  and  behind  the  blades  eqs.  12 
reduce  to: 

Ap  =  0,  <  =  0  (13) 

Total  temperature,  entropy  and  flow  direction  arc  prescribed  at  inlet  suface,  static 
pressure  is  prescribed  at  exit  surface  in  case  of  subsonic  flow;  the  vanishing  of  the 
normal  component  of  the  flow  velocity  is  imposed  on  solid  walls.  With  such  boundary 
conditions  a  time  dependent  computation  is  performed  over  the  x ’  grid  11  according 
to  the  numerical  scheme  described  on  the  previous  section.  Eig.  2),  for  instance,  shows 
the  shape  that  the  channel  has  at  the  end  of  the  transient,  solving  the  inverse  problem 
for  the  prescribed  pressure  distributions  over  the  flexible  walls. 

The  enforcement  of  the  boundary  conditions  is  the  most  delicate  operation  of  the 
numerical  process,  depending  the  solution  primarly  on  the  boundary  conditions.  We 
use  the  same  general  idea  of  Refs.  [8,10]:  at  each  boundary  a  certain  number  of 
or  i)s  or  (s  express  the  propagation  of  signals  coming  inward  from  the  boundary,  such 
terms  depend  on  the  boundary  conditions  and  are  indipendent  of  the  inner  flow  field. 
In  the  numerical  process,  they  cannot  bo  computed  according  to  eqs.  3,  but  they 
must  be  computed  enforcing  some  boundary  conditions.  The  number  of  boundary 
conditions  needed  by  the  finite  difference  equations  (FDE)  does  not  necessarily match 
the  number  of  boundary  conditions  needed  by  the  partial  differential  equations  (PDE); 
if  the  boundary  conditions  needed  by  the  FDE  outnumber  the  boundary  conditions 
needed  by  the  DDE  some  additional  numerical  boundary  conditions  must  be  enforced. 
It  is  quite  obvious  that  an  algorithm  that  asks  always  for  the  FDE  the  same  boundary 
conditions  as  for  the  PDE  is  optimal,  this  is  the  case  of  the  numerical  scheme  applied 
to  eqs.  3.  Details  on  this  matter  can  be  found  in  Ref.  [8j. 

Let  us  consider,  for  instance  the  GCFL  surface  of  Figs.  1),  2).  At  this  boundary,  the 
refering  to  positive  speeds  od  propagation,  A,  >  0,  have  to  be  computed  enforcing 
the  boundary  conditions.  The  GCFL  surface  is  a  solid  wall,  the  physical  boundary 
"UKliffoB  :s  f!;r  vanishing  of  the  normal  component  of  the  now  velocity,  that  is: 

Q'  =0 


tf-d) 

(e-d) 


*3  =  y3 


(Id) 
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There  is  one  positive  speed  of  propagation  in  x1  direction:  A,j,  .as  a  consequence  there 
is  one  term,  £j,  to  be  evaluated  enforcing  eq.  14.  We  rewrite  eq.  14  as: 


l  2  I  0)1 


By  substituing  eqs.  7  and  3  in  eq.  15  we  obtain  one  algebraic  equation  in  one 
unknown,  £*,  which  satisfies  eq.  14  in  both  predictor  and  corrector  steps  of  the 
integration  scheme.  Any  boundary  can  be- computed  following  the  same  idea. 

For  the  moving  walls, for  example,  the  boundary  conditions  prescribe  that  the  pressure 
jump  and  the  pitch  have  to  be  preserved  in  time.  The  enforcement  of  the  eqs  12  and 
13  yield: 


with  "P"  and  ”5”  denoting  pressure  and  suction  sides,  respectively,  and  d,  e  are  defined 
by  eqs.  10.  The  second  of  eqs.  16  can  be  written  as: 

L  _  undd_d^_  (dlP  _  dUn  dd  dxa\  Ax*) 

[  dxady"  +  \3x4  dxidxadyn)  2  }p 

L  _  unde~d£_  (dJP  _  dUn  de  dx°\  As4) 
j  dxady"  \  dx*  dx*dxadyn)  2  J5 


with  a  =  1,2,3;  n—  1,3  and  dd/dxa,  de/8xa  approximated  by  finite  difference. 

The  first  of  eqs.  16  and  eq.  17,  combined  with  eqs.  3,  allow  r/j,  unknown  at  the 
pressure  side  boundary,  and  ijt,  unknown  at  the  suction  side  boundary,  be  valuated 
satisfying  the  boundary  conditions  12. 

The  geometry  of  the  pressure  and  suction  sides, given  in  genera!  form  by  eqs.  11,  are 
updated  at  each  time  step  by-means  of  the  eqs.  : 

<2^'»2/3,y4  +  ^y-j  =d(y\y3,yi)  +  d!/i^-  (18) 

where  the  derivatives  =  e^.  are  expressed  by  the  condition  of  impermeability  of 
the  wall:  the  contravariant  component  Q2  of  the  vector  Q  has  to  be  zero,  that  is: 

Dd  Dra 

d^=U  UnSW  {n  =  1>3)  (a  =  1>2>3)  (1Q) 

In  computing  eq.  19,  ddjdxa  are  approximated  by  finite  differences. 

The  other  solid  o  moveable  walls  are  computed  in  the  same  way,  once  the  proper 
unknown  terms  or  ij,  arc  detected. 


4  Numerical  examples 

The  proposed  method  has  been  tested  first  of  all  by  replicanting  the  same  numerical 
examples  oOlefs.  [1,2,4].  One  new  example  is  here  presented:  it  refers  to-the  design 
of  the  blades  of: a  3D  rotational  subsonic  stator. 

Figs.  3),  4),  show  the  initial  and  final  3D  view,  respectively.  The  tip  and  hub  solid 
annulus  walls  are  cylindrical: 


y\  =  n  ;  vl  -n 


with  u/fh  =  1.5. 
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SUMMARY 

The  application  of  conventional  optimization  schemes  to  aerodynamic  design  problems  leads  to  inner-outer  iterative  procedures 
that  arc  very  costly.  In  this  paper,  on  alternative  approach  is  presented  based  on  the  idea  of  updating  the  flow  variable 
iterative  solutions  and  the  design  parameter  iterative  solutions  simultaneously.  Two  schemes  based  on  this  idea  are  applied  to 
problems  of  correcting  wind  tunnel  wall  interference  and  optimizing  advanced  propeller  designs.  The  first  of  these  schemes  is 
applicable  to  a  limited  class  of  two-design-parameter  problems  with  an  equality  constraint.  It  requires  the  computation  of  a 
single  flow  solution.  The  second  scheme  is  suitable  for  application  to  general  aerodynamic  problems.  It  requires  the 
computation  of  seviral  flow  solutions  in  parallel.  In  both  schemes,  the  design  parameters  are  updated  as  the- iterative  flow 
solutions  evolve.  Computations  are  performed  to  test  the  schemes’  efficiency,  accuracy,  and  sensitivity  to-variations  in  the 
computational  parameters. 


SYMBOLS 


cl 

f 2 
c 
c„ 


i -pa 


/ 

5 

•i 


L 

h 

h 

Lt 

M 

N 


P 

l 


rb 

Rmaz 


7t 

^03/S 

Am 
Au 
.0'  . 
fp 

Wmaz 

AN 


incrementing  factor  for  optimization  scheme  (see  Equation  (9)) 

decrementing  factor  for  optimization  scheme  (sec  Equation  (9)) 

positive  constant  for  chord  method  (sec  Equation  (7)] 

power  coefficient;  also  pressure  coefficient 

dcs!rc<l  |iowcr  coefficient 

propeller  diameter 

unit  vector  along  the  Pf  axis 

objective  function 

constraint  function 

solution  of  the  flow  governing  equations 

I™  component  of  Vf  relative  to  rotated  coordinate  system 

tunnel  height 

unit  vector  along  the  axis  with  components  defined  relative  to  the  unrotated  design  parameter  coordinate 
system 

unit  vector  along  the  axis  with  components  defined  relative  to  the  rotated  design  parameter  coordinate  system 

number  of  design  parameters 

measured  model  lift  coefficient 

computed  lift  coefficient  for  model  in  free  air 

computed  lift  coefficient  for  model  in  wind  tunnel 

Mach  number 

number  of  problems  solved  in  parallel  by  the  optimization  scheme 
number  of  iterations  required  for  the  convergence  of  the  analysis  problem’s  solution 
number  of  iterations  required  for  the  convergence  of  the  optimization  problem’s  solution 
vector  of  design  parameters 

vector  of  design  parameters  relative  to  rotated  coordinate  system 
r*  componenct  of  design  parameter  vector 

r“  component  of  design  parameter  vector  relative  to  rotated  coordinate  system 

radial  coordinate 

blade  tip  radius 

residual  Euclidean  norm 

maximum  residual 

angle  of  attack 

3R-3  blade  angle  at  75%  blade  span 

unperturbed  blade  angle  distribution 

,£Lj jn  which  corresponds  to  the  power  coclficicr. ;  Cpo 

Mach  number  correction 

argle  of  attack  correction 

b!  ide  angle  distribution  perturbation 

incremental  veclor  used  to  update  the  vcctor-O." design. parameters 
maximum  incremental  value  allowed  in  updating  the  design  parameters 
m  mber  of  iterative  step3  at  which  P  is  periodically  updated 


*  This  work. was  supported  by  NASA-Lcwis  Research  Center-under  Contract  NAS3-24855  and  NASA-Ames  Research  Center 
under  Con  tree,  NAS2-12157.  Itwas  completed  while  the  author  was  at  Flow  Research. Co.,  Kent,  Washington- 
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<  small  positive  incremental  value  used  to  perturb  the  design  parameters 

rj  efficiency 

A  =,Y/£ 

p  parameter  determining  the  allowable  region  in  design  parameter  space  for  searching  for  the  optimum  solution 

[see  Equation  (22)) 
u  ~  \(j 

2  =  "2  /  >‘e 

0  flow  iterative  solution  -v 


Superscripts 


n  iteration  number 

*  optimum  value 


Subscripts 


F 

f 

n 

s 

r 


measured  tunnel  condition 
computed  free-air  condition 
corrected  condition 

coordinate  system  rotated  by  the  modified  scheme 
body  surface 

computed  tunnel  condition 
free-stream  condition 
rotated  coordinate  system 


1.  INTRODUCTION 

Solutions  of  constrained  optimisation  problems  minimize  an  objective  function,  E,  subject  to  given  constraints.  In  aerodynamic 
applications,  the  objective  function  and  the  constraint  functions,./^,  t=  1,  2,  ...,  depend  on  the  (low  field  solution,  g-  The 
optimization  schemes  presented  here  are  applicable  to  situations  in  which  the  flow  governing  equations  are  nonlinear  equations 
that  are  solved  iteratively. 

Conventional  optimization  methods  (e.g.,  the  steepest  descent  method  and  the  conjugate  gradient  method)  are  iterative 
procedures  that  require  the  evaluation  of  the  objective  function  many  times  before  the  converged  optimum  jwlution  is 
determined.  Since  E  and  /j  arc  dependent  on  the  flow  solution,  J,  in  addition  to  the  vector  of  design  parameters,  P,  the  flow 
governing  equation  must  be  solved  each  time  E  and  /j  are  evaluated.  Therefore,  the  application  of  conventional  optimization 
schemes  to  aerodynamic  design  problems  (References  i-5)  leads  to  two-cycle  (inner-outer)  iterative  procedures.  The  inner 
iterative  cycle  solves  the  analysis  problem  for  J  iteratively,  while  the  outer  cycle  determines  the  the  optimum  P  iteratively.  An 
alternative  to  ihe  costly  conventional  optimization  approach  is  the  approach  based  on  the  idea  of  updating  the  flow  variable 
iterative  solutions  and  the  design  par-meter  iterative  solutions  simultaneously.  Two  schemes  based  on  this  idea  are  presented 
here.  The  first  is  applicable  to  a  limited  class  of  problems,  while  the  second  is  a  general  scheme  applicable  to  general 
aerodynamic  optimization  problems.  The  results  of  applying  the  schemes  to  two  different  problems  arc  presented.  In  the  first 
problem  wind  tunnel  wall  interference  corrections  are  determined  and  in  the  second  problem  advanced  propeller  designs  are 
optimized.  Computations  are  performed  to  test  the  efficiency,  accuracy  and  sensitivity  of  the  schemes  to  variations  in  the 
computational  parameters. 

2-  APPROACH 

In  the  optimization  problems  considered  here,  the  optimum  design  parameter  vector,  P* ,  is  determined  such  that 


%P*>  9)  -  »  E(P\  g) 
P 


subject  to  the  constraint 


/(?;  5)  =  o 


(i) 


(2) 


with  the  flow  variable  vector  g  satisfying  the  flow  governing  equation 


m-  o 


(3) 


(«) 


subject  to  the  boundary  condition 


B(h  P)  =  0 
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Two  optimization  schemes  arc  presented  here.  The  first,  scheme  I,  is  applicable  to  a  limited  class  of,  two-design-parameter 
problems  with  an  equality  constraint.  The  objective  function  is  assumed  to  be  of  special  form  and  the  constraint  line  is 
assumed  to  be  normal  to  the  P^  axis  in  design  parameter  space.  The  second,  scheme  II,  is  applicable  to  multi-dcsign-parameter 
problems  with  a  single  equality  constraint.  Extensions  for  solving  multi-constraint  problems  and  problems  with  inequality 
constraints  are  also  presented.  Although  scheme  I  is  a  special  scheme,  which  may  be  applied  only  to  a  limited  class  of 
problems,  including  it  here  serves  two  purposes.  It  provides  a  second  example  of  a  scheme  which  updates  the  design  parameters 
and  the  flow  variables  simultaneously.  Moreover,  results  obtained  from  applying  scheme  I  to  optimization  problems  provide  an 
additional  set  of  data  for  determining  the  effects  of  updating  the  design  parameters  while  the  flow  solution  is  developing. 

The  goal  of  the  optimization  schemes  is  to  determine  the  values  of  the  design  parameters  that  minimize  thej>bjective  function, 
Et  subject^to  an  equality  constraint.  A  search  must  therefore  be  conducted  in  the  design  parameter  space  P  for  the  optimum 
solution,  P*.  This  optimization  problem  is  most  conveniently  solved  in  the  rotated  design  parameter  space  £,  with  the  £j 
coordinate  normal  to  the  constraint  surface  and  the  £j  coordinates,  where  /  =  2,  3 parallel  to  the  constraint  surface. 
In  the  case  of  scheme  I  a  rotation  of  the  coordinate  system  is  not  required,  since  both  design  parameter  spaces  P  and  £  are 
equivalent.  For  fixed  values  of  the  components  of  £,  let 


sn+1  =  0(3n;  £).  n  =  0,  1,  2, . . . 


(5) 


be  the  iterative  solution  for  the  analysis  problem,  where  denotes  the  solution  obtained  by  applying  the  iterative  schema  for 
solving  the  flow  governing  equations  once  using  gn  as  an  initial  guess.  As  for  the  analysis  solution,  obtaining  the  optimization 
solution  requires  the  repeated  application  of  Equation  (5)  to  update  the  flow  field.  While  £  is  held  fixed  in  the  former  case,  it 
is  allowed  to  vary  in  the  latter. 

The  vector  of  design  parameters  £  is  updated  every  AN  iterations.  Therefore, 

£n+1 _  fn  + jgn+l  (g) 

where 

«£n+1  =  0,  (n+i)/A!Y  ?  1,  2,  3, . . . 


In  t!.-  iterative  steps  that  satisfy  the  relation  (n+l)/AiY  =  1,2,3 . the  incremental  values  for  the  design  parameters  are 

given  by 


«£"+1  =  -  j£j  (min  (C  |A  (7) 

d£},+1  =  r ir^l,  I  =  2,  3 (8) 

where 

r  =A£";  9n) 

A P.n,+1  =  \  Wff1  +  1)  -I-  ej(rn+l  -  1)]  iZn*'-**  (9) 


A En  6Pn+lmiirl 
u+1  _  _  ae,l 

I  ~  |A£n  ipO+l-aWj 


The  purpose  of  AE^  appearing  in  Equation  (lO)  is  to  determine  the  sign  of  #£/#£?,  which  in  turn  determines  the  sign  of  the 
new  incremental  step  along  the  £”  direction.  The  main  difference  between  schemes  I  and  II  is  in  the  definition  of  AE^. 

The  incremental  displacement  in  the  design  parameter  space  introduced  so  that  the  constraint  may  be  satisfied  is  taken  in  the 
direction  normal  to  the  constraint  surface  and  is  determined  by- the  chord  method  in  Equation  (7).  The  constant  6Pmax  sets 
an  upper-Iimit  .on  lhc=inagnitude  of  this  incremental  displacement.  The  incremental  displacements,  given  by  Equation  (8)  arc 
introduced  along  the  coordinate  axes,  which  are  parallel  to  the  constraint  surface  with  the  purpose  of  reducing  the  value  of  the 
objectivc  function.  The  sign  of  the- incremental  correction  $£  j**1,  where  6£,!+1j8  th c  l™  component  of  th*  vector  $£n+i,  is 
chosen  to  be  opposite  to  that  of  OEfd £”.  The  magnitude  of  the  increment  5£  j  2  is  given  by 
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with  an  upper  limit  given  by  SPntazt  where  c  >  0.  If  the  signs  of  S£l,+1  and*d£Bj*"l'aW  ore  in  agreement,  then  the  last  two 
iterative  solutions  £”  end  £j‘~a”  fall  to  one  side  of  the  point  along  the  Ej  direction  a(  which  £  is  a  minimum.  In  this  case,  c 
is  set  equal  to  the  constant  Cj,  which  is  greater  than  1.  Increasing  the  magnitude  of  the  step  size  in  this  manner  accelerates  the 
approach  toward  the  point  along  the  £,  direction  at  which  E  Is  a  minimum.  On  the  other  hand,  if  the  signs  of  {£n^‘Iond 
jpr.-H-n.v  Me  nu,  ja  agreement,  then  £?  and  fall  on  opposite  sides  of  the  point  along  the  £j  direction  at  which' £  is  a 

minimum,  in  this  case,  c  is  set  equal*  to  the  constant  c2,  which  is  less  than  1.  Decreasing  the  magnitude  of  tire  step  size  in  this 
manner  is  necessary  for  convergence  to  the  point  along  the  £j  direction  at  which  £is  a  minimum. 

The  updated  components  of  the  design  parameter  vector  £n*1  arc  used  to  calculate  the  new  flow  iterative  solution, 
given  by 


5n+l  =  J(5n!  £n+1) 


(11) 


2.1  Scheme  i 

This  scheme  was  developed  for  application  to  a  particular  problem  arising  from  a  transonic  wind  tunnel  wall  interference 
correction  procedure.  In  this  procedure  the  free  air  flowfield  around  the  model  is  computed.  The  design  parameters  are  the 
model  angle  of  attack  nF  and  the  free-air  Mach  number  so  that  P  —  [ Qp,  Afwp).  Their  optimum  values  ate  determined 
so  that  Equation  (1)  is  satisfied  with 


subject  to  the  constraint 


£  —  SWfs  ~~  ^Ts)2  jf 

fMTS  “k 

f-  lF  -  lt  =  0 


(12) 


(13) 


where  MpS  is  the  computed  Mach  number  distribution  on  the  model  surface  in  free-air  and  is  the  corresponding  Mach 
number  distribution  in  the  wind  tunnel.  This  is  obtained  from  a  wind  tunnel  flow  computation  which  is  performed  prior  to  the 
free-air  computation.  The  integrals  in  Equation  (12)  are  taken  over  the  model  surface. 

In  scheme  1  a  single  solution  given  by  Equation  (11)  is  computed.  To  determine  the  sign  of  dff'/dP'j  it  is  therefore  necessary 
to  use  values  of  £  at  different  iterative  steps.  In  this  scheme  AW  =  1  and  A£j|  is  defined  by 


A£j  =  (£"  -  £n‘1)(e"  -  e"*1) 

where 


£"  =  £(?";  g") 

e"  =  e  (?”;  j") 

_  J  (Mfs  ~  Mps)  ds 

I  Mrs  ** 


Because  A£"  is  evaluated  at  two  different  time  steps  the  sign  of  A  £”  may  not  always  agree  with  that  of  fl£“/flF".  As  long 
as  the  frequency  at  which  this  disagreement  accurs  is  below  a  certain  limit  the  scheme  converges  to  trie  correct  solution.  The 
coordinate  system  in  design  parameter  space  is  not  rotated.  Therefore,  the  search  for  the  minimum  objective  function  is 
conducted  along  constant  Px  lines,  in  general,  this  will  not  lead  to  accurate  determination  of  the  optimum  solution,  however, 
in  the  particular  problem  considered  here  the  constant  Pj  lines  are  nearly  parallel  to  the  constraint  curve.  The  resulting  error  i3 
therefore  negligible, 

2.2  Scheme  II 


This  scheme  is  a  general  scheme,  which  docs  not  have  the  limitations  of  scheme  1.  In  addition  to  the  main  solution  given  by 
Equation  (1 1),  this  scheme  computes  the  perturbed  solutions  J”*1, 1=  1,  2, . . . ,  £,  given  by 


=kr,-,ln+1 


+  dn.+l) 


(14) 


where  c  is  a  small  positive  constant  and  1'1+1 ,  1=1,  2,  .  .  .,  I,  arc  the  set  of  orthogonal  unit  vectors  along  the  axes  ofthe 
roUtcu  wSrdiBStenj.tem-flj'*'1,  In  Equation  (10). A£?  is  given  by 


A£»  =  £(£"  +  dyg”)  -  £(£";  jn) 


While  the  optimization  procedure  is  most  suitably  conducted  in  terms  of  the  transformed  parameters  £(,1=1,2 . L,  the 

flow  solution  is  computed  in  terms  of  the  physical  design  parameters  Pj,  f  =  1,  2 . L  To  express  the  transformed  design 

parameters  in  Equations  (11)  and  (14)  in  terms  of  the  original  design  parameters,  it  is  necessary  to  use  the  transformation 
equation,  which  relates  these  two  sets  of  parameters.  This  equation  is 


p*i+l  __  ^n+1  £n4*l 


where  the  orthogonal  transformation  matrix  is  given  by 

Tn+,  =  (i;+1  7”+1  .  .  .7"+1| 

The  unit  vector  i*1*"1  is  normal  to  the  constraint  surface  at  £  =  £n  and  is  given  by 

i?+I  =  V/(£";  5")  /  ml"',  !n)l  (15) 

where  an  estimate  for  G’j,  the  P*  component  of  V/,  is  given  by 

Sy  =  W£n  +  eIy;jp-)(£nijn))/<  (16) 

The  Gram-Schmidt  orthogonalization  process,  which  uses  a  set  of  £  linearly  independent  vectors  to  construct  a  set  of  L 
orthonormal  vectors,  is  used  to  construct  the  unit  vectors  7"+l,  /  =  2,  3  , . . . ,  Z,  along  the  rotated  axes  £lj+l,  /  =  2,  3, . . . , 
L.  The  following  equation  is  used  for  this  purpose: 


7«+t  _ 
1  1  “ 


Jn+l 


|7"+1| 


,1=2,  3, 


L 


where 


7"+>=7"-£  (7y.7f‘)7n+1 

i  1  feu  1  *  * 


In  the  initial  iterative  step,  the  vectors  7?  are  given  by  7  j  =  e(,  /  =  1,  2,  ,  .  .  ,  L,  where  e(,  I  =  1,  2,  .  .  .  ,  L,  are  the  set  of 

orthogonal  unit  vectors  along  the  axes  of  the  coordinate  system  *1.  . Pl  ■  While  the  flow  variable  vector  g  is  updated 

each  iterative  step,  the  coordinate  system  in  the  design  parameter  space  is  rotated  every  A  N  iterations.  The  unit  vectors  '  [, 
likv  the  vector  of  design  parameters  P,  arc  updated  only  in  the  iterative  steps  that  satisfy  the  relation  (i'.f  1)/A,Y  =  1,  2,  3 . 

The  optimization  scheme  described  above  requires  that  L  +  1  iterative  problems  be  solved  in  parallel.  In  addition  to  the  main 

solution,  L  perturbed  solutions  are  computed  in  which  each  of  the  design  parameters  in  the  transformed  space  £j,  £2 . 

is  perturbed.  The  computational  costs  and  the  computer  memory  requirements  are  therefore  proportional  to  L  +  1,  A 
modification  to  this  scheme,  which  requires  that  only  L  iterative  solutions  be  obtained,  is  now  introduced.  In  the  modified 
procedure,  the  perturbation  solution  associated  with  the  perturbed  design  parameter  in, the  direction  of  the  Pj  axis,  normal  to 
the  constraint  surface,  is  not  computed.  This  solution  was  used  in  Equation  (16)  to  compute  which  is  required  for  the 
calculation  of  the  vector  inj'1,  which  determines  the  direction  normal  to  the  constraint  surface  in  Equation  ^  15).  In  the 
absence  of  this  solution,  a  new  procedure  for  rotating  the  design  parameter  space  must  be  defined.  The  procedure  is  first 
explained  for  the  case  of  a  two-dcsign-parametcr  problem,  and  then  it  is  extended  to  the  general  multi-dcsign-paramcter 
problem. 

Figure  l  shows  the  design  parameter  space  for  a  two-design-parameter  problem.  In  the  figure,  the  constraint  function  values  J%, 
/J,  are  defined  as  follows: 


Jo  =  A£":  3") 
/?=)(£"  + <1?;  3?) 

/S  =/(£"  +  <  IS;  5a) 


In  the  modified  procedure,  the  chord  method,  used  in  Equation  (7)  to  satisfy  the  constraint  condition,  is  used  to  rotate  the 

ftpaiMn  nanmatas  Mnn  Pal^l *****  Pwwfa  f  rt 1  *»!•**  **-!-»»- 
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is  used  to  rotate  the  coordinate  system,  where  the  subscript  M  indicates  that  the  modified  scheme  is  used.  The  angle  Si JJ*"1  is 
now  compared  to  the  corresponding  rotation  angle  Mn+1  used  in  the  original  scheme  and  given  by 


S0n+l  =  tan’1 


(19) 


This  comparison  shows  that  the  term  f!  —  /J  in  the  original  scheme  is  replaced  by  c/C  in  the  modified  scheme.  Therefore,  the 
modified  scheme  may  be  viewed  as  the  original  scheme  with  the  exception  that  the  exact  value  for  11  is  replaced  by  an 
approximate  estimate  in  which  the  gradient  of /in  the  direction  of  the  axis,  Qlt  is  not  calculated  but  is  estimated  using  the 
same  proportionality  constant  used  in  the  chord  method  of  Equation  (7).  Thus, 

Sl  =  £  (20) 


This  is  applicable  for  both  the  two-dcsign-paramctcr  problem  and  the  general  multi-design-paramctcr  problem. 

In  the  optimization  scheme  developed  here,  corrective  increments  are  applied  to  the  design  parameter  solutions  every  few 
iterations  of  updating  the  flow  solutions.  For  convergence  to  occur,  the  signs  of  the  increments  must  be  chosen  correctly  to 
allow  the  iterative  solution  to  approach  the  desired  solution.  The  magnitudes  of  the  increments  are  dependent  on  the 
computational  cc.  ‘ants  clt  c^.,  and  C.  Because  the  design  parameters  are  updated  frequently  during  the  iterative  process,  we 
are  not  concerned  with  determining  the  incremental  step  sizes  that  lead  to  the  highest  short-term  convergence  rate.  In  fact,  this 
may  be  difficult  to  define,  since  the  flow  variable  solutions  are  continuously  changing  during  tile  iterative  process.  Our  aim  is 
to  achieve  dcsign  parameter  convergence  over  a  long  term  defined  by  the  number  of  iterations  required  for  the  flow  solution 
convergence.  A  wide  range  of  incremental  step  sizes  should  produce  the  desired  convergence  properties  over  many  iterations, 
even  though  convergence  properties  over  a  few  iterations  may  differ.  These  comments  apply  to  both  of  the  schemes  described 
above  for  determining  the  design  parameter  space  rotation.  The  direct  procedure  for  determining  the  design  parameter  space 
rotation  in  the  original  scheme  is  replaced  by  an  iterative  procedure  in  the  modified  scheme.  Since  this  rotation  is  updated 
frequently  during  the  iterative  process,  this  replacement  should  have  no  substantial  effect  on  the  overall  convergence  of  the 
solution. 

A  potential  problem  exists  when  the  modified  scheme  is  used  for  rotating  the  design  parameter  axes.  Tills  problem  is  now 
discussed,  then  suggestions  for  overcoming  it  are  presented. 

In  the  first  AN  -  I  iterative  steps  of  solving  the  problem,  the  coordinate  system  in  the  design  parameter  space  coincides  with 
the  original  unrotated  design  parameter  space  Fj,  F2,  ■  ■  . ,  Ft-  At  the  ANII‘  iterative  step,  a  new  rotated  coordinate  system  is 
determined.  When  Equation  (16)  for  determining  G^'1  is  used,  we  are  guaranteed  that  the  vector  T^points  in  the  direction 
in  which  the  constraint  function  increases.  Consequently,  the  use  of  Equation  (7)  will  cause  the  iterative  solution  to  approach 
the  constraint  surface.  When  Equation  (16)  is  replaced  by  Equation  (20)  for  determining  Gf^1,  there  is  a  possibility  that  the 
computed  vector  i^will  point  in  the  direction'in  which  the  constraint  function  decreases.  In  this  case,  the  assumption  that  C 
is  positive  is  wrong,  and  using  it  will  cause  the  solution  to  diverge.  This  occurs  if  the  vector  el  is  nearly  in  the  direction  of 
_yyxt/V-l_ 


That  is,  if  the  quantity 


”  |y/aA'-1| ' e 1 


is -close  to  unity.  The  probability  of  this  occurring  is  approximately  1:4  in  a  two*dcsign«paramcter  problem  and  is  reduced 
further  as  the  number  of  design  parameters  increases.  There  arc  two  suggested  approaches  for  overcoming  this  problem.  In  the 
first  approach,  the  initial  few  iterations  arc  performed  using  the  original  scheme  for  determining  g”  by  Equation  (16)  in  order 
to  determine  the  correct  initial  directions  for  the  Pl  axis.  This  may  then  be  updated  using  the  modified  scheme,  Equation  (20), 
in  the  rest  of  the  computation.  Realizing  that  the  probability  for  the  potential  problem  to  occur  is  small,  the  second  approach 
uses  the  modified  scheme  from  the  beginning  of  the  computation.  If  divergence  docs  occur,  then  the; constraint  function  is 
redefined  to  be  equal  to  the  negative  of  the  original  constraint  function,  and  the  problem  is  solved  again. 

2.3  Extension  of  Scheme  II 

Scheme  II  Is  applicable  to  optimization  problems  with  a  single  equality  constraint.  However,  this  scheme  may  be  extended  U, 
more  general  problems  such  as  multiple  constraint  problems  and  problems  with  inequality  constraints.  These  extensions  are 
now  briefly- presen  ted. 

In  the  case  of  multiple  constraints,  the  set  of  equations, 


4(?i5)  =  0f*=l,2,...f  K 

replaces  Equation  (2),  where  K  is  the  number  of  constraints.  For  this  p«  >blcm.  Equation  (7)  is  replaced  by 
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S£n,+1  = 


K 


Equation  (8)  is  applied  for  values  of  /  given  by  /  =  /f+1,  K+2, ...,  L  and  the  unit  vectors  7"+1  are  given  by 

V/1(£n;yn)/|V/1(£ni  J")|,/=l 
^+1/IQ"+1i  ,1=2,3,...,  K 

7"+1  /  |7"+1l .  /=  Jr+i,  k+2 . i 

where 

g”+1  =  jv"+1  -  2  /  =  2, 3,  — ,  K 

1  1  r=  i  • 

Hn,+1  =  V/,  (£n  ;  gn) 

and  7”+1  was  defined  in  Equation  (17). 

In  the  case  of  an  unconstrained  problem,  the  problem  is  solved  in  the  original,  unrelated  design  parameter  space.  In  this  case 
Equation  (7)  is  not  used  and  Equation  (8)  is  applied  for  /  values  given  by  /  =  1,  2, . . . ,  L. 

In  the  case  of  a  problem  with  inequality  constraints,  the  solution  procedure  at  a  given  iterative  step  is  equivalent  to  that  of  an 
unconstrained  problem,  if  none  of  the  constraints  are  effective,  and  it  is  equivalent  to  that  of  a  problem  with  Ke  equality 
constraints,  if  Kt  of  the  constraints  arc  effective.  For  the  problem  with  inequality  constraints,  Equation  (2)  is  replaced  by 

fk(P-,s)L3  ,1=1,2 . K 

At  the  iterative  step  n  +  1,  the  t,K  constraint  is  effective  if  either  of  the  following  conditions  is  satisfied: 


4  (Pi  7")  £  * 


where  6  is  a  small  positive  number,  or 


Otherwise  it  is  not  effective. 


4  (£"  i  ?")-<  * 


0E(P.n ;  y") 

— aP, 


<  o 


3.0  RESULTS 

The  optimization  procedures  described  above  were  applied  to  wind  tunnel  wall  interference  problems  and  to  propeller  design 
problems.  The  computations  were  performed  on  the  Cray  X-MP  computer.  The  results  of  these  computations  are  presented 
below. 


3.1  Wind  Tunnel  Wall  Interference  Corrections 

References  6  and  7  present  a  wall  interference  correction  procedure  which  is  divided  into  two  main  steps.  In  the  first  step  the 
flow  is  computed  around  the  model  in  the  wind  tunnel  subject  to  measured  boundary  conditions  at  the  tunnel  walls.  The 
model  angle  of  attack,  o-r,  that  causes  the  computed  model  lift,  LT,  to  match  the  measured  lift,  Le,  is  determined  by  the 
chord  method.  The  Mach  number  distribution  on  the  model  surface,  M7S,  is  also  determined  in  this  step.  In  the  second  step, 
which  is  formulated  as  an  optimization  problem,  the  flow  is  computed  around  the  model  in  free  air.  The  design  parameters  Pj 
and  P2  are  the  model  angle  of  attack,  c*p,  and  the  free  stream  Mach  number,  Mwp,. respectively.  They  are  detemined  puch 
that  the  objective  function  given  by  Equation  (12)  is  minimized  subject  to  the  constraint  given  by  Equation  (13).  The  Mach 
number  correction,  AM,  and  the  angle  of  attack  correction,  Acr,  are  given  by 


AM  —  Mwp  —  Mc ce ;  Aar  =  Qp  —  <x7 


'••j'Hhc 


corrected  Mseh  rmrnbcr  and  augic  uf  attack  arc  then  found  from  the  relations 


M^f  =  A/we  +  AM ;  ctj  =  occ  +  Aa 
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The  flow  was  assumed  to  be  governed  by  the  Euler  equations.  The  flow  solver  used  was  based  on  a  Finite  volume  discretization. 
A  multigrid  strategy  together  with  a  multistage  time-stepping  scheme  were  used  to  advance  the  flow  solution  to  a  steady  state 
as  rapidly  as  possible.  Details  of  the  dissipative  terms,  the  multistage  scheme  and  the  multigrid  method  are  given  in  References 
8-10,  Some  results  of  applying  the  optimization  procedures  to  the  wall  interference  problem  in  References  6  and  7  are  presented 
below. 

The  correction  procedure  was  applied  to  a  wing/body  combination  consisting  of  an  ONERA  M6  wing,  with. a  wing  span  and 
maximum  chord  of  2.4  and  0.6737  unitlengths,  respectively,  mounted  on  a  cylindrical  body  of  a  0.2-uuit4ength  radius.  The 
model  was  assumed  to  be  tested  in  an  open  jet  with  zero  pressure  perturbations  along  its  boundaries.  The  tunnel  height  and 
width  considered  were  2.0  and  4.0  unit  lengths,  respectively.  The  computational  domain  consisted  of  half  the  flow  field  by 
including  the  plane  of  symmetry  as  one  of  its  boundaries.  The  computational  parameters  ci*  c2»  G  and  6Pma-  were 
assigned  the  values  0.005,  1.2,  0.6,  0.3,  and  0.2  respectively.  The  initial  guess  for  the  flow  solut?  a  was  set  equal  to  free-stream 
conditions.  A  72x24x12  mesh  was  used  for  the  tunnel  computation,  while  a  72x32x12  mesh  was  used  for  the  free-air 
computation.  The  frcc-air  mesh  and  the  tunnelmesh  were  identical  in  a  region  bounded  by  the  upper  and  lower  tunnel  walls 
and  the  wing  tip.  Beyond  the  wing  tip,  the  meshes  did  not  coincide.  The  experimental  conditions  were  given  by  =  0.84 
and  lt  =  0.20. 


In  the  first  step  of  the  correction  procedure,  the  tunnel  flow  is  computed  and  the  angle  of  attack,  orr,  is  determined.  It  was 
found  to  be  given  by  aT  =s  2.777*.  In  the  second  step  of  the  correction  procedure,  the  free-air  flow  is  computed  and  the 
parameters  Pi  and  P2  are  determined  by  using  scheme  I,  where 


Pl  =  aF  and  P2  =  if„  F  ■ 

Their  values  were  found  to  be  given  by  aF  =  2.468*  and M  p  =  0.833.  The  angle-of-attack  and  Mach  number  corrections  arc, 
therefore,  given  by  Aa  =  —0.309*  and  A M  —  —0.007.  Figure  2  shows  the  iterative  histories  for  Qp  and  Lpt  while  the  iterative 
history  for  Af  -  is  shown  in  Figure  3.  Figure  4  compares  Rmaz  for  the  second  step  in  the  correction  procedure,  in  which  J  is 
updated  in  addition  to  and  to  Rmax  f°r  the  regular  analysis  solution,  in  which  only  g  is  updated  while  ctp  and  Mwp 
are  held  fixed.  The  figure  indicates  that  the  convergence  rates  for  the  analysis  and  the  correction  schemes  arc  comparable.  The 
high-frequency  oscillations  apparent  in  the  curve  associated  with  the  correction  procedure  are  due  to  thje  introduction  of 
perturbations  in  the  flow  field  as  M  F  is  updated.  The  computational  requirements  for  the  free-air  correction  scheme  and  the 
analysis  scheme  are  essentially  the  same.  The  first  of  these  computations  rcquired-153  epu  seconds,  while  the  second  required 
150  epu  seconds.  For  the  uncorrectcd  free-air  flow  (M^p  =  0.84,  ctp  =  2.777*),  the  valuta  of  Lp  and  E  are  given  by  2^  = 
0.235,  E  =  5. 2x1  O'6.  For  the  corrected  frcc-air  flow  (M^p  =  0.833,  ctp  =  2.468‘),  these  values  are  given  by  Lp  =  0.200,  F  = 
6.92x10  7 The  corrections  therefore  achieved  the  goal  of  satisfying  the  lift  constraint  and  of  reducing  the  value  of  the  objective 
function. 

Scheme  l  was  applied  to  different  three-dimensional  configurations  with  success.  However,  problems  developed  when  applying  it 
to  two-dimensional  configurations,  as  the  supersonic  bubble  size  increased  beyond  a  certain  limit.  To  demonstrate  this  problem 
the  procedure  is  now  applied  to  a  NACA  0012  airfoil  tested  in  an  open  jet  of  height  h  .s  3.6.  The  airfoil  is  assumed  to  have  a 
chord  of  unit  length  and  to  be  located  in  the  middle  between  the  upper  and  lower,  boundaries.  A  72x64  mesh  is  used  for  the 
tunnel  simulation  and  a  72x96  mesh  is  used  for  the  free-air  simulation.  The  airfoil  lift  coefficient  and  the  tunnel  Mach  number 
arc  given  by  lt  =  0.35  and  M0 oC  =  0.7. 

In  the  first  step  of  the  correction  procedure,  the  wind  tunnel  flow  is  computed  and  the  angle  of  attack  <*r  is  determined.  In  the 
second  step  of  the  correction  procedure,  the  frec-air  flow  is  computed  and  the  parameters  aF  and  M^p  are  determined.  The 
initial  iterative  values  of  aF  and  M^p  are  chosen  to  be  equal  to  and  respectively.  The  initial  flow  field  solution  is 

set  equal  to  frcc-strcam  conditions.  The  parameters  6f^t  clf  c2,  C,  6Pmaz,  A//,  and  <  are  given,  respectively,  by  0.005,  1^2, 
0.6,  0.3,  0.2,  4,  and  10’5. 

The  iterative  history  of  M^p  resulting  from  using  scheme  I  is  shown  in  Figure  5a.  An  initial  stage  of  about  60  iterative  steps 
of  rapid  variations  is  observed  in  this  figure.  The  solution  beyond  this  point  seems  to  be  essentially  converged.  However,  at 
approximately  the  80<4  and  the  230f*  iterative  steps,  a  rapid  departure  from  the  apparently  converged  solution  takes  place. 
Within  about  25  iterative  steps  in  both  cases,  an  essentially  converged  solution  is  observed  again.  \Vc  have  conducted  many 
computations,  using  scheme  I,  for  different  test  conditions.  The  appearance  of  local  spike-shaped  deviations  is  a  common 
feature  among  these  solutions.  However,  the  size  of  these  spikes  and  the  frequency  of  their  occurrence  depend  on  the  particular 
problem  being  solved.  The  iterative  history  of  M^p  resulting  from  using  scheme  II  is  shown  in  Figure  5b.  In  this  figure,  an 
initial  stage  of  about  150  iterative  steps  is  identified  in  which  relatively  rapid  variationsin  the  value  of-JM^  take  place.  At 
the  end  of  this  stage,  the  value  of  M^p  is  essentially  converged.  Only  minor  variations  are  observed  in  the  value  of 
beyond  the  initial  stage.  In  scheme  II,  the  incremental  value  SP2  is  determined  by  comparing  two  objective  functions  at  the 
same  time  step.  In  scheme  I,  this  value  is  deiemined  by  comparing  two  objective  functions  at  different  time  steps.  Scheme  I 
functins  properly  as  long  as  the  dependence  of  the  objective  function  on  the  parameter  M^p  is  stronger  than  its  dependence  on 
time.  As  its  dependence  on  time  becomes  comparable  or  stronger  than  its  dependence  onM^p,  the  computed  6P2  values  no 
longer  lead  to  convergence  to  the  optimum  solution.  The  local  divergence  shown  in  Figure  5a  is  due  to  the  solution’s  weak 
dependence  on  M^p  as  the  values  of  6P2  become  smalt.  As  the  local  divergence  occurs,  the  value  of  6P2  increases,  causing  a 
stronger  dependence  on  M^p  and  causing  r convergence.  In  other  words,  the  process  that  takes  place  at  the  spikes  is  self- 
stabilizing.  It  is,  therefore,  possible  to  use  scheme  1  to  determine  a  solution  by  simply  ignoring  the  local  solutions  at  the  spikes. 
However,  as  the  supersonic  region  increases  in  size,  the  size  ot  the  spikes  aiso  increases.  Eventually,  it  become*  no  longer 
possible  to  use  scheme  I  for  determining  valid  solutions.  Figure  5c  shows  the  iterative  history  of  M^p  resulting  from  using 
scheme  I  in  tbj  same  problem  solved  abdve,  but  with  a  value  of  A/cotf  of  0.75  rather  than  0.7.  It  is  apparent  that »  converged 
solution  in  this  figure  is  no  longer  identifiable.  Therefore,  scheme  I  is  no  longer  useful  in  determining  a  solution 
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Figure  G  shows  the  history  for  the  maximum  residual,  for  the  three  coses  corresponding  to  Figute  5.  While  the  effect  of 

the  spikes  is  seen  to  be  local  and  limited  to  a  few  time  steps  in  Figure  5a,  the  recovery  to  the  prespike  level  is  seen  to  take  a 
relatively  longer  time  interval  in  the  case  of  the  maximum  residual,  os  indicated  in  Figure  6a,  which  shows  that,  beyond  300 
lime  steps,  the  maximum  residual  oscillates  about  a  fixed  value.  We  have  continued  the  computation  to  800  time  steps,  and 
the  oscillatory  behavior  was  found  to  continue.  This  behavior  is  due  to  the  same  process  that  leads  to  the  local  divergence 
observed  above.  As  indicated  above,  at  certain  stages  of  the  computation,  the  signs  and  values  of  SP2  are  no  longer  chosen  in  a 
manner  that  causes  -M^p  to  approach  its  optimum  value.  If  conditions  ate  such  that  the  sign  of  SP2  remains  unchanged  for  a 
large  number  of  steps,  then  the  local  divergence  observed  above  will  occur.  On  the  other  hand,  if  the  positive  and  negative 
signs  of  6P2  are  reasonably  well  balanced,  then  the  oscillatory  behavior  observed  in  Figure  6a  occurs.  It  should  be  noted  that, 
even  though  the  maximum  residual  may  no  longer  converge,  the  level  at  which  this  occurs  in  Figute  6a  does  indicate  that,  for 
practical  purposes,  the  solution  is  converged.  The  uncertainty  caused  by  scheme  I  in  this  particular  problem  should  be  of  no 
practical  concern. 

Table  1  compares  the  accuracy  of  the  schemes  I  and  II.  The  exact  solution  was  obtained  by  solving  a  series  of  problems  with 
different  values  of  M^F.  In  each  problem  the  value  of  a F,  which  satisfies  the  lift  constraint,  was  determined  by  the  chord 
method.  In  each  of  these  problems,  the  objective  function  was  computed.  The  exact  solution  is  the  solution  that  results  in  the 
minimum  value  for  the  objective  function.  It  does  appear  from  the  table  that  the  results  obtained  by  each  of  the  two  schemes 
ate  accurate  and  the  errors  arc  within  acceptable  levels. 

Table  1.  A  Comparison  of  the  Accuracy  of  the  Optimization  Schemes 


exact 

scheme  I 

scheme  II 

Aa 

-1.6000' 

-1.5981* 

-1.5999' 

AM 

-0.0065 

-0.0062 

error  in  Aa 

0.0  %  | 

0.1% 

0.0% 

error  in  AAf 

-  4.8  % 

0.0% 

E 

8.97xl0'4 

8.98xl0'4 

8.97xl0'4 

To  compare  the  efficiency  and  relative  costs  of  the  two  schemes,  it  is  necessary  to  set  a  convergence  criterion.  The  convergence 
criterion  used  here  assumes  that  convergence  is  attained  when  Rmat  =  10.  At  this  value  of  the  maximum  residual,  it  is 
found  that  the  values  of  Aa,  AM,  and  E  arc  all  essentially  converged.  Based  on  this  convergence  criterion,  Table  2  compares 
the  number  of  iterations  and  the  computational  time  required  for  convergence  for  the  different  schemes  and  for  a  regular 
analysis  solution.  It  is  dear  from  the  table  that  updating  the  angle  of  attack  and  the  Mach  number  in  addition  to  the  fiow 
variables  results  in  reduced  convergence  rates  relative  to  that  of  an  analysis  problem  in  which  only  the  fiow  variables  ate 
updated.  The  table  also  indicates  that  the  computational  lime  per  iteration  required  for  scheme  II  is  double  that  of  scheme  I. 
This  is  due  to  the  requirement  of  computing  two  solutions  in  parallel  when  scheme  II  is  used.  While  scheme  I  updates  aF  and 
Mup  each  iterative  step,  scheme  II,  through  the  parameter  AN,  allows  the  user  to  specify  the  frequency  of  updating  these 
parameters.  In  the  present  computations,  these  parameters  were  updated  every  four  iterative  steps.  We  did  not  attempt  to 
determine  the  value  of  AN  that  maximizes  the  rate  of  convergence.  Therefore,  there  is  a  good  possibility  that  the  efficiency  of 
scheme  II  can  be  improved  over  that  indicated. 

Table  2.  A  Comparison  of  the  Efficiency  of  the  Optimization  Schemes 


analysis 

scheme  I 

scheme  11 

Number  of 

■ 

mm 

Iterations 

268 

CPU  Seconds 

mm 

u 

137 

Hie  above  computations  were  performed  for  a  case  in  which  schcme  I  functions  properly  to  allow  comparison  between  that 
scheme  and  scheme  II  in  the  tangc  in  which  it  is  valid.  Scheme  II  was  applied  successfully  to  cases  at  high  Mach  numbes 
(Reference  6)  in  the  range  where  scheme  I  cannot  be  used.  An  example  oflhesc  cases  is  defined  by  the  lest  conditions  h  =  4  5, 
Mat  =  0.8  and  £e  —  0.35.  A  72x80  mesh  was  used  for  the  tunnel  simulation  and  a  72x112  mesh  was  used  for  the  ftce-*ir 
simulation.  The  first  step  of  the  correction  procedure  determined  an  aF  value  of  2.8296'.  Figure  7  shows  the  Iterative  histories 
for  ,  Op,  lF  and  Rmat  in  the  second  step  of  the  correction  procedure.  This  step  determined  an  aF  value  of  1.6488*  and 
an  MmF  value  of  0.7871.  A  comparison  between  the  solution  obtained  in  the  second  step  and  a  regular  analysis  solution 
indicates  that  246  iterations  and  143  epu  seconds  are  required  for  the  present-solution  to  achieve  convergence,  while  66 
iterations  and  19  epu  seconds  are  required  for  the  analysis  solution  to  achieve  convergence.  The  correction  results  are  given  by 


Aa  =  -1.1808',  AM  =  -0.0129,  BM  =  3.54  X  10'4 


These  values  arc  identical  to  the  exact  solution.  Figure  8  presents  a  comparison  between  the  pressure  on  the  airfoil  surface  for 
the  tvind  lunneJ  flo'"  * =.0  8.  Oj.  =  2.8296'),  the  free-air  flow  a‘-  the  uncorrected  conditions  (MkF  =  0.8,  Qp,  =  2.8296') 
and  the  free-airfiow  at  the  corrected  conditions  {MkF  —  0.7871,  aF  =  1.6488').  As  indicated  from  the  figure,  the  collection 
procedure  does  accomplish  the  goal  of  detcrmining°the  free-air  corrected  conditions  (a F,  MmF)  with  aerodynamic  properties 
nearly  matching  the  corresponding  properties  for  the  tunnel  conditions  (orT,  MKt).  The  value  of  E  is  reduced  from  384.36  x 
10  4  for  the  free-  at  flow  at  the  uncorrecltd  conditions  to  3.54  x  10"4  for  the  free-air  fiow  at  the  corrected  conditions. 
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Scheme  I  was  applied  in  References  11  and  12  to  the  problem  of  wall  interference  correction.  There,  however,  the  transonic 
small  disturbance  equation  was  assumed  to  be  the  flow  governing  equation  and  the  solution  was  obtained  by  successive  line 
overrelaxation. 

3.2  Propeller  Design 

The  optimization  procedure  II  described  above,  combined  with  the  Euler  analysis  code  developed  by  Yamamoto  et  al. 
(Reference  13),  was  used  to  find  the  twist  distribution  for  the  blades  of  the  eight-bladcd  SR-3  propeller  with  the  objective  of 
maximizing  its  efficiency  under  the  constraint  of  a  desired  power  coefficient  given  by  Cp0  =  1«7.  The  computations  were 
performed  for  a  free-stream  Mach  number  of  0.8  and  an  advance  ratio  of;3.06.  We  let  ^03/4  lx  the  blade  angle  at  the  75% 
blade  span  corresponding  to  the  desired  power  coefficient,  and  we  took  the  blade  angle  distribution,  /?0(r) ,  corresponding  to  this 
propeller  as  our  base  configuration.  A  perturbation,  0'(r),  to  the  blade  twist  distribution,  /3 0 ( r) ,  was  computed  so  that  the 
propeller  efficiency  is  maximised  subject  to  the  power  constraint.  The  perturbation  twist  distribution  is  given  by 

/3V)  =PI  +  P2  (4^)  +  2/>3  -  |}  (21) 

where  f\,  P2,  and  P3  are  the  components  of  the  vector  of  design  parameters  P  and  R  is  the  propeller  radius. 

Experimentation  with  the  propeller  analysis  code  indicated  that  the  flow  iterative  solution  diverges  when  the  blade  tip  angle 
exceeds  a  certain  limit.  To  exclude  the  region  leading  to  the  divergence  from  our  search  in  the  design  parameter  space,  the 
following  redefinition  of  the  objective  function  was  introduced: 


E  —  ~r)  +  max 


jo.o,  0.1 


(22) 


where  /r  determines  the  allowable  search  region.  As  the  value  of  /r  increases,  the  allowable  search  region  also  increases.  The 
value  of  fi  was  taken  to  be  equal  to  5.6  unless  otherwise  specified. 


The  mesh  used  m  the  following  computations  consists  of  45  points  in  the  axial  direction,  21  points  in  the  radial  direction,  and 
11  points  between  adjacent  blades  in  the  circumferential  direction.  Computations  arc  initialized  by  the  SR-3  flow  solution, 
which  corresponds  to  a  54.9*  angle  at  the  75%  blade  span.  This  initial  solution  was  intentionally  chosen  not  to  be  a  close 
approximation  of  the  desired  solution.  In  all  the  following  computations,  the  modified  coordinate  rotation  scheme,  which 
determines  Gx  by  Equation  (20)  instead  of  Equation  (16),  is  used  unless  otherwise  specified.  Also,  unless  otherwise  specified, 
the  initial  iterative  guesses  for  the  design  parameters  are  set  equal  to  zero  and  the  computational  parameters  cv  C, 
6Pmajr,  <,  and  A//  are  given,  respectively,  by  1,2,  0.6,  3.0,  0.5,  0.5,  1.0,  0.0001,  and  40. 

The  optimization  procedure  was  applied  to  two-design-parametcr  problems  and  to  thrce-design-paramcter  problems.  For  the 
two-design-parameter  computations,  the  values  of  in  Equations  (21)  and  (22)  arc  set  equal  to  zero.  Results  for  the  two* 
design-parameter  problem  arc  presented,  followed  by  those  for  the  three-dcsign-paramcter  problem.  For  the  initial  flow 
solution,  winch  corresponds  to  a  value  of  54.9*,  ,he  value  of  Cp  was  1.1,  Also  the  value  of  0o3/A  was  determined  to  be 
58.067*.  The  design  parameters  predicted  by  the  optimization  scheme  are  given  by  Fj  =  —2.83*,  =  5.51*.  The  predicted 

solution  does  satisfy  the  power  constraint.  The  value  of  Cp  corresponding  to  this  solution  is  1.6999.  The  objective  function,  F, 
was  reduced  from  the  value  —0.839  in  the  case  of  the  original  design,  with  P*  =  P2  =  0.0,  to  the  value  —0.908  in  the  esse  of 
the  optimized  design.  The  value  of  the  efficiency  was  increased  from  0.839  for  the  original  design  to  0.910  for  the  optimized 
design. 


The  computed  value  of  efficiency,  which  corresponds  to  the  optimized  design,  is  approximately  5%  higher  than  expected. 
Towards  the  end  of  this  study  it  was  discovered -that  an  approximate  formulation  used  in  the  analysis  code  to  integrate  the 
aerodynamic  forces  near  the.  blade  base  was  the  cause  of  this  ovcrprcdiction.  The  main  portion  of  the  results  presented  here  was 
obtained  using  the  approximate  formulation  for  computing  the  performance.  These  results  a»e  presented  first.  They  arc  then 
followed  by  results  obtamed-by  using  an  accurate  formulation  for  computing  the  performance.  While  there  may  be  no  interest 
m  the  first  set  of  solutions  for  the  purpose  of  improving  the  propeller  design,  these  results  are  valid  for  the  purpose  of  testing 
the  optimization  scheme,  In  this  case,  —  tj  is  viewed  as  an  objective  function  without  attaching  a  physical  meaning  to  it.  In 
the  second  set  of  results  it  wea  necessary  to  use  an  accurate  formulation  for  computing  the  performance  in  order  to  show  the 
required  blade  shape  modification  for  improved  performance  and  the  corresponding  increase  in  performance  obtained  by 
optimization. 

The  iterative  histories  of  the  design  parameters  arc  shown  in  Figure  9,  while  the  iterative  histories  of  the  power  and  efficiency 
are  shown  in  Figure  10.  From  these  figures  two  distinct  stages  in  the  convergence  process  of  the  solution  may  be  identified.  In 
the  first  stage,  relatively  rapid  changes  in  the  values  of  Pt  Cp  and  rj  occur  as  they  approach  the  converged  values  of  th»- 
solutions.  At  the  end  of  this  stage,  these  parameters  are  close  to  their  final  values.  In  the  second  stage,  minor  adjustments 
take  place  as  the  parameter  solutions  converge  to  their  final  values. 

The  residual,  Rg,  is  a  measure  of  the  convergence  of^the  flow  field  solution.  Figure  11  compares  the  residual  history  for  the 
design  problem,  injvhich  g  is  updated  in  addition  to  P%  to  the  residual  history  for  the  regular  analysis  probleM,  in  which  g  only 
is  updated  while  P  is  held  fixed.  The  figure  indicates  that  modilying  the  propeller  geometry  in  the  design  problem  a»  lav 
iterative  solutions  for  the  flow  variables  are  updated  does  not  negatively  affect  the  rate  of  convergence  of  the  flow  field  solution 
in  comparison  to  the  analysis  problem.  In  fact,  the  followingresuiis  of  our  computations  show  that  the  convergence  of  the  flow 
field  solution  is  accelerated  when  the  design  parameters  arc  updated  to  satisfy  the  power  constraint  or  to  satisfy  the  the 
conditions  of  the  optimization  problem.  For  a  regular  analysis  problem  with  P  set  equal  to  P*,  the  number  of  iterations 
required  for  convergence  was  4710.  Hereafter,  convergence  is  assumed  to.  bo  achievcd  when  the  magnitude  oflheresidua.’,  Rg, 
is  reduced  to  the  value  of  10  .  For-A  constrained  solution  in  which  the  second  component  of  the  design  parameter  vector,  P2, 


15-11 


was  set  equal  to  the  value  PJ,  while  the  first  component  was  updated  throughout  the  iterative  process  so  that  the  constraint  Cp 
=  Cpo  would  be  satisfied,  convergence  was  attained  after  4040  iterative  steps,  indicating  an  increased  convergence  rate  relative 
to  the  regular  analysis  problem.  For  the  design  problem  in  which  both  Pl  and  P2  were  updated  in  a  manner  that  allows  the 
constraint  Cp  =  Cp0  to  be  satisfied  and  the  objective  function  E  to  be  minimized,  the  number  of  iterative  steps  required  for 
convergence  was  further  reduced  to  3250. 

On  the  average,  0.972  epu  second  was  required  for  the  iterative  stop  in  the  design  problem,  while  0.403  epu  second  was  required 
for  the  iterative  step  in  the  analysis  problem.  Therefore,  the  average  design  iterative  step  required  slightly  more  than  double 
the  epu  requirements  for  the  analysis  iterative  step.  In  the  design  problem,  two  analysis  problems  arc  solved  in  parallel.  The 
additional  epu  requirement  for  the  design  problem  is  mainly  due  to  generating  a  new  computational  mesh  whenever  the  design 
parameters  are  updated. 

For  a  regular  analysis  problem,  the  computational  mesh  is  generated  only  one  time  at  the  beginning  of  the  computation.  For  a 
design  problem,  however,  it  is  necessary  to  regenerate  the  computational  mesh  whenever  the  design  parameters  are  updated.  In 
the  present  computations,  this  was  done  once  every  40  iterative  steps.  The  cost  of  mesh  generation  relative  to  the  cost  of 
solving  the  flow  equations  was  acceptably  low.  As  the  value  of  AN  decreases,  however,  a  point  may  be  reached  at  which  the 
cost  of  generating  the  mesh  becomes  excessively  high,  and  it  may  represent  a  substantial  fraction  of  the  totfd  computational 
cost.  In  this  case,  a  possible  alternative  to  regenerating  new  meshes,  whenever  the  design  parameters  are  updated,  is  the  use  of 
approximate  meshes  that  are  generated  by  linearly  combining  1+ 1  reference  meshes.  The  reference  meshes  may  be  updated 
every  J  AN  iterative  steps,  wheie  J  >  1.  The  need  for  making  this  approximation  does  not  arise  here,  as  the  propeller  analysis 
code  used  here  has  relatively  slow  convergence  properties  and,  therefore,  the  appropriate  AN  value  is  datively  large.  However, 
the  use  of  accelerating  schemes,  such  as  the  multigrid  scheme,  would  allow  the  AN  value  to  be  sufficiently  low  to  require  the 
use  of  the  raesh  approximation  discussed  above. 

We  have  performed  a  single  computation  using  the  exact  formulation  for  calculating  tj,  as  given  by  Equation  (15),  with  G j 
computed  by  Equation  (16).  This  formulation  requires  solving  L+l  problems  in  parallel  instead  of  h  problems,  in  the  case  of 
the  approximate  formulation  given  by  Equation  (20).  The  average  iterative  step  for  this  computation  required  1.474  epu 
second.  The  number  of  iterations  required  for  convergence  was  3425.  Comparing  these  values  to  the  corresponding  values  for 
the  approximate  formulation  indicates  that  there  is  a  strong  advantage  in  using  the  approximate  formulation  over  the  exact 
formulation. 

To  verify  that  the  computed  solution  is  indeed  the  optimum  solution,  solutions  were  computed  that  were  slightly  perturbed 
from  the  optimum  predicted  solutions  but  that  satisfied  the  power  constraint.  Tabic  3  compares  the  values  of  the  objective 
function  for  the  solution  predicted  by  the  optimization  scheme,  shown  in  the  first  row,  to  those  for  the  perturbed  solutions, 
shown  in  the  second  and  third  rows.  It  is  apparent  from  the  table  that  perturbing  the  design  parameters  causes  the  value  of 
the  objective  function  to  increase.  Therefore,  the  design  parameters  predicted  by  the  optimization  scheme  do  indeed  minimize 
the  value  of  the  objective  function. 

Table  3.  The  Objective  Function  at  the  Optimum  Solution  and  Perturbed 
Solutions  for  the  Two-Dcsign-Parameter  Problem 


Pl 

P* 

E 

-2.83 

5.51 

-0.90773 

-2.73 

5.31 

-0.90730 

-2.93 

5.71 

-0.90728 

The  sensitivity  of  the  scheme’s  convergence  to  the  initial  iterative  guesses  of  the  solution  and  to  the  computational  parameters 
was  tested  by  recomputing  the  problem  defined  above  with  perturbed  initial  conditions  and  computational  parameters.  Table  4 
shows  the  number  of  iterative  steps,  nj?,  required  for  convergence  when  different  values  arc  used  for  the  initial  iterative  solutions 
and  the  computational  parameters.  It  is  clear  from  the  table  that  the  convergence  properties  of  the  scheme  are  weakly  sensitive 
to  the  values  of  the  initial  conditions  and  the  computational  parameters.  Needless  to  say,  there  w  an  optimum  set  of  values  for 
these  parameters  that  maximizes  the  convergence  rate  of  the  scheme  for  a  given  problem.  Howeyer,  within  a  relatively  wide 
range  of  these  parameter  values,  good  convergence  is  achieved.  This  is  due  to  the  frequent  updating  of  the  design  parameters  in 
the  course  of  solving  the  problem.  The  epu  requirement  for  the  average  iterative  step  is  approximately  th?  same  for  all  the 
cases  solved,  except  for  the  case  in  which  AAT=’25.  The  epu  requirement  for  the  average  iterative  step  in  this  case  is  given  by 
1.078  seconds,  in  comparison  to  approximately  0.972  second  for  the  other  cases.  This  is  due  to  the  increased  frequency  of 
generating  the  computational  mesh  in  the  case  with  AN  =  25.  Figures  12  through  14  show  the  iterative  histo..es  for  P±,  P2f 
A,  Cp  and  Rg  for  the  case  in  which  the  initial  iterative  guesses  for  the  design  parameters,  jPJ  and  perturbed.  Among 

all  inc  perturbed  computations,  the  rate  of  convergence  for  this  case  was  affected  the  most. 
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Tabic  4.  Effect  of  Perturbing  the  Initial  Conditions  and  the  Computational 
Parameters  on  the  Scheme’s  Convergence 
for  the  Two-Design  Parameter  Problem 


n 

A  N 

C 

'1 

«2 

»2 

0.0 

0.0 

40 

3.0 

1.2 

0.6 

3250 

3.0 

-5.0 

40 

3.0 

1.2 

0.6 

3690 

0.0 

0.0 

25 

3.0 

1.2 

0.6 

3376 

0.0 

0.0 

40 

4.5 

1.2 

0.6 

3252 

0.0 

0.0 

40 

6.0 

1.2 

0.6 

3250 

0.0 

0.0 

40 

3.0 

1.5 

0.6 

3333 

0.0 

0.0 

40 

3.0 

1.2 

0.4 

3120 

0.0 

0.0 

40 

3.0 

1.5 

0.4 

3281 

lhe  compulations  performed  above  for  the  two-dcsign-parameter  problem  were  performed  with  a  value  of  5.0  for  /i.  To 
perform  computations  that  allow  both  parabolic  and  linear  modifications  to  the  blade  angle  distributions,  it  was  necessary  to 
reduce  the  value  of  p  to  4.0.  The  three-dcsign-parameter  optimization  computations  were  solved  using  this  value  for  p.  The 
main  two-design-parametcr  computation  was  also  repeated  using  this  value  for  p  to  allow  a  comparison  between  the  two* 
design-parameter  and  the  three*dcsign-parameter  results.  The  optimum  values  of  the  design  parameters  for  the  two-design- 
parametcr  problem  with  jt  =  4.0  were  found  to  be  given  by  Pj  =  —2.35*  and  Pi  =  4.56*.  The  value  of  Cp  corresponding  to 
this  solution  is  1.6909.  The  objective  function  E  was  reduced  from  the  value  — 0.839  in  the  case  of  the  original  design,  with  Pi 
—  P2  =  0.0,  to  the  valve  — 0.897  in  the  case  of  the  optimized  design.  The  value  of  tj  was  increased  from  0.839  for  the  origins] 
design  to  0.900  for  the  optimized  design.  As  expected,  the  magnitudes  of  both  E  and  rj  determined  with  /i  =  4.0  are  less  than 
those  determined  with  ji  st  5.0.  As  the  value  of  ji  decreases,  the  restriction  on  the  allowable  search  region  in  the  design 
parameter  space  increases.  In  the  two-design- parameter  problem,  3235  iterative  $tep3  were  required  for  convergence.  The  epu 
requirement  per  iterative  step  was  9.872  second.  The  optimum  values  of  the  design  parameters  for  the  three-dcsign-parameter 
problem  with  ji  —  4.0  were  found  to  be  PJ  =  —  2.77*,  Pj  =  4.50*,  and  Pj  =  —1.20*.  The  corresponding  values  of  Cp,  E,  and  i? 
are  given  by  1.6999,  —0.900,  and  0.905,  respectively,  indicating  a  superior  design  to  that  achieved  by  using  only  two  design 
parameters.  The  number  of  iterative  steps  required  for  convergence  was  3228,  while  the  epu  requirement  per  iterative  step  was 
1.459  seconds.  The  iterative  histories  for  Px,  P2,  P3,  tj ,  Cp  and  Rg  are  shown  in  Figures  15  through  17. 

Io  verify  the  accuracy  of  the  computed  solution,  several  solutions  were  computed  that  were  slightly  perturbed  tom  the 
optimum  predicted  solution  but  that  satisfied  the  power  constraint.  Table  5  compares  the  values  of  the  objective  function  for 
the  solution  predicted  by  the  optimization  scheme,  shown  in  the  first  row,  to  those  for  the  perturbed  solutions  shown  in  the 
following  rows.  It  is  apparent  from  the  table  that  perturbing  the  design  parameters  causes  the  value  of  the  objective  function  to 
increase.  Therefore,  the  design  parameters  predicted  by  the  optimization  scheme  do  indeed  minim'ce  the  value  of  the  objective 
function. 

Table  5.  The  Objective  Function  at  the  Optimum  Solution  and  Perturbed 
Solutions  for  the  ThrcoDesign- Parameter  Problem 


_ 

P-, 

_ ^ 

B 

ESI 

4.50 

9B 

-0.90026 

4.50 

-0.90011 

-2.87 

4.69 

-0.89986 

-2.67 

4.50 

-0.90012 

-2.67 

_ 

4.30 

m 

-0.899S3 

Computations  were  performed  using  the  accurate  formulation  for  computing  the  propeller  performance.  In  these  computations 
it  was  found  that  tj  responds  to  changes  in  the  design  parameters  at  an  iteratively  much  slower-iate  than  that  associated  with 
the  first  set  of  computations.  For  thst  reason  it  was  necessary  to  reduce  the  value  of  c*  to  0.98,  AH  other  computational 
parameters  were  set  equal  to  their  same  values  used  in  the  first  set  of  computations.  In  this  setofcompulations,  it  was 
determined  that  0o^/a  ~  57,648*.  The  value  of  Cp  for  the  initial  flow  solution,  which  corresponds  to  a  0^/4  of-54.9*, 

was  1,2.  By  optimizing  the  blade  shape  for  the  two-design-parameter.  problem,  the  value  of  the  efficiency  was  increased  from 
0.8229  for  the  original  design  to  0.8233  for  the  optimized  design.  For  1*  regular  analysis  problem  with  P  set  equal  to  P*  the 
number  of  iterations  required  for  convergence  was  4320.  A  comparison  of  this  number  with  the  number  of  iterations  required  to 
solve  the  optimization  problem,  3260,  shows  that  the  cost  of  solving  the  optimization  problem  is  approximately  twice  the  cost 
of  solving  a  regular  analysis  problem. 

In  tha  computations  presented  above,  the  effect  of  varying  the  linear  term  of  Equation  (21)  on  the  propeller  efficiency  was 
investigated.  To  investigate  the  effect  of  varying  the  quadratic  term  in  Equation  (21)  on  the  propeller. efficiency,  a  computation 
was  performed  in  which  P3  was  allowed  to  vary  while  P2  was  set  equal  to  zero.  In  this  case,  the  design  parameters  predicted 
by  the  optimization  scheme  were  given  by  Pj  =  —0.79*,  Pj  =  —2,07*.  The  value  of  Cp  corresponding  to  this  solution  was 
1.7000,  and  the  vaiue  of  r/  was  0.82549.  The  number  of  iterations  requires  lor  convergence  was  3580.  A  comparison  of- the 
values  of  tj  for  the  two  cases  in- which  (Pj,  P£)  and  (Pj,  P3)  were  the  design  parameters  shows  that  the  introduction  of  a 
quadratic- perturbation  to  the  twist  distribution  is  more  effective  in  increasing  the  efficiency  than  the  introduction  of  a  linear 
perturbation. 
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Finally,  the  optimum  values  of  the  design  parameters  for  the  three-design-parameter  problem  were  found  to  be  Pj  =  —3.34*, 
Pj  s  3.92*,  and  P3  =  —3.23*.  The  corresponding  values  of  Cp  and  ij  are  given  by  1.7000  and  0.83291,  respectively.  It  is 
apparent  that  using  a  combination  oflmcar  and  quadratic  perturbations  in  the  blade  angle  distribution  is  much  more  effective 
for  improving  the  efficiency  than  using  only  one  of  these  distributions.  Relative  to  the  original  SRr3  design,  using  both 
perturbed  distributions  increased  the  propeller  efficiency  by  0.0100.  This  is  compared  to  a  value  of  0.0026  for  the  quadratic 
distribution  alone  and  a  value  of  O.QOG4  for  the  linear  distribution  alone.  The  number  of  iterative  steps  required  for 
convergence  was  4380  in  comparison  to  4460  for  the  regular  analysis  problem. 

The  iterative  histories  for  P,  »?,  Cp<  and  Rg  in  the  second  set  of  computations,  not  presented  here,  are  similar  to  those  of  the 
first  set  of  computations  (Figures  9  through  17),  and  may  be  found  in  Reference  14. 

Figure  18  compares  the  optimum  blade  angle  perturbations  from  the  SR-3  baseline  design  predicted  for.  the  cases  of  linear, 
quadratic,  and  combined  linear  and  quadratic  shape  functions.  Curve  C,  which  gives  the  blade  angle  perturbation  distribution 
for  maximum  improvement  in  efficiency,. shows  that  the  efficiency  of  the  SR-3  propeller  can  be  improved  by  reducing  the  blade 
angle  distribution  both  at  the  hub  and  at  the  tip.  This  explains  the  observed  weak  sensitivity  of  the  propeller  efficiency  to  linear 
variations  in  the  blade  angle  distribution.  The  use  of  a  linear  shape  function  allows  an  increase  in  the  blade  angle  at  either  the 
tip  or  the  hub  positions  and  a  decrease  in  the  blade  angle  at  the  other  position.  Therefore,  the  positive  effect  on  efficiency 
resulting  from  the  perturbed  blade  angle  distribution  at  one  of  these  positions  tends  to  cancel  the  negative  effect  resulting  from 
the  perturbed  blade  angle  distribution  at  the  other  position  leading  to  the  apparent  insensitivity  of  the  efficiency  to  linear 
variations  in  the  blade  angle  distribution.  The  maximum  improvement  in  efficiency  obtained  here  resulted  from  the  use  of 
linear  and  quadratic  shape  functions.  Further  improvement  may  be  obtained  by  using  other  shape  functions. 

3.3  Efficiency  of  Optimization  Schemes 

Schemes  1  and  II  were  applied  in  this  paper  and  in  References  11  and  i2  to  wall  interference  correction  problems  (W1C)  and  to 
propeller  design  problems  (PD),  in  these  applications  both  the  transonic  small  disturbance  (TSD)  equation  and  the  Euler 
equations  were  assumed  to  be  the  flow  governing  equations.  The  TSD  equation  was  solved  by  successive  line  over  relaxation 
(SLOR),  while  the  Euler  equations  were  solved  by  either  method  A,  which  is  described  in  References  8-10  or  by  method  B  which 
is  described  in  Reference  13.  One-,  two-,  and  three-design-parameter  problems  were  solved. 

To  compare  the  efficiency  of  different  optimization  schemes  it  is  convenient  to  define  the  parameter  u,  where 

y  =  A  <r ,  A  =  ^ 
and 


Here  A  is  the  number  of  problems  solved  in  parallel,  nj  is  the  number  of  iterations  required  for  convergence,  when  solving  the 
optimization  problem,  and  n°  is  the  corresponding  number  of  iterations  required  for  convergence,  when  solving  the  analysis 
problem,  in  the  definition  of  A  the  number  of  problems,  is  normalized  by  the  number  of  design  parameters,  L.  The 
parameter  a  is  a  measure  oF  the  effect  of  perturbing  the  design  parameters,  as  the  iterative  flow  solution  evolves,  on  the 
convergence  of  the  flow  solution.  The  following  tabic  compares  the  parameters  v%  and  <r  for  the  different  problems  solved  in 
this  paper  and  in  References  11  and  12.  The  first  row  gives  results  of  unconstrained  single-design-paramctcr  problems  from 
Reference  Uf  and  the  second  row  presents  zcsulU  from  Reference  12. 


Table  6.  Efficiency  of  Solving  Optimization  Problems 


Problem 

Governing 

Equations 

Method  of 
Solution 

Scheme 

L 

N 

c 

V 

WIC 

TSD 

SLOR 

i 

1 

1 

0.9-i.l 

0.9-1. 1 

VV1C 

TSD 

SLOR 

i 

2 

1 

0.9 

0.5 

WIC 

Euler 

A 

i 

2 

1 

1.0-1.9 

0.5-1.0 

WIC 

Euler 

A 

a 

2 

2 

2.9-3.7 

2. 9-3.7 

I'D 

Euler 

B 

a 

2 

2 

0.7-0.S 

0.7-0.8 

PD 

Euler 

B 

ii 

2 

3 

0.7 

1.1 

PD 

Euler 

B 

ii 

3 

3 

0.7- 1.0 

0.7-1.0 

^•0  CONCLUSIONS 

In  this  paper,  an  approach  based  on  updating  the  flow  variables  and  the  design  parameters  simultaneously  was  pic&ciiku.  This 
approach- is  applicable  to  aerodynamic  optimization  problems  in  which  the  flow  governing  equations  arc  nonlinear  equations 
that  arc  solved  iteratively.  Two  schemes  based  on  this  approach  were  presented.  The  first,  scheme  I,  is  a  special  scheme,  which 
may  be  applied  only  to  a  limited  class  of  problems.  Under  those  conditions  for  which  scheme  I  is  applicable,  it  hrs  advantages 
of  higher- efficiency  and  less  memory  requirements  in  comparison  to  the  second  scheme,  II. 


15-14 


Scheme  11  is  a  general  scheme.  It  was  applied  to  two-  and  three-design-parameter  problems  with  a  single  equality  constraint. 
However,  extensions  of  this  scheme  applicable  to  optimisation  problems  with  multiple  equality  and  inequality  constraints  were 
presented.  The  results  show  that  the  scheme  is  highly  accurate  in  determining  the  solution  of  constrained  optimisation 
problems.  The  cost  of  solving  the  optimisation  problemsprescnted  here  was  within  the  range  (0.75  —  3.7i)  times  the  cost  of 
solving  a  regular  analysis  problem,  where  L  is  the  number  of  design  parameters.  This  wide  range  is  a  reflection  of  the  different 
problems  solved,  the  different  procedures  used  in  solving  the  flow  governing  equation,  and  the  different  degrees  of  accuracy  to 
which  the  design  parameters  were  determined.  Tests  performed  on  scheme  If  indicate  that  the  convergence  rale  of  the  solution 
is  weakly  sensitive  to  variations  in  the  computational  parameters  and  the  initial  iterative  guesses  for  the  design  parameters. 

The  two  schemes  presented  here  are  only  examples  of  schemes  which  update  the  flow  variables  and  the  design  parameters 
simultaneously.  Other  schemes  based  on  this  approach  may  be  developed.  The  results  of  the  preliminary  tests  conducted 
indicate  that  the  approach  of  updating  the  flow  variables  and  the  design  parameters  simultaneously  is  an  attractive  alternative 
to  the  costly  inner-outer  iterative  procedure  associated  with  the  use  of  conventional  optimisation  schemes.  Further  tests, 
however,  are  required  to  better  evaluate  this  approach.  Direct  comparisons  between  the  results  of  this  approach  to  the  results 
of  conventional  schemes  arc  necessary.  Applying  this  approach  to  problems  t  a  largct  number  of  design  parameters  than 
used  here  and  investigating  its  performance  in  this  case  is  also  necessary  for  a  b  .ter  evaluation  of  this  approach. 
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Figure  2.  Iterative  Histories  for  the  Free-Air 
Solutions  (Scheme  I) 


Figure  3.  Iterative  History  for  (Scheme  I) 


Figure  5.  Iterative  History  for  ( h  =  3.6,  Le  =  0.35) 


MUMKR  Of  ITERATIONS 


Figure  A.  Residual  Evolution  Histories  for  the 

Correction  Problem  and  the  Analysis  Problem  in 
Free  Air  (Scheme  I) 
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Initial  Conditions 


Figure  10.  Power  end  Efficiency  Iterative  Histories 
for  the  Two-Deaign-  Parameter  Problem 


Perturbed  Initial  Conditions 


Figure  Id.  Residual  Iterative  Histones  for  the 

Analysis  Problem  and  the  Two-Dcsigu-Parnmetcr 
Optimisation  Problem  with  Perturbed  Initial 
Conditions 


Figure  11.  Residual  Iterative  Histories  for  the 

Analysis  Problem  and  the  Two- Design- Parameter 
Optimisation  Problem 
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Figure  15.  Design  Parameter  Iterative  Histories  for 
the  Thr»-Defflgn-Parametcr  Problem 
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Figure  16.  Power  and  Efficiency  Iterative  Histories 
for  the  Three- Design-Parameter  Problem 
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Figure  17.  Residual  Iterative  Histories  for  the 

Analysis  Problem  and  the  Three- Design-Parameter 
Optimisation  Problem 


Figure  18.  Optimum  Blade  Angle  Perturbations 
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SUMMARY 

An  interactive  computer  program  system  has  been  developed  that  can  be  used  in  aircraft  drag 
minimization  studies.  It  comprises  algorithms  for  choosing  the  spanwise  distributions  of  liftf 
pitcning  moment,  chord  and  thickness-to-chord  ratio  of  lifting  elements.  The  choices  arc  optimal  in 
that  they  minimize  induced  plus  viscous  drag  while  satisfying  constraints  of  aerodynamic,  flight- 
mechanical  and  structural  nature.  The  configurations  that  can  be  dealt  with,  may  consist  of  a  number 
of  segments  representing,  for  instance,  wings  or  parts  of  wings,  horizontal  tails  or  canards, 
winglecs,  flaprail-fairings,  etc.  Also  the  interaction  between  propellers  and  lifting  elements  may  be 
included  in  the  procedure. 

The  induced  drag  is  computed  using  the  Tref ftz-plane  integral  (farficld  analysis),  while  the 
viscous  drag  follows  from  form  factor  methods.  Novel  mathematical  formulations  of  the  constrained 
optimization  problems  are  used,  that  are  based  on  the  calculus  of  variations.  The  method  has  been 
integrated  in  an  infrastructure  that  allows  the  capabilities  of  the  method  to  be  efficiently  exploited 
in  a  multidisciplinary  environment.  This  paper  presents  the  theoretical  models  and  methods  underlying 
the  analysis  and  optimization  capability,  comparisons  with  other  theories,  information  aspects,  and 
some  examples  of  applications. 


I  INTRODUCTION 

The  success  of  an  aircraft  design  depends  largely  upon  finding  an  optimal  balance  between  the 
contributions  of  the  disciplines  involved.  Moreover,  many  of  the  benefits  from  emerging  technologies 
can  only  be  fully  exploited  through  their  interactions  with  other  disciplines.  Good  examples  of  these 
ore  the  technologies  of  active  control  and  composites  which  make  it  possible  to  design  aircraft  with 
forward  swept  wings  and  relaxed  static  stability.  In  order  to  find  an  optimal  balance  between  the 
contributions  of  the  disciplines  and  to  take  maximum  advantage  of  technology  advances,  the 
interactions  should  be  identified  and  quantified  before  the  main  decisions  concerning  the  overall 
configuration  design  arc  made.  This  implies  the  necessity  of  developing  the  analysis  and  design 
capability  to  a  suitable  breadth  and  depth  for  earlier  application  in  the  design  process.  Increased 
breadth  means  the  inclusion  of  the  appropriate  spectrum  of  disciplines  and  new  technologies  early  In 
the  design.  Increased  depth  in  the  early  design  stage  is  required  to  assure  that  the  interactions  are 
correctly  quantified  before  the  main  decisions  are  cade.  An  example  of  developing  methods  of  this 
nature  Is  the  Interactive  program  system  for  drag  mi:  Imlzation  studies  described  in  the  paper. 

Minimization  of  (aerodynamic)  drag  is  an  important  goal  in  aircraft  configuration  design  studies 
as  it  helps  to  improve  upon  fuel  efficiency.  In  these  studies,  it  has  been  common  practise  to 
decompose  the  aircraft  drag  in  components  that  are  to  a  large  extent  independent.  Computational  Fluid 
Dynamics  have  created  possibilities  for  drag  breakdown  that  is  based  on  physical  principles  (Sect.  2.3 
of  Ref.  1).  In  such  a  breakdown  it  is  convenient  to  distinguish  between  viscous  (boundary  layer)  drag, 
Induced  (or  vortex)  drag  and  wave  drag. 

With  respect  to  the  choice  of  Independent  variables  in  drag  minimization  problems  one  may 
distinguish  different  approaches.  One  is  to  use  parameters  defining  the  geometry  as  the  Independent 
variables  (direct  numerical  optimization).  While  this  approach  is  feasible  in  two  dimensions  (see  e.g. 
Ref.  2)  it  is  hardly  so,  at  present,  in  the  case  of  three-dimensional  configurations  because  of  the 
lack  of  accuracy  in  the  available  three-dimensional  codes  in  combination  with  the  limited  computer 
power  available  (Ref.  3). 

At  NLR,  an  alternative  approach  is  adopted,  namely  the  use  of  aerodynamic  (load  and  pressure 
distributions)  rather  chan  geometric  shape  functions  as  independent  variables  (Ref.  4).  This  approach, 
called  Inverse  numerical  optimization  (see  Fig.  I),  Involves  the  successive  determination  of  optimal 
target  spanloads  (using  methods  as  described  in  the  paper),  target  pressure  distributions  (optical 
with  respect  to  the  specified  drag  characteristics  and  providing  the  prescribed  spanloads) ,  and 
corresponding  lifting-surface  geometries  (using  an  Inverse  code) .  This  process  is  repeated  until  a 
geometry  is  obtained  having  acceptable  performances  for  all  flight  conditions. 

This  paper  concerns  the  first  step  in  the  inverse  numerical  optimization  approach:  the 
determination  of  optimal  spanloads.  In  literature,  various  theoretical  methods  can  be  found  for 
determining  spanloads  for  minimum  drag.  Almost  all  of  them  consider  induced  drag  only  In  determining 
optimal  spanloads  (see  e.g.  Ref.  5,  6,  7).  Inclusion  of  other  drag  components  in  the  optimization 
procedure  css  prodac*  ttubottmliaily  different  minimum  drag  spanloads  compared  with  induced-drag-only 
results. 


The  work  described  here  was  performed  under  contract  with  the  Netherlands  Agency  for  Aerospace 
Programs  (NIVR) 
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Methods  that  extend  the  Induced  drag  minimization  theory  to  include  other  components  as  veil,  and  con 
be  used  in  preliminary  aircraft  design,  arc  the  subcritical  design  code  of  Kuhlman  (Ref.  8)  and  the 
transonic  optimization  scheme  of  Mason  (Ref.  9). 

The  method  described  in  this  paper  provides  capabilities  for  choosing  the  spanviac  distributions 
of  lift,  pitching  moment,  chord  and  thickness- to-chord  ratio  of  lifting  elements  of  an  aircraft 
configuration.  The  choices  are  optimal  in  the  sense  that  they  minimize  induced  plus  viscous  drag,  or 
induced  drag  only,  while  satisfying  constraints  on,  for  example,  pitching  mo-aent  and  section  lift 
coefficients.  Determining  minimum  drag  spanloads,  also  the  interaction  between  propellers  and  lifting 
elements  may  be  included  in  the  procedure.  With  an  optimal  sponload,  the  wing  can  restore  much  of  the 
(rotational)  energy  loss  associated  with  propeller  swirl,  (Ref.  10,  11).  The  method  may  provide  direct 
input  for  more  detailed  aerodynamic  design  (e.g.  the  inverse  numerical  optimization  procedure),  but 
tar''  also  be  used  for  parametric  airplane  configuration  design  studies.  In  these  parametric  design 
studies,  the  method  is  used  to  quickly  assess  the  consequences  of  changes  in  the  configuration  of 
(complex)  aircraft. 

In  the  following  sections,  an  outline  of  the  analysis  and  minimization  technique  developed  is 
presented.  Informatics  aspects  of  the  interactive  system  in  yhi<*n  the  method  has  been  implemented  and 
of  its  environment,  will  also  be  described.  Comparison  wlch  other  theories  aro  given.  Finally,  the 
capabilities  of  tbe  system  will  be  illustrated  by  some  examples  of  application. 


2  FORMULATION  OF  THE  PROBLEM 

It  is  assumed  that  the  projection  of  the  aircraft  configuration  onto  a  plane  perpendicular  to 
the  flight  direction  can  be  approximated  by  a  number  of  straight  line  segments,  representing  the 
various  elements  of  the  configuration.  An  example  is  shown  in  figure  2(a).  The  geometry  description 
can  include  wings  (or  parts  of  wings),  tailsurfaces,  pylons,  wlnglets,  etc.  The  planform  geometries  of 
the  configuration  lifting  elements  can  be  descrioed  by  the  spanwise  distributions  of  chord-length, 
together  with  the  coordinates  of  the  1 /4-chord  point  locations,  defining  the  planform  sweeps  (see  Fig. 
2(b)).  The  vortex  sheets  aft  of  the  configuration  are  assumed  to  remain  undlstorted.  The  latter  can  be 
argued  to  be  a  reasonable  approximation  In  the  case  of  planar  optimal  spanloads.  It  is  assumed  that 
this  also  holds  for  optimal  spcnloads  of  non-planar  configurations.  The  airplane  lift  and  drag  are 
thought  of  as  being  composed  of  wing,  tail  and/or  canard,  fuselage  and  nacelle  contributions,  as 
illustrated  in  figure  2(c).  The  lift  of  the  fuselage  is  modelled  using  the  principle  of  lift  carry¬ 
over  from  the  wing,  resulting  in  a  constant  distribution  of  bound  circulation  of  the  fuselage  width. 

If  the  interaction  between  propellers  and  lifting  elements  has  to  be  considered  as  well,  each 
propeller  is  assumed  to  shed  a  helical  vortex  sheet  that  is  not  influenced  by  the  presence  of  the  wing 
(Ref.  .2),  and  that  is  confined  inside  a  cylindrical  ’’stream"  tube  parallel  to  the  flight  direction. 
The  velocity  distribution  inside  the  slipstream  has  to  be  known  for  a  specified  propeller  and  required 
thrust. 

The  following  problems  are  tc  be  addressed: 

determination  of  optimal  spanwise  lift-distributions  plus,  if  applicable,  spanwise  pitching 
moment  distributions  that  result  in  either  minimum  induced  drag  or  minimum  induced  plus  viscous 
drag.  In  this  procedure,  constraints  may  be  imposed  on  total  pitching  moment  (trimmed  aircraft), 
section  ltftcoefficients  (feasible  airfoils),  rolling  moment  and,  if  applicable,  bending  moment. 
A  part  of  the  total  spanwise  lift-distribution  may  be  specified  in  advance.  In  that  case,  the 
Induced  (plus  viscous)  drag  is  to  be  minimized  by  adjusting  the  remaining  part  of  the  lift- 
distribution. 

-  computation  of  the  induced  (plus  viscous)  drag  for  given  (non-optimal)  spanwise  lift 
distributions.  For  instance,  to  quickly  quantify  the  penalties  that  arise  from  the  use  of  non- 
optimal  loadings*  to  determine  the  performance  under  off-design  conditions,  or  to  estimate  the 
induced  drag  associated  with  flap  deflection. 


3  DETERMINATION  OF  DRAG  AND  LIFT 

The  aircraft  is  assumed  to  fly  with  a  constant  velocity  in  a  uniform,  invlscld  and  lrrotatlonal 
medium.  An  expression  for  the  Induced  drag  in  the  Trefftz-plane  can  ba  derived  by  applying  the 
momentum  theorem  to  a  control  surface  enveloping  the  aircraft  (Ref.  4,  13).  Consider  a  control  surface 
S  of  the  type  as  indicated  in  figure  3.  Several  subsurfaces  of  S  can  be  distinguished:  the  Trcfftz 
plane  (S~) ,  a  similar  plane  far  upstream  (S  ) ,  the  top  and  bottom  plane  (S^) ,  the  body  surface  (SR) , 
the  shockwave  surface  (S  ) ,  the  vortex  shee^  surface  (Sy) ,  the  propeller  surface  (S  )  and  the  slip¬ 
stream  r.urface  (S  .) .  Application  of  the  conservation  laws  of  momentum  leads  ?o  the  Integral 
expression: 

§  {  pnx+  pu<In  )  dS  -  0,  (1) 

whet,  S  -  Su  +  ST+  S„  +  SB  +  Sp  +  Sy  +  Sst+  Sj). 

p  is  the  (local)  static  pressure,  q  is  the  total  velocity  vector,  p  is  the  density,  n  is  the  ^nit 
outwArd  normal  to  the  control  surface,  and  u  is  the  component  in  the  free-stream  (x-) direction  of  q. 
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Splitting-off  the  body  pressure  integral  and  realizing  that  <JR  “  0  on  leads  to  the  following 
expression  for  the  total  pressure  drag  of  the  aircraft: 

D  «  $  pn  dS  -  -  J  (pn  +  puq  )  dS.  (2) 

SB  S"SB 

Working  out  this  expression  and  spllttlng-off  the  wave  drag  Integral  the  following  Tcefftz-plane 
Integral  for  the  Induced  drag  can  lie  derived  (see  Ref.  14): 


,  (11— H  )u  ,  1!  ,  - 

-  J  {<p-pj  +  p<«-uJu  -  p  — j ds  -  jIfi 

*  S-  1  «  1  i-1  i 


H  represents  the  stagnation  enthalpy.  D  is  the  slipstream  diameter,  J  is  the  propeller  advance  ratio 
(-  n  /oD,  where  u  is  the  propeller  angular  velocity),  Q  is  the  propeller  torque  and  n  is  the  number 
of  propellers.  P 

Assuming  small  perturbations  in  the  Tref ft2-plane,  the  flow  being  isentropic,  and  using  the  law 
of  Biot-Savart,  equation  (3)  nay  be  worked  out  further  to  obtain  (see  again  Ref.  14): 


yp„  - 


J  r(n)v  (n)dn  + 


s  o(5  +s 
v  *n  m 


r(n)(vp.n)dn  +  |  c*sre£u2 


■7  U  '  V5,  “  -  j;  1;  <s>.  }• 


r  Is  the  bound  circulation,  v  Is  the  velocity  Induced  in  the  Trefftz-plane  normal  to  the  vortex  sheet 
segment,  and  $  -  (u  ,v  ,w  )nis  the  (fixed)  perturbation  velocity  in  the  slipstream  of  an  isolated 
propeller,  n  dBnotespchE  Actancc  (spanwlsc  parameter)  along  SvoS_.  The  last  term  in  equation  (4) 
represents  the  magnitude  of  the  "swirl  loss"  of  the  propeller.  In  the  first  right-hand  term  of 
equation  (4)  the  integration  ia  performed  over  all  lifting  elements,  in  the  second  term  the 
integration  is  performed  over  the  lifting  elements  in  the  slipstream  only.  The  local  trailing  vortex 
sheet  strength  is  equal  to  the  derivative  of  the  bound  circulation  at  that  spanwise  position;  so, 
using  the  law  of  Biot-Savart,  the  following  expression  for  v  can  be  derived: 


n(n).(r(r,n)  x  e„) 


Again,  Che  line  integral  is  taken  over  the  projections  of  all  lifting  configuration  elements 
onto  the  Trefftz-plane.  n(n)  is  the  unit  vector  normal  0®  the  position  n,  and  e  is  the  (downstream 
directed)  unit  vector  along  the  x-axls.  The  vector  r(r,n)  denotes  the  vector  from  the  spanwise 
position  1  to  Che  spanwise  position  n.  Integrating  by  parts  with  respect  to  T,  equation  (5)  can  be 
rewritten  into: 

v  (n)  -  s  ,  u2  J  f(T,n)  r(t)  dr  (6) 


21  Srefu. 


a  I  n(n).(r(r,n)  x  cx) 
57  \  |  ?(T,n)  |2 


The  other  tern  at  the  right  side  of  (6)  has  disappeared  since  T  *  0  at  the  free  end  of  a  lifting 
element.  Substitution  of  (6)  in  (4)  yields: 

cn  -  // f(T,n)  r(r)  r(n)  drdn  +  — r(n)(v  (n).J(n))d:i  +  c*  (8) 

1  SrefU“  P 

Thus,  the  optimal  circulation  distribution  may  be  computed  with  the  propeller  and  wing  located 
both  tar  upstream,  eliminating  the  3D-  amputation  of  velocities  induced  by  the  wing  on  the  propeller 
and  by  the  propeller  bound  vorticity  on  the  wing.  In  fact,  this  expression  underlines  the  correctness 
of  the  postulation  of  reference  10  concerning  the  generalisation  of  the  stagger  theorem  of  Munk.  The 
generalized  version  of  the  stagger  theorem  allows  the  farfield  computation  as  it  states  that  also  for 
propeller-wing  combinations  the  "net  force  in  the  streamwise  direction  is  independent  of  the 
streamwlse  position  of  a  given  circulation  distsrivnLivn". 
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Viscous  drag 

The  viscous  drag  is  derived  for  given  airfoil  characteristics.  These  airfoil  characteristics 
define  the  viscous  drag  at  each  spanwise  station  as  a  function  of  the  local  section  lift  coefficient. 
An  expression  for  the  viscous  drag  can  be  derived  using  the  (2D,  incompressible)  DATCOM/Hoerner 
formulae: 


C.  -  C„  f  I  +  k(t/c)  +  100  (t/c)4  }  .  (9) 

vise  F  I  *  Srcf 


C„  denotes  the  flat  plate  friction  coefficient  (depends  on  location  of  transition  point  and 
local  Reynolds  number,  see  Ref.  14)  and  k  is  the  thickness  location  factor  (depends  on  location  of 
maximum  thickness),  t/c  represents  the  thicknens-to-chord  ratio.  For  common  airfoils,  the  vetted 

surface  S  „  is  about  twice  the  reference  surface  S 

wet  ret 

Applying  thin  airfoil  theory  and  considering  Che  velocity  distribution  and  the  drag  contribution 
of  both  the  upper  surface  and  lower  surface  individually  (hereby  assuming  the  same  class  of  pressure 
distributions,  see  Fig.  4),  expression  (9)  can  be  written  in  the  form: 


('  *  vs«  *  V  *  ™°  '■<  *  V*  1  *  w) 

+  C?io  l1  +  +  100  '  V4  } 

ufc  and  u  represent  average  perturbation  velocities  as  a  result  of  airfoil  thickness  and  lift, 
respectively: 


u  -  7  C. 
Jt  4  i 


and 


where  R 


-  \fl  -  M2  cos2 A 


(11) 

(12) 


A  denotes  the  sweepback  and  M^  denotes  the  (3D)  undisturbed  Mach  number.  C  denotes  the  (3D-)  lift 
coefficient  that  is  linked,  according  to  the  Kutta-Joukowski  theorem,  to  the  bound  circulation  (see 
cq.  15).  Substitution  of  (11)  in  (10)  leads  to  an  expression  for  the  viscous  drag  as  function  of  C 
and  t/c.  It  is  plausible  to  assume,  on  the  basis  of  DATCOM's  formulae,  that  k  varies  continuously  with 
the  position  of  the  pressure  recovery  starting  point  xR  (see  Fig.  4): 


k  - 


2 


Vc 

0.3 


8.26 


2.5  - 


1.6 


c 


Using  this  formula,  k  «  2  for  x_/c  -  0.3  and  k  -  1.2  for  xR/c  -  0.8,  which  corresponds  with  DATCOM's 
formulae. 


In  the  C  -range  of  interest,  the  viscous  drag  function  (10)  is  approximated  by  a  polar  of  the 

form 


c.  (c  (r(n)))  -  C*  +  K*(C  -  c*)2,  (13) 

vise  1  via  *  t 

*  *  * 

where  the  factors  Cv^g,  K  and  C  follow  from  a  least  square  fit  to  the  function.  Integration  results 
in  the  total  viscous  profile  drajfi 


vise 


cd  (r(n)»n)  c(n) 

vise _ 

Sref 


dn- 


(14) 


Expressions  for  lift  and- moments 

An  expression  for  the  local  lift  follows  from  the  Kutta-Joukowski  theorem  applied  in  the  lift 
direction: 


CjCn)  *  8j(n)  r(n) 


where 


*  . 
8>tn) 


2  cos((ft(n)) 

u(n)c(n) 


05) 


u(n)  is  the  local  upstream  velocity  for  a  lifting  clement  at  the  position  n»  If  (a  part  of)  the 
lifting  element  is  situated  in  the  slipstream,  u(n)  differs  from  the  undisturbed  velocity.  <p(q) 
denotes  the  dihedral  angle.  The  total  lift  of  the  configuration  follows  from  integration: 


CL  *  /  gj (n)  r(n>  dn  where 


gl(n)  -  2  co5<v<n??.  UW, 


(16) 
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XI  the  section  pitching  moment  distribution  i3  not  given,  it  can  be  deduced  froa  the  pressure 
recovery  point  locations.  For  the  class  of  pressure  distributions  given  in  figure  4,  the  next 
expression  for  the  section  pitching  moment  C  v.r.t.  the  quarter  chord  point  can  be  derived: 


c  (e  ) 

ta  i 


A  A 
C  -  A  C. 


(17a) 


where. 


and 


/  4  (c/c)  cos  A  ,  ,  'l 

(  ala4  "  a2a3  \ 

'  /  1  -  Mz  coszA  ' 

V  ai  +  J 

(  a3  +  a4  \ 
n2  l  aj  +  a2  ) 


al 

a2 


1  +  ix 

2  2  XR  ’ 


+  f*R. 


a3 

a4 


J.  +  J.V  xiv2 

24  24  1  ^  6  XR  * 

u  u 

JL  +  JL  y  J  2 

24  24  6 


U7b) 

(17c) 


follows  fron  (15).  Bj  and  arc  known  constants.  With  the  section  pitching  aoaent  defined  with 
respect  to  the  quarter-chord  point,  the  total  contribution  of  the  lifting  elenents  to  the  aircraft 
pitching  moment  v.r.t.  the  centre  of  gravity  then  follows  froa: 


Cjj  -  /  g2(n)  r(n)  dn  + - - - -  /  c*(n)  c2(q)  u2(n)  dn 


S  .c  ,u 
ref  ref  <» 


where 


g2(n)  «  ■— --“-faL.-  (xc  g_-  x,/4(n)  -  A*<nr)c(t>)>  cos(v(n» 
Src£cre£u» 


(18a) 


(18b) 


c  c  denotes  the  length  o£  the  reference  chord,  and  x  is  the  longitudinal  coordinate  of  the 
configuration  centre-o£-gravity .  °'8' 


X£  the  aircraft  configuration  is  asymmetrical,  (e.g.  a  configuration  ulth  propellers  all  rotating  in 
the  same  direction),  a  rolling  moment  constraint  C.  v.r.t.  the  point  n  -  0  (in  the  plane  of  symmetry) 
may  be  imposed:  K 

CR  -  j  gj(n)  r(o)  dn  (19a) 

where 


8*  On)  *  ■  -2  ■  f  (y(q)  -  y(0) }  cos  (<p(n))  +  (z(n)  -  z(0)}  sin  (<p(n))  | 

S  ,b  ,u 1  J 


ref  ref  <® 


(19b) 


bj-  is  the  reference  3pan.  Note  that  the  rolling  aoaent  coefficient  CR  equals  0  if  the  aircraft 
configuration  is  symmetrical,  K 


Limitation  in  design  c„,  t/c,  c  and  M 
_  x.  ■■  a 

In  order  to  ensure  that  the  coaputer  prograa  works  with  feasible  airfoil  characteristics,  a 
relation  defining  feasible  combinations  of  (design)  lift  coefficient,  (design)  Mach  nuaber,  wing 
thickness-to-chord  ratio  and  pitching  moaent  coefficient  aay  be  formulated.  For  supercritical 
airfoils,  a  graphical  representation  of  such  a  .relation  between  t/c,  c .  and  M  is  given  in  figure  5  for 
cq  m  -.110.  Data  for  other  c  -levels  follow  froa  the  relation  6(t/c)/$c  ■»  -0.6.  The  relation  can  be 
considered  to  represent  a  "condensed"  section  characteristics  data  base  for  a  feasible  class  of 
supercritical  airfoils.  This  class  is  described  by  a  relation  between  allowable  combinations  of  design 
c^,  M,  t/c,  c  .  The  data  base  holds  for  2D-airfoils.  If  a  sweep  angle  A  is  applied,  the  3D-volues  have 
to  be  calculated  from  the  2D-values  using  the  relations: 

C, (3D)  -  c,(2D)  cos A  ,  C  (3D)  »  c  (2D)  cosZA, 

uk  mm 

f  (3D)  -  |  (2D)  cosA  ,  K  (3D)  -  M  (2D)/cosA. 

Tlie  data  base  is  used  when  imposing  (local)  lift  coefficient  constraints  in  drag  mls-Ation 
procedures.  In  the  case  that  the  user  provides  pitching  moment  coefficient  distributions,  the 
combination  of  t/c,  M  and  c  directly  leads  to  the  upper  limit  of  the  allowed  range  for  the  (design) 
lift  coefficient.  If  the  pitching  moment  coefficients  are  not  directly  specified,  the  combination  of 

t/c  and  M  only  results  in  a  feasible  c  -c.  area.  In  that  case,  the  pitching  moment  coefficient 

□  x> 
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distribution  nay  be  defined  by  relation  (17),  which  further  restricts  Che  possible  combinations  of  c 
and  c,  in  this  feasible  area.  Both  c  and  c.  are  then  found  as  part  of  Che  soluCion.  n 

It  is  emphasized  chat  the  ‘'data  base"  of  feasible  characteristics  is  representative  for  a 
certain  class  of  airfoils.  The  user  should  check  whether  this  data  base  is  compatible  with  his  own 
experience.  If  required,  the  relation  nay  be  modified  to  his  own  experience. 


4  DRAG  MINIMIZATION 
General 


The  nuccrical  optinization  of  drag  is  based  on  an  approach,  in  which  the  evaluation  of  double 
integrals  (see  eq.  8)  is  avoided.  This  is  realized  by  first  deriving  analytically  the  necessary 
optinality  equations  before  doing  any  discretization.  Discretization  of  the  bound-circulation 
distribution  in  the  (single)  integrals  is  performed  starting  from  these  analytical  necessary 
optinality  equations. 


Analytical  necessary  optinality  equations 

The  drag  minimization  problem  can  be  stated  as  follows:  deternlne  the  function  T(n)  that  mini¬ 
mizes  the  functional  (L.  +  C-  subject  to  constraints  imposed  on  C, ,  CL.  and,  if  required,  on  C  : 
x  vise 

0 

0  (20) 
0 

Also  CL(n)  may  be  constrained: 

G,(n)  -  c^(n)  -  (n)  S  o  ,  Vq.  (21) 

des 

C.  ,  Cu  and  the  (dimensionalized)  propeller  torque  C.  are  prescribed  values  for  C.  (eq.  16), 

Ldcs  des  Q  L 

(eq.  18)  and  CR  (eq.  19).  (n)  follows  from  the  relation  between  c^,  t/c,  cq  and  M  as 

des 

described  in  the  preceding  section.  Expression  (8)  and  (14)  specify  the  induced  drag  CD  and  viscous 

drag  CL  ,  respectively.  1 

vise 

The  problem  may  be  solved  through  the  introduction  of  Lagrange  multipliers.  That  is,  the 
augmented  integral 


I  -  c  +  c  +  E  V,  C.  +  J  u(n)G,(n)  dn 

1  vise  1-1  1  1  * 

is  formed,  where  the  Lagrange  multipliers  (i  -  1,3)  and  P(n)  are  to-  be  determined.  The  next  step 
towards  the  solution  of  the  optinization  problem  is  to  write  T(n)  *  T(n)  +  6T(n),  and  to  form  the 
first  variation  61  of  I  with  respect  to  variations  of  r(n), 

it-  I  h  j  f(T,n>  r<i)  dt  +  — L_(v  (n).n(n))  + 
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+  2  K*(n)  gjS(n)  f(n)  -  2  K  fn)6lTn)cttn)  +  ^  ljLg1(n)  +  uCnJgjtn)]  tr(n)  dn  (22) 

In  this  variation,  the  parameters  V  ,  K*  and  C^,  and  all  geometry-related  parameters,  have  fixed 
values.  ** 


C‘'C^%e8- 


The  necessary  condition  for  the  clnlolzatlon  of  I  is  that  the  first  variation  vanishes.  This 
condition  holds  for  any  arbitrary  function  ST(n)t  hence  the  tern  between  brnckets  in  (22)  oust  vanish 
at  all  spanwise  positions.  In  fact,  this  necessary  condition  for  the  nlnlaizatlon  of  I  is  noching  else 
but  the  Euler-Lagrange  equations  of  variational  calculus.  Upon  substitution  of  the  expression  (6)  for 
f(T,n).  the  condition  can  also  bo  written  in  the  fora: 


Sref«» 


(vn(n)  +  vp(n).n(n))  +  2K*(n)s*\n) r(n>  _  2stn)g*(n)c*(n)  +  ^(n)  +  u(n)g*(n) 


that  oust  Jold  for  all  n.  In  combination  with  the  constraint  relations  (20)  for  C,,  C„  and  CR,  and  the 
constraint  for  C^fn)  ’ftitton  in  the  fora  “ 


(20 
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u(n)(ct(n)  -  Cj  (n)) 

dc8 


Vo 


y(n)  £  0, 

the  optimal  bound  circulation  is  determined. 


It  cay  ge  noted  that,  if  only  the  Induced  drag  is  minimized  (K  -  0)  in  a  flow  without  propeller 
slipstreams  (V  «  0)  and  imposing  the  total  lift  constraint  onl>,  the  necessary  condition  reduces  to 
Hunk1 s  criterion  for  minimum  induced  drag  (Ref. 15) 


T"1!  V>  +  Vcl  -  ct  )  -  o  ,  Vn  . 

Sr(!£U»  ieS 

In  words,  "the  induced  drag  will  be  a  minimum  when  the  component  of  the  induced  velocity  normal 
to  the  lifting  element  at  each  point  is  proportional  to  the  cosine  of  the  dihedral  angle  of  the 
lifting  clement  at  that  point  (v  «  wQ  cos  y)". 


Numerical  approach 

The  necessary  optimality  conditions  (23)  for  the  drag  minimization  Includes  an*  Integral 
expression  for  v  .  Direct  integration  can  he  done  analytically  only  for  the  most  simple  bound 
circulation  distributions.  Thus,  to  solve  the  Integral  equation  (23)  by  approximation,  it  is  necessary 
to  assume  a  priori  a  convenient  shape  of  the  bound-circulation  distribution  function  T(o).  The 
discretization  model  adopted  here  is  the  same  as  that  utilized  by  Kuhlman  (Ref. 7)  viz.  a  piecewise 
quadracically  varying  bound  circulation: 

dT  (p)  P  +  h. 

-3T-"  Yi-i  +  -2hf  (Yi-W'  -his’shi  <25> 


where  h,  is  the  half-width  of  the  panel  1.  p  is  the  panel  coordinate:  p  ■  0  coincides  with  the  panel 
midpoint,  while  p  is  positive  if  located  outboard  of  this  point,  y.  and  y,  ,  denote  the  trailing 
vortex  sheet  strength  at  the  panel  ends.  Using  this  discretization  so del  and  a  suitable  panel-spacing 
technique,  sufficiently  accurate  solutions  can  be  obtained  with  a  relatively  snail  nunber  of  panels. 

The  Integral  expression  (5)  for  the  normal  velocity  v  can  be  written  as  a  summation  of  panel 
integrals.  Upon  substitution  of  the  discretization  model,  tlie  following  expression  for  v  induced  at 
panel  J  and  at  a  distance  T  from  Its  midpoint  can  be  derived  from  (5)  and  (25):  n 


vn  (t) 


2« 


where 


1  2k  ,  Yl+  Y,  ,  '  i  Y,-  Y,  , 

?  Z  {  - - H  f  A(c,T)dp  +  -  /  PA(p,t)dp 

*  i-1  1  2  -h  2hl  -h 


A(P,r) 


n(T)  .  (r(p,r)  x  ex> 


|r(p,t) | 


and 


T  -  l-hj,  hj) 


(26) 


The  summation  is  performed  over  all  (2k)  panels  at  both  sides  of  the  (xz-)  plane  of  symmetry. 
The  integrals  in  equation  (26)  over  each  individual  panel  are  evaluated  analytically. 

From  equation  (25)  follows 


T(t)  - 

where 

rchp  - 


r<hx)  - 


Y1-1+3Y1  t  Yi+Yl-1  ,  .  Yl~Yi-l  2 


hi  +  - 


6h, 


-  Z  (Y_  ,+  Y_)  h  . 
m-i  a  n 


(-ht£  T  5  hj) 


(27) 


The  summation  is  performed  over  all  panels  located  outboard  panel  i. 

Application  of  Che  necessary  condition  (23)  at  all  panel  midpoints,  using  expressions  (26)  and  (27) 
for  vn  and  T  respectively,  then  results  in  2k  relations  for  the  unknown  trailing  vortex  sheet  strength 
values  Yj  and  Lagrange  multipliers  A  and  v, : 


2k 
Z  B 
i“l 


3 

11  Yi  +  2  8 
3  1  i«l 


ijXi  +  Wj«ij 


"  b , 


1,2k 


(28) 


when;  the  index  J  indicates  the  panel  at  the  nidpoint  of  which  the  necessary  condition  is  imposed. 


Substituting  the  discrete  bound-circulation  model  (25)  in  the  eauatiom.  flA) *  (18),  (19)  end 
(15)  for  C^»  C^.  <*R  ssd  C^(n  ),  t^epecviveiy,  these  equations  can  be  integrated  analytically  and  can 
be  expressed  in  terms  of  theJtrailing  vortex-sheet  strength  values  Y..  Together  with  the  2k-relationc 
(28)  and  the  constraints  (20)  and  (24)  they  form  a  system  of  linear  equations  for  the  unknown  trailing 
vortex-sheet  strengths  and  Lagrange  multipliers.  This  system  determines  the  optimal  spanwlse 
bound-circulation  distribution  that  results  in  minimum  drag. 


16*8 


The  method  devolved  automatically  takes  care  of  satisfying  Helmholtz1  theorem  at  configuration 
element  Intersections,  which  is  manifested  by  jumps  in  the  boun*1  circulation  distribution.  If  a 
symmetrical  aircraft  configuration  is  considered  (no  propellers,  or  a  counterrotating  pair  a 
propellers)  this  results  in  k  unknown  vortex  sheet  strengths  Yj  and  the  range  of  j  in  equation  (76) 
reduces  to  j  ■  L#k.  In  addition,  the  rolling  moment  constraint  may  be  deleted. 

In  order  to  avoid  rather  complicated  and  computationally  expensive  integrals  the  drag  components 
arc  calculated  using  a  numerical  integration  rule,  instead  of  integrating  analytically.  Two  ortions 
arc  provided:  the  midpoint  rule  and  the  Simpson  rule.  Using  a  panel  arrangement  method  with  properly 
increased  panel  density  in  regions  with  comparatively  large  Tv^-variations,  use  of  the  midpoint  rule 
already  results  in  a  sufficiently  accurate  approximation  with  arelativcly  small  number  of  panels. 

Knowing  the  spanvise  bound-circulations  also  other  quantities  of  interest  can  be  determined. 
Examples  ate  triedrag,  bending  moment  distribution,  and  the  overall  forces  acting  on  the  aircraft 
c mop onen*  a. 


5  INFORMATICS  ASPECTS 

The  drag  analysis  and  minimization  has  been  integrated  in  the  NLR  -oftvare  infrastructure  for 
computer  aided  engineering.  The  integration  io  required  to  apply  tne  system  for  parametric 
configuration  design  stuo'es  (interaction  with  other  disciplines)  alternately  with  existing  detailed 
aerodynamic  analysis  and  design  methods  (iterative  adjustment  of  aerodynamic  design  choices).  The 
existing  infrastructure  reflects  the  industrial  infrastructure  for  computer  aided  design  in  order  to 
facilitate  the  transfer  of  information  systems  to  industry. 

The  integration  as  described  above  requires 

-  methods  for  the  generation  of  the  information; 

-  means  for  the  management  of  information; 

-  means  for  the  management  of  methods 

At  NLR,  solutions  for  these  requirements  have  been  found  in  developing  an  architecture  in  which 
a  data  base  and  a  data  manager,  and  a  method  base  and  a  method  manager,  fora  the  key  elements  (Ref. 
16).  The  data  manager  enables  storage  and  searching  of  data  in  terms  familiar  to  the  user.  Ic  is  used 
as  a  means  for  conservation  of  data  produced  in  the  information  system,  or  transfer  of  information 
between  subsequent  phases,  between  steps  in  each  phase  (iteration),  ani  between  the  disciplines 
involved  (interaction) . 

The  method  manager  enables  structured  storage  and  searching  of  methods  which  extensive 
descriptions  of  their  functions  and  their  implementations.  The  methods  tnemselves  are  stored  in  a 
method  base.  The  method  manager  supports  the  composition  of  existing  methods  to  a  new  method,  and 
consistency  checking  of  the  implementations  in  such  a  composition  of  methods.  Through  the  use  of  a 
method  manager  the  method  development  can  be  controlled,  the  methods  can  be  maintained  during  a  long 
period  of  time  and  can  be  re-used  in  several  applications. 

An  executive  supports  the  execution  of  methods  on  a  network  of  computers.  It  takes  care  of  the 
file  transfers  over  the  network,  and  of  job  execution.  Whereas  the  method  manager  checks  the  correct¬ 
ness  of  a  composition  of  methods,  the  executive  checks  the  compatability  of  the  methods  and  the  input 
information. 

The  architecture  of  which  the  system  for  constrained  spanload  optimization  is  a  part  is  given  in 
figure  6. 


6  EXAMPLES  OF  APPLICATIONS 

In  this  section,  a  number  of  typical  examples  is  presented  that  demonstrate  some  of  the 
capabilities  of  the  method  developed.  The  examples  do  not  represent  actual  design  studies. 

Induced  drag  only 

Obviously,  the  accuracy  of  numerical  induced  drag  methods  is  affected  by  the  discretization 
model  of  the  bound  circulation  distribution.  It  has  been  shown  for  a  planar  wing  (Ref.  7),  that 
methods  using  piecewise  quadratlcally  varying  bound  circulations,  are  approximately  four  to  five  times 
as  accurate  in  computing  the  induced  drag  as  a  rtex-lattice  method  with  the  same  equal-sized  panel 
arrangements.  In  figure  7,  the  present  method  j  compared,  for  a  planar  wing,  with  the  method  of 
Kuhlman  (Ref.  7),  in  which  also  quadratlcally  varying  bound  circulations  are  used.  Although  the 
present  method  is  less  time-consuming  than  Kuhlman1  s  method,  it  cal.  be  seen  that  the  differences  in 
accuracy  and  convergence  are  very  small;  both  methods  approach  the  exact  value  of  the  induced  drag 
rapidly  ac  the  number  of  panels  increases.  Using  10  wake  panels  per  semi-span,  the  minimum  induced 
drag  of  the  plana/  wing  is  computed  with  an  accuracy  of  about  0.2  percent. 

For  a  non-planar  configuration,  the  present  method  is  compared  with  a  result  obtained  by  Lundry 
using  a  conform? 1-mapping  technique  (Ref.  17).  In  figure  8,  the  optimal  bound  circulations  are 
compared  for  a  wing  configuration  with  vertical  endplates  (or  winglets).  As  can  be  seen,  the  results 
of  both  methods  agree  well. 
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In  figure  9,  some  of  the  system  capabilities  with  respect  to  trimmed  induced  drag  minimization 
are  demonstrated  for  a  transport-aircraft  type  configuration,  a  sketch  of  which  is  given.  The  minimum 
Induced  drag  as  function  of  the  centre-of-gravity  location  for  three  different  vertical  positions  of 
the  horizontal  tail  is  shown  in  figure  9a.  The  spanwisc  C  -distribution  was  specified  (C  (n)  »  —.106  | 
0  S  n  i  b/2)  and  for  the  body  pitching  moment  coefficient?  C^.  ^  *  +  0.007  was  adopted.  T^is  figure 
shows  that  for  (conventional)  cases  of  negative  tall  loads,  u»e  minimum  induced  drag  increases  with 
increasing  height  of  the  horizontal  tail.  Note  that  the  lowest  values  of  minimum  Induced  drag  are 
obtained  for  high-tail  configurations  with  positive  tail  loads.  This  suggests  that,  from  the  point  of 
view  of  induced  drag,  there  might  be  a  preference  for  high-tail  positions  for  configurations  combining 
relaxed  static  stability  with  active  control  technology. 

In  figure  9b,  the  influence  of  the  tail-to-wing  span  ratio  and  the  vertical  position  of  the 

horizontal  tail  on  the  minimum  induced  drag  is  displayed  for  two  different  positions  of  the 

centre-of-gravity.  Tc  can  be  seen  that,  for  a  fixed  height  of  the  horizontal  tail,  the  minimum  Induced 
drag  increases  with  decreasing  lnil-to-wing  span  ratio. 

The  delusion  of  C^(n)~constraints  in  the  optimization  procedure  is  realized  using  a  relation 
between  c.(deo) ,  c  (des),  M  and  t/c  (sec  section  4).  As  an  example,  the  same  configuration  of  figure  9 

.*8  considered  for°H  *  .735  The  limitations  in  design  c^,  t/c,  c  and  M  of  figure  5  (supercritical 

airfoils)  are  used.  Instead  of  giving  a  specified  spanwise  C  -distribution,  now  the  pressure  recovery 
point  locations  have  been  given  (x0  *(n)  •  .5  |  0  £  n  S  bft).  With  this,  a  relation  between  C.  and 

Cn  is  specified  (see  eq.(17),  (XJ c(n)  -  15.5  Z  |  0  S  r\  S  b/2).  In  figure  10,  the  optimal 
c“-distrIbution  is  compared  with  those  of  the  "no  wing-thickness  constraint"  option  (xc  at  30  Z 
MAC).  The  figure  shows  that,  in  this  particular  example,  the  (^-distribution  has  changed  to3a  constant 
over  a  portion  of  the  wing.  The  inclusion  of  wing-thickness  constraints  results  in  an  induced-drag 
increase  of  about  2  Z. 


Induced  drag  minimization  including  propeller  slipstreams 

In  order  to  examine  the  effects  of  the  propeller  slipstream  on  the  aircraft  Induced  drag,  Che 
axial  and  tangential  velocities  in  the  propeller  slipstream  have  to  be  given.  For  a  particular  example 
design  condition,  the  distribution  of  propeller  induced  velocities  of  figure  II  has  been  used  (advance 
ratio  of  J  ■  0.13  and  a  thrust  coefficient  of  *  0.12). 

For  a  wing  configuration  with  two  "up- inboard"  rotating  propellers,  located  at  25Z  of  the 
senispan  with  a  diameter-to-span  ratio  of  13Z,  the  optimal  spanwise  bound  circulation  distribution  is 
shown  in  figure  12.  This  distribution  greatly  differs  from  the  optimal  "clean  wing"  distribution  that 
is  also  shown  in  figure  12.  With  this  distribution,  the  wing  is  capable  of  restoring  much  of  the  loss 
associated  with  slipstream  swirl. 

In  figure  13,  the  effects  of  the  horizontal  propeller  position  for  different  rotating  concepts 
of  the  propellers  on  the  minimum  induced  drag  coefficient  have  been  plotted.  As  can  be  seen  clearly 
from  this  figure,  two  up~inboard  rotating  propellers  lead  to  a  most  favourable  configuration  with 
respect  to  the  minimum  induced  drag.  If  the  location  of  the  propeller-centre  is  moved  outboard, 
induced  drag  will  decrease  for  two  up-inboard  rotating  propellers  and  will  be  a  minimum  when  the 
propellers  ore  located  at  the  wing  tips  (see  also  Ref.  11). 

It  is  apparent  from  the  results  above  that  favourable  lifting-element/propcllcr  interference 
resulting  in  lower  induced  drag  or,  equivalenty,  induced  thrust,  may  be  produced  by  appropriate  wing 
design.  The  required  C.-distribution  may  be  realized  by,  for  instance,  adjusting  twist,  thickness, 
camber  and  chord  distributions.  The  results  obtained  agree  with  those  of  Kroo  (Ref. 10),  who  showed 
that  in  some  cases  all  of  the  swirl  loss  can  be  recovered. 

Also  proper  design  of  the  engine  nacelle/pylon  may  possibly  contribute  to  swirl  loos  recovery. 
Figure  14  presents  the  optimum  span  loads  for  two  configurations  (with  up-inboard  rotating  propellers) 
one  utilizing  passive  (streamline)  shaping  of  the  pylon  and  the  other  having  an  active  loading  on  the 
pylon.  In  this  particular  example,  a  9  Z  reduction  of  the  minimum  induced  drag  is  realized.  Of  course, 
this  is  not  an  actual  design  case  and  the  benefit  can  be  realized  only  at  the  cost  of  a  more 
complicated  detailed  design,  but  it  may  be  interesting  to  investigate  the  possibilities  of  a  more 
active  role  of  the  nactllc/pylon. 


Induced  +  viscous  drag  minimization 

The  importance  of  including  the  viscous  drag  component  in  the  minimization  procedure  is 
Illustrated  by  the  nert  example.  This  example  concerns  a  wing-canard  configuration.  In  this  example, 
thv  pressure  recovery  point  1. cations  have  been  given  ((x/c)R  -  .5;  (x/c)R  .  -  .4),  while  for  the 

thickness-to-chord  ratio  (t/c)  a  constant  value  of  12  Z  has  beVn  adopted.  ' 

In  figure  15,  thedrag  as  function  of  the  centre-of-gravity  location  is  displayed.  The  upper  set 
ci  drag  curves  represent  the  sum  of  induced  +  viscous  drag  (only  the  viscous  drag  of  wing  and  canard 
is  considered),  while  the  lower  curves  are  for  the  induced  drag  alone,  dy  optimizing  the  sum  of  the 
induced  and  viscous  drag,  the  total  drag  is  less  than  it  would  h*ve  been  if  only  the  induced  drag  was 
minimized  and  the  viscous  dreg  addedaftervards.  Of  course,  the  iu  ^ed  drag  alone  is  greater  when  the 
of  the  drags  in  minimized  than  when  induced  drag  alone  is  opt  sized.  In  Addition,  the  total  drag 
minimum  is  located  about  10Z  b/2  ahead  of  the  minimum  induced  c  rag  alone  position,  stressing  the 
importance  to  include  (estimation  of)  viscous  drag  in  configuratic  .  design  studies. 
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In  figure  16,  the  section  C.'s  for  both  minimum  induced-drag  and  minimum  induced  plus  viscous 
drag  are  given  for  the  minimum  (induced  +  viscous)  drag  c.g. -position.  At  con  be  seen,  the  inclusion 
of  tofile  drag  results  in  a  reduction  of  pooh,  section  C,  and  an  inboard  shift  of  the  spanlondlug  for 
the  main  wing.  " 

The  results  agree  with  those  of  Mason  (Ref.  9),  who  showed  tint  a  drag  reduction  v/  about  5X 
could  be  achieved  by  including  the  profile  drag  in  the  optimization  procedure. 


Configuration  design  studies 

The  method  developed  can  also  be  used  for  parametric  preliminary  design  studies,  for  Instance, 
to  assess  the  effect  of  changes  in  size,  location,  dihedral  and  sweep^ack  of  wing,  tail  or  canard, 
winglecs,  etc.  The  configuration  nay  be  of  the  conventional  type  (tail-aft)  or  nonconvcntional  type 
(canard,  three-surf«;ce  configuration,  forward  swept  wing,  etc.). 

A  typical  example  of  a  nonce wentional  aircraft  configuration  is  the  three-surface  aircraft 
(canard,  wing  and  aft  tail)  given  in  figure  17.  For  tne  canard-wing  and  wing-tail  configuration,  the 
specification  of  the  ccntre-of-gravity  position  (static  tsargin)  and  the  trim  condition  are  most 
decisive  to  fix  the  balance  of  lift  between  the  vii.g  end  control  surface,  but  for  the  canard-wing-tail 
configuration  the  lift  distribution  among  the  surfaces  can  be  chosen  to  reduce  the  total  Induced  drag 
while  retaining  trimmed  conditions  at  a  specified  static  margin.  The  three-surface  circulation 
distributions  of  figure  17  are  only  presented  to  illustrate  the  capabilities  of  the  system  ^hd  arc  not 
meant  to  represent  an  actual  configuration  design  study. 

In  the  past  couple  of  years,  there  hes  also  been  a  renewed  interest  in  alrcralt  configurations 
with  forward  swept  wings  (FSW) .  According  to  reference  18,  the  application  of  forward  swept  wings  may 
result  in,  among  others,  lower  induced  drag  and  higher  maximum  lift  coefficient  os  compared  with  an 
aft  swept  wing  (ASW) .  The  problem  of  aero-elastic  problems  for  forward  swept  wings  may  nowadays  be 
solved  by  using  an  aero-elasticolly  tailored  wing  using  composite  materials.  Figure  18  shows  that  in 
the  case  of  forward  swept  wings,  the  tendency  of  spanwise  loading  for  minimum  trimmed  induced  drag  is 
to  move  inboard. 

Configuration  design  studies  may  concern  the  composition  of  the  total  aircraft  lay-out  as  well 
as  local  alterations  of  the  aircraft  configuration  as  is  the  case,  for  instance,  when  the  effective¬ 
ness  of  winglets  is  investigated. 


7  CONCLUSIONS 

An  induced  (plus  viscous)  drag  analysis  and  minimization  method  has  been  developed  that  provides 
a  low  cost  and  useful  tool,  that  can  be  used  both  for  preliminary  aircraft  design  purposes,  and  for 
providing  direct  input  to  detailed  aerodynamic  design  procedures.  In  the  latter  function,  the  method 
provides  bound-circulation  distributions  that  may  be  used  in  specifying  target  pressure  distributions 
for  inverse  aerodynamic  design  codes. 

Complementary  to  the  determination  of  optimal  spanloads,  the  method  can  also  be  used  to  support 
selection  of  spanwise  distributions  of  pitching  moment,  chord  and  thickness-to-chord  ratio.  In  the 
procedure,  the  interaction  between  propellers  and  lifting  elements  may  be  Included.  Compared  to  other 
methods  in  this  spirit,  ti;e  present  method  is  less  time-consuming  than  near  field  methods  and  more 
accurate  than  vortex-lattice  methods.  Comparisons  with  known  solutions  of  other  theoretical  methods 
have  proven  excellent  agreement. 

The  examples  shown  in  this  paper  illustrate  the  importance  of  considering,  early  In  the  design, 
all  aspects  that  may  influence  the  drag  characteristics.  The  inclusion  of,  for  instance,  viscous  drag 
and/or  propeller  elipstroamr  Kay  lead  to  other  choices  for  the  spanwise  distributions  of  lift, 
pitching  moment,  chord,  and  thickness-to-chord  ratio  than  when  only  the  induced  drag  without 
propeller-slipstream  Is  considered. 

The  method  has  been  incorporated  in  a  CAD-type  program  system  witn  alpha-numeric  and  graphic 
display  capability  and  may  be  used  as  a  stand  alone  system.  The  system  is  fast  and  easy  to  use,  and 
therefore  very  suitable  for  interactive  design  purposes  in  which  rapid  configuration  '.rade-offs  have 
to  be  made.  The  system  has  a  wide  field  of  application*  It  may  be  especially  useful  to  support  the 
assessment  of  unconventional  design  concepts  in  which  lack  of  experience  precludes  good  design 
decisions.  Examples  of  unconventional  concepts  are  three-surface  configurations,  relaxed  static 
stability,  "active"  nacelle/pyions,  forwa^J  swept  wings,  etc. 

The  capacities  of  the  system  aro  exploited  more  efficiently  when  used  in  a  multidisciplinary 
design  environment.  The  existing  infrastructure  in  which  data  management  and  method  management  are  key 
elements,  meets  this  requirement.  The  application  of  data  and  method  management  supports  the 
composition  of  existing  methods,  control  of  method  development,  Incorporation  of  Improved  versions  and 
re-use  of  software.  In  addition,  it  supports  the  transfer  of  the  information  system  from  the 
development  environmout  to  thk  design  environment  in  industry.  This  is  Important  as  return-on- 
investment  is  realized  nlv  by  application  of  the  system  in  the  design  process  in  industry- 
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Fig.  1  Scher  -  inverse  numerical  optimisation 


Fig. 


3  Control  volume  for  determination  of  (invlscld) 
drag  through  application  of  momentum  theory 
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Fig.  5  Relation  expressing  limitations  in  design 


Fig.  Z  Summary  o£  input  parameters  for  trimmed 
induced  drag  minimization 


Fig.  h  Characteristic  airfoil  pressure  distributions 
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(Supercritical  airfoil  section  data)  Fig.  6  Conceptual  design  of  aerodynamic  design  system 
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Fig  7  Accuracy  of  tho  nothod  for  a  planar  wing 


Fig  ')  Bound-circulation  distribution  of  a  wing 
with  end  plates 


(a)  Effects  on  the  location  of  center  or  gravity 
and  tho  tail  height  relative  to  the  wing  on 
tho  minimum  trimmed  induced-drag  (C  *=-0.09) 

n/B 


(b)  Effects  of  tho  tail  height  and  tho  tail-to- 
wing  span  ratio  on  tho  minimum  trimmed 
Induced-drag  (Cu  c-0.09) 
w/B 


Fig.  9  Examples  of  trimmed  induced  drag  minimization  studies 


Fig.  10  The  influence  of  (^-constraints  (for  given 
xR-distribution) 
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(a)  propeller-induced  tangential  velocity 
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Fig,  12  Optimal  bound  circulation  distribution  r  for 
a  wing  with  two  up-inboard  rotating  propellers 


(b)  propeller-induced  axial  volority 
Fig,  11  Propeller-induced  velocities 
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*'ig.  13  Effects  of  the  horizontal  propeller 
location  on  the  minimum  induced  drag 
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Fig.  15  "Induced”  drag  minimization  versus 

"induced  +  viscous"  drag  minimization 


SOUND  CIRCULATION 


Fig.  14  Optimal  bo'*nd  distributions  for  configurations 
with  "up- inboard"  rotating  propollors,  with 
passive  shading  and  with  "active"  shaping  of  the 
tho  pylon  respectively 


Fig.  16  Optimal  (^distributions  for  minimum 
"induced"  drag  and  minimum  "induced  + 
viscous"  drag,  respectively  (x  at 
minimum  "induced  +  viscous"  drageposition) 


Fig.  17  Spanloads  for  minimum  trimmed  induccd- 
ttrog  (threo-surfac©  aircraft) 
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Summary 


Inverse  aerodynamic  design,  calculating  the  geometry  from  prescribed  pressure  distributions,  leaves 
the  designer  with  the  problem  to  define  proper  target  pressure  distributions.  Numerical  optimization 
techniques  are  employed  to  support  the  aerodynamic  designer  in  the  definition  of  target  pressure 
distributions  for  subsonic  and  transonic  airfoil  disign. 

A  general  parametric  representation  of  airfoil  pressure  distributions  is  given,  taking  into  account 
the  physical  characteristic  of  the  airfoil  flow.  This  parametric  representation  enables  the  designer  to 
define  "optimum"  target  pressure  distributions  through  numerical  optimization  techniques. 

Worked  out  examples  show  that  a  large  class  of  airfoils  can  be  described  by  the  proposed  procedure. 

The  nature  of  the  aerodynamic  design  problem  appearo  to  be  such  that  best  results  are  obtained  with 
a  simple  line  search  method.  In  general,  a  large  number  of  iterations  is  needed  to  arrive  at  the  final 
(optimal)  solution.  However  the  requirement  of  a  large  number  of  iterations  is  not  a  serious  drawback  of 
the  approach  described  in  this  paper. 

Finally,  it  is  concluded  that  application  of  numerical  optimization  techniques  is  not  (yet)  to  be 
considered  as  a  routine  job  but  considerable  possibilities  are  offered  to  improve  design  results. 

1 .  Introduction 

Aerodynamic  design  by  means  of  solving  the  inverse  aerodynamic  problem  is  common  practice  nowadays. 
The  main  problem  the  designer  is  faced  with  concerns  the  definition  of  the  velocity  -  or  pressure 
distributions  that  have  to  be  realized.  Figure  1  presents  a  tynical  flow  chart  for  the  aerodynamic  design 
process.  For  a  transport  type  wing  design,  the  "man-ip-the-loop"  defines,  apart  from  many  other  things, 
wing  loading  and  load  distribution  along  the  span.  Constrained  induced  drag  optimization,  as  performed  by 
SAMID  (ref.  I),  is  found  to  be  a  valuable  tool  to  select  proper  spanload  distributions.  Subsequently  the 
chordwise  load  distributions  have  to  be  chosen  in  order  to  arrive  at  the  starting  condition  necessary  for 
the  geometry  calculations  by  means  of,  for  Instance,  the  wing  design  procedure,  INSYST  (ref,  2).  The 
present  paper  deals  with  the  development  of  a  system  to  support  the  man-in-fhe-loop  in  defining  chordwise 
pressure  distributions.  For  a  high  aspect  ratio  transport  wing  this  means  the  definition  of  equivalent 
two-dimensional  target  pressure  distributions. 

So  far,  the  definition  of  target  pressure  distributions  relied  to  a  larg*  extend  on  the  knowledge 
and  experience  of  the  aerodynamic  designer.  However.  was  felt  that  application  of  numerical 
optimization  techniques  could  improve  efficiency  of  tne  process  and  the  quality  of  the  process.  So,  NLR 
started  a  program  to  incorporate  known  numerical  optimization  techniques  in  the  airfoil  design  procedure. 
Althouth  it  has  to  be  kept  in  mind  that  the  term  optimization  might  be  somewhat  misleading  and  should  be 
read  as  "design  improvement"  otherwise,  according  to  Vanderplaats  (ref.  3),  -"Expectations  of  achieving 
the  absolute  best  design  invariably  lead  to  maximum  disappointment"-. 

Application  of  numerical  optimization  techniques  in  airfoil  design  in  itself  is  not  new  and  a  brief 
review  will  be  presented  in  chapter  3.  So  far,  the  known  applications  operate  directly  on  the  airfoil 
geometry  while  the  present  approach  deals  with  the  pressure  distribution  only. 

Experience  so  far  indicates  that  the  number  of  iterations  during  the  optimization  Increases  rapidly 
with  the  number  of  independent  design  variables.  The  Jatter  approach  requires  only  an  evaluation  of  the 
boundary  layer  for  each  Iteration  instead  of  a  complete  flow  field  calculation.  So,  a  large  number  of 
iterations  is  less  of  a  problem.  This  allows  a  larger  number  of  design  variables  and  thus  probably  a 
larger  design  domain. 

In  order  to  perform  the  study  an  interactive  optimization  system- designated  CADOS  (Computer  Aided 
Design  by  Optimization  System)  was  developed  (ref.  4).  It  is  a  general  modular  system  to  handle  all  kinds 
of  constrained  optimization  problems  and  will  be  briefly  described  in  chapter  2. 

The  main  body  of  the  present  study  deals  with  tne  problem  definition  and  parametrlzatlon  of  2.D 
target  pressure  distributions  (chapter  4).  A  few  examples  will  be  presented  in  chapter  5. 

2.  CADOS 

The  general  design  problem  is  characterized  by: 

-  a  number  of  Independent  design  variables  x.  fi»i,n) 

-  a  function  to  be  minimized  (or  maximized)  Fobj  (x.) 

a  number  of  constraints  prescribed  for  the  design  variables  and/or  for  some  so-called  constraint 

functions  g.fa.)  fj»l,m] 

Then  the  mathematical  formulation  reads:  ^ 

minimize  Fobj  (x.)  )  .  . 

subject  to  x,  <  x,*<  x  }  ,n 

SlZSilSu  j-l,m 

where  indices  1  and  u  stand  for  lower-  resp.  upper  value  to  be  prescribed  by  the  designer. 

The  constrained  minimization  problem  is  often  transformed  in  an  unconstrained  problem  by  redefining  the 
constraint  functions  as  so-called  penalty  functions.  Then  the  r  'blem  formulation  could  be: 

minimize  Fobf  (x.)  4-  a. A.  +  a?A„  +  ..... 

Here  A.,  Ag»  ...  are  £he  constraint  Violations  (penalty  functions)  and  c^,  ...  arc  3ome  kind  oi 
multipliers  used  for  a  proper  scaling  of  the  penalty  functions. 

At  present  a  large  number  of  algorithms  is  available  to  solve  the  above  problem  (sec  e.g.  refs  3,  5 
and  6).  Each  of  these  methods  has  its  own  specific  strong  and  weak  points.  Without  detailed  knowledge  of 
the  characteristics  of  the  (design)  problem  to  be  solved  it  is  not  possible  to  select  the  best  method. 
Nevertheless  it  should  be  kept  In  mind  that  the  following  characteristics  apply  to  most  of  the  available 
methods. 
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-  A  mininun  found  night  be  a  local  minimum  and  there  is  no  straight  forward  way  to  find  out  whether 
the  ninimun  is  a  local-  or  a  global  one. 

-  Optimization  becomes  increasingly  difficult  with  the  non-linearity  of  the  problem. 

-  Continuous  first-  and  second  order  derivatives  are  often  assumed. 

Note:  Optimization  convention  is  to  minimize  functions.  However*  it  wil  be  clear  that  a  maximum  is  found 
by  minimizing  the  function  with  reversed  sign. 

Now,  CADOS  stands  for  an  interactive  design  system  that  controls  the  data  flow  between-  and  running 
of  a  number  of  user's  specified  (sub)routines  in  an  optimization  procedure  (see  figure  2).  The  user 
selects  his  routines  from  the  available  librarary  and/or  supplies  additional  routines.  The  user  always 
supplies  the  routine  ANALYSE  (figure  2),  in  which  design  variables  arc  defined,  and  functions  determined. 
During  the  design  session,  the  user  interactively  choses  the  variables  and  functions  to  be  active  or 
non-active,  and  which  of  the  "active"  functions  is  to  be  object  function  and  which  are  constraint 
functions  (contraints  may  be  adjusted).  As  a  result  a  flexible  system  has  been  realized  which  enables  the 
user  to  control  the  course  of  the  optimization  procedure  to  a  large  extent. 

At  present  the  following  Standard  optimization  routines  have  been  implemented: 

-  POWELL  (For  non  linear  problems,  includes  a  quadratic  approximation  of  the  Lagrangean  function  and 

a  linear  approximation  of  the  constraint  functions) 

-  SIMPLEX  (a  sequential  search  technique) 

-  NAG  0  (a  sequential  augmented  Lagrangean  method  including  a  quasi  Newtonian  method) 

-  NAG  1  (a  sequential  quadratic  programming  algorithm) 

For  more  details,  see  ref.  5. 


3.  Review  of  existing  methods 


Several  authors  have  reported  on  the  use  of  optimization  techniques  for  the  airfoil  design  problem 
(e.g.  ref.  7,  8,  9,  10).  All  these  applications  have  in  common  that,  in  some  way  or  another  the  airfoil 
geometry  (or  a  part  of  the  airfoil  geometry)  is  represented  by  general  shape  functions.  Then,  geometry 
perturbations  arc  used  to  arrive  at  a  better  airfoil.  The  following  typical  methods  can  be  distinguished 

A.  Represent  a  (part  of  the)  geometry  by  means  of  some  general  function,  see  fig.  3a  (polynomial: 
Hicks/Vanderplaats,  ref.  7;  cubic  splines:  Misegades,  ref.  8). 

Because  every  geometry  perturbation  requires  a  complete  flow  field  evaluation,  the  number  of  free 
variables  is  limited,  for  economic  reasons.  This  restricts  the  design  domain.  Nevertheless,  several 
successfull  airfoil  improvements  have  been  obtained  (decreased  transonic  airfoil  drag). 

B.  Represent  an  airfoil  by  a  linear  combination  of  known  airfoils,  see  fig.  3b  (Vanderplaats  ref.  9).  A 
possible  way  to  increase  the  design  domain  still  for  a  limited  number  of  design  variables. 

C.  Represent  an  airfoil  by  a  basic  shape  plus  a  (linear)  combination  of  typical  geometry  perturbations, 
see  fig.  4  (Aidala/Davis/Mason  ref.  10).  Aidala  et.al.  define  a  limited  number  of  so  called 
aerofunction  geometry  perturbations  each  of  which  results  from  a  typical  pressure  distribution 
modification.  Aerofunction  shapes  are  calculated  from  prescribed  pressure  distribution  modifications 
for  a  known  basic  airfoil.  It  is  claimed  that  a  set  of  6  aeroshape  functions  represents  a  sufficient 
large  design  domain. 

From  the  data  published  by  Aidalc  et.al.  it  can  be  seen  that  relatively  simple  pressure  distribution 
perturbations  require  complicated  geometry  variations.  Indicating  the  difficulty  to  realise  a  general 
geometry  shape  function  with  only  a  limited  number  of  independent  variables.  So,  it  seems  a  logical  step 
to  parametrize  the  pressure  distribution  and  try  to  optimize  the  target  pressure  distribution  directly. 
This  approach  offers  the  following  advantages 

-  It  matches  the  design  philosophy  as  described  in  the  introduction. 

Only  boundary  layer  calculations  are  needed  during  the  iterative  optimization  procedure.  So,  a  large 
number  of  iterations  is  less  a  problem,  allowing  a  larger  number  of  design  variables. 

Of  course  there  are  some  disadvantages  too  e.g. 

Care  is  needed  to  stay  within  feasible  pressure  distributions. 

-  Curvature  effects  on  the  boundary  layer  development  are  taken  into  account  for  the  starting  geometry 
only  and  night  be  different  for  the  new  design. 

Nevertheless,  from  a  practical  point  of  view,  optimization  of  the  (target)  pressure  distribution  Is 
promising  and  the  present  study  investigates  some  of  the  possibilities. 

4.  Problem  definition  and  parametrlzatlon 

In  order  to  make  the  definition  of  2D  target  pressure  distributions  accessible  for  numerical 
optimization  techniques,  the  pressure  distribution  has  to  be  described  by  a  limited  number  of 
characteristic  parameters.  The  problem  faced  is;  define  a  large  class  of  possible  pressure  distribution 
shapes  by  means  of  as  few  as  possible  design  parameters.  Once  the  pressure  distribution  defined,  only 
boundary  layer  calculations  are  needed  to  judge  the  quality  of  it  (drag,  transition  location,  etc.). 

There  are  some  design  problems  best  solved  by  defining  a  specific  function  for  (a  part  of)  the  pressure 
distribution  (an  example  will  be  shown  In  paragraph  5.5).  However  the  main  body  of  the  present  study 
concerns  the  description  of  a  2D  pressure  distribution  in  general  terms  by  means  of  so-called  aerodynamic 
shape  functions. 

It  will  be  clear  that  in  actual  design  practice  a  number  of  possible  object-  and  constraint 
functions  can-he  defined.  However.  a=descrintion-of  them  all  is  bevond  the  scoDe  of  the  present  report. 
Some  of  them  will  be  mentioned  at  the  presentation  of  a  few  examples  in  chapter  5.  Here,  only  the 
parametrization  of  the  pressure  distribution  will  be  dealt  with  in  more  detail. 

Roughly  speaking,  the  velocity  distribution  on  the  airfoil  upper-  and  lower  surface  can  be 
characterized  by  three  specific  regions: 

(I)  Stagnation  point,  immediately  followed  by  a  rapid  acceleration. 

(II)  A  region  with  slightly  accelerating,  slightly  descolcrating  or  constant  velocity,  for  transonic 
conditions  often  ended  by  a  shock  wave. 
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(III)  The  pressure  recovery  region  where  the  velocities  decrease  to  the  trailing  edge  value.  For  the 
lover  surface  of  rear  loaded  airfoils  completed  by  a  small  region  with  accelerated  flow. 

Figure  5  presents  a  characteristic  pressure  distribution  defined  by  eight  points  and  linear  interpolation 
between  these  points.  Without  shock,  points  2  and  2’  coincide.  With  shock,  the  Jump  between  2  and  2'  is 
determined  by  the  local  mach  number  at  2.  For  a  given  free  stream  taach  number  the  points  4  (stagnation 
pressure)  and  I  and  8  (trailing  edge  pressures)  are  considered  to  be  known  and  fixed.  This  leaves  level 
and  position  of  the  points  2,  3,  5,  6  and  7  (ten  design  variables)  free  to  represent  a  large  class  of 
(simplified)  pressure  distributions.  Refinement  of  this  model  would  be  possible  by  increasing  the  number 
of  "characteristic"  points.  However,  soon  large  number  of  points  will  be  needed  to  represent  more 
realistic  shapes,  resulting  in  a  prohibitive  large  number  of  design  variables.  Other  ways  for  refinement 
are,  e.g.  non-linear  interpolation  between  the  points;  adding  wave  functions  with  amplitudes  as  design 
variables  to  a  starting  pressure  distribution  etc.  Several  of  these  options  have  been  investigated  during 
the  present  study.  So  far,  best  results  have  been  obtained  by  a  set  of  "interpolation  rules",  taking  into 
account  the  characteristic  behaviour  of  the  specific  part  of  the  pressure  distribution  to  be  represented. 
Each  of  these  so-called  aerodynamic  shape  functions  has  been  derived  from  well  known  aerodynamic  theory. 
It  is  beyond  the  scope  of  the  present  report  to  describe  the  derivation  of  these  functions  in  detail.  It 
has  to  be  sufficient  to  present  the  relations  and  to  note  that  for  certain  combinations  of  the  design 
variables  (coefficients  and  exponents),  approximations  are  possible  of  the  typical  classical  flow 
characteristics.  The  following  functions  have  been  defined,  with  reference  to  figure  5. 

A.  Stagnation  flow  region  (3-4-5) 

Rather  than  suggested  in  figure  5,  the  stagnation  point  (4)  will  usually  not  occur  exactly  at  the  airfoil 
nose  but  somewhat  downstream  on  the  lower  surface.  In  order  to  maintain  physically  realist!**  pressure 
distributions  in  this  region,  a  stagnation  flow  shape  function  has  been  defined,  approximating  the 
potential  flow  velocity  distribution  for  elliptic  cylinders  (for  small  x/c  and  small  incidence): 
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(N.B.  +  sign  for  upper  surface;  -  sign  for  lower  surface) 

Here  K  .  -  K  ^  represent  the  design  variables  to  be  adjusted  by  the  optimization  procedure.  Referlng  to 
the  clxipciccylindcr  nose  radius  and  (local)  incidence  at  the  nose  may  be  estimated  from. 
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B.  "High  velocity"  regions  (Iron  3  to  2  and  from  5  to  6,  fig.  5) 

These  regions  often  exhibit  small  pressure  gradients  at  design  conditions.  So,  a  relatively  simple 
representation  can  be  chosen.  In  order  to  be  able  to  represent  also  laminar  flow  conditions  the  following 
function  has  been  chosen. 


■  -  KU +  Kb2  -  (!>bo> 


l+K, 


b3 


which,  for  (K^j  and  (-)^q  approaching  zero,  approximates  the  well  known  Falkner-skan  solution  for  similar 
laminar  boundary  layersilndex  bO  refers  to  the  start  of  the  region). 

K^j  -  are  the  design  variables  to  be  adjusted  by  the  optimization  procedure, 

C.  Turbulent  pressure  recovery  region  (from  2  (2*)  to  1  and  from  6  to  7) 

The  family  of  functions  for  this  region  should  resemble  concave  and  convex  shapes.  Including  the 
Stratford  solution  for  turbulent  zero  skin  friction  pressure  recovery  (ref.  11).  The  Stratford  solution 
exhibits  two  branches.  The  main  branche,  transformed  from  Stratford's  canonical  pressure  coefficient  to 
the  ordinary  ~  definition,  can  be  generalized  as  follows: 


Cp  -  Cpc0  +  Kcl  [{I  + 


*  - 

c  ^c;cO  il/5 
Kc2 
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Index  cO  indicates  the  start  of  the  recovery  region  and  K  ,  to  K  .  are  the  design  variables.  This 
function  represents  a  wide  class  of  shapes,  Including  on  approximation  of  Stratford's  pressure  recovery 
solution. 

D.  Rear  loading  region  (from  7  to  8) 

For  so  called  rear  loaded  airfoils,  the  lower  surface  velocity  usually  accelerates  from  the  end  of  the 
pressure  recovery  region  to  the  craling  edge.  For  this  region,  a  simple  polynomial  was  defined  reading: 


C»-Kdl  {f-  <!W2+Kd2  fcX-  <&0>  +  C?d0 

Again  index  do  indicates  conditions  at  the  start  of  th*  region  and  Kjj  and  are  design  variables. 

E.  Shock  relations  (possibly  at  points  2  and/or  6) 

Good  transonic  design  conditions  usually  incorporate  weak  shocks  at  upper  and/or  lower  surface.  So,  a 
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proper  shock  description  is  needed.  In  viscous  airfoil  flow,  the  pressure  jump  measured  at  the  foot  of 
the  shock  is  less  than  the  Rankine  Hugoniot  pressure  jump.  Besides,  the  shock  will  be  "smeared  out"  in 
the  boundary  layer.  So,  in  order  to  describe  shocks  directly  in  tb*  pressure  distribution  some  empirical 
relations  are  needed.  From  a  compilation  of  experimental  data  (see  fig.  6,  taken  from  ref.  12)  it  is  seen 
Chat  the  following  modification  of  the  Rankine  Hugoniot  relation  is  a  reasonable  approximation  for  weak  2 
dimensional  shocks  (Ml  <  1.3): 


7.M2  -1 

fg  “  0.7  (— H2-J  +  0.3 


*  CP„«  +  °-7  {CP, 


1  7(M12a'1) 

,  ■( — i _ }  { - _ ) 

us  0.7  M7  6 


(us  and  ds  for  upstream  and  downstream  of  shock). 


An  empirical  rule  for  the  shock  thickness  is  presented  by  Delery  (ref.  13)  for  weak  2  dimensional  shocks: 


4f  :  70  (Hi  -1) 
0*  us 


fMus  i  1-31 


Here  <$*  and  Hi  represc  displacement  thickness  and  kinematic  boundary  layer  shape  parameter 
respectively,  juit  in  fron  of  the  shock.  The  shock  representation  becomes  active  only  if  M.  .  exceeds 
i.l  at  point  2  and/or  point  6.  a 

Characteristic  points  and  functions  presented  above  represent  a  rather  large  class  of  airfoil  design 
pressure  distributions.  Mote  that  not  all  of  the  design  variables  Indicated  above  are  independent.  Some 
of  them  are  directly  determined  by  the  requirement  of  a  continuous  pressure  distribution.  With  properly 
selected  basic  airfoil  geometry  and  design  requirements,  a  boundary  layer  calculation  method  and  an 
optimizer  as  driver  for  defining  the  pressure  distribution  almost  all  ingredients  arc  available  for  a 
system  for  designing  airfoil  target  pressure  distributions.  However  for  transonic  conditions  with  shock 
waves  boundary  layer  calculations  only  do  not  account  for  the  momentum  loss  through  the  shock.  So,  the 
evaluation  of  the  pressure  distribution  has  to  be  completed  with  an  evaluation  of  the  wave  drag.  A 
convenient  relation  to  estimate  the  magnitude  of  the  wave  drag  has  been  proposed  by  Lock  (ref.  14): 


c  1  H<o  J  iMj (140.2  Mj) 


Where  R  is  the  radius  of  curvature  of  the  airfoil  geometry  at  the  shock  position.  Lock  found  an  accuracy 
betwecns-l02  and  +30 2  of  the  wave  drag  for  weak  shocks  (1.1 <M.  <1.5),  which  seems  sufficient  for  the 
present  application. 

Finally  some  remarks  concerning  the  parametrization  described  above: 

It  becomes  obvious  that  the  aerodynamic  design  problem  Is  strongly  non  linear  and  It  is  likely  that 
non-continuous  derivatives  will  occur  as  well  as  fov  object  function(s)  as  for  constraint  functions. 
-  Sometimes  a  step  by  step  approach  is  possible  by  splitting  the  design  problem  in  several 
optimization  problems  of  reduced  size,  e.g.  deal  with  upper-  and  lower  surface  separately. 

5.  Examples 

5.1,  General 


Unless  otherwise  stated  the  examples  to  be  shown  have  been  calculated  for  the  parametrization  as 
presented  in  chapter  4.  Drag  and  boundary  layer  characteristics  have  been  computed  with  an  integral 
method  (ref.  15). 

This  method  comprises: 

-  Laminar  boundary  layer  according  to  Thwaites 

-  Prediction  of  transition  location  according  to  Granville 

-  A  fast  integral  method  (lag  entrainment)  for  the  turbulent  boundary  layer 
Drag  calculation  according  to  Squire  &  Young  formula 

For  every  application,  some  care  is  needed  in  the  exact  formulation  of  the  design  problem.  This  is 
Illustrated  in  fig.  7.  Given  the  basic  distribution  (a)  and  define  the  following  design  problem: 

-  0.50  Rec  -  10,10° 

.  maximize  :  C. 

.  subject  to  :  Co-  >  -2.0 

09&-  >  0.95 

.  change  only  upper  surface  distribution  (Cp  fixed) 

This  formulation  will  result  In  the  unrealistic  distribution  (b) ,  in  itself  a  perfect  solution  of  the 
defined  problem.  The  following,  slightly  different  formulation  for  the  same  free  stream  conditions  will 
do  far  better: 

.  maximize  :  C. 

.  subject  to  :  Cp  .  >  -2.0 

-  cp  )  <  0.2 

.  change  only  upper  surface  distribution  (Cp  fixed) 

Then  result  (c)  will  be  obtained.  Although,  it  mlgfic  be  necessary  to  adjust  a  few  tines  the  constraint  o 
(Cp  -  Cp  )  in  order  to  drive  the  separation  position  closely  to  45*  of  rhe  chord, 

teIhe  foeturcc  of  Suv  present  design  procedure  will  be  discussed  on  the  basis  of  some  typical 
examples,  presented  below. 

5.2.  Medium  speed  natural  laminar  flow  condition 

The  intention  is  to  investigate  possible  lengths  of  laminar  flow  trajectories  for  a  thick  (182) 
medium  speed  (Mw  *  0.65)  airfoil.  To  start  with,  the  geometrical  r6quirecent  of  t/c  *  182  has  to  be 
translated  In  a  constraint  function  for  the  pressure  distribution.  A  first  order  estimation  of  the  max. 
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airfoil  thickness  Is  obtained  by: 

-  / — ?  -  1  Cpu  +  Cpl  x 

t/c  ~  -  0.5  Gp  /l-M*  where  Cp  -  /  - 2 - d  ^ 

Large  laminar  flow  regions  imply  low  airfoil  drag.  Then,  together  with  the  additional  constraint  to 
maintain  subsonic  flow  in  the  design  condition  the  |cllowing  problem  is  formu)ated: 
free  stream  conditions:  ■  0.65,  Rec  ■  15.10 

minimize  :  Cd 
subject  to  :  C.  >  0.50 

-p0^ncF  0.18 

no  separation 
(transition  free) 

Fig.  8  presents  the  solution  for  this  problem.  A  quick,  first  order  solution  was  obtained  with  a  simple 
representation  of  the  pressure  distribution  (broken  line) ;  a  linear  interpolation  between  "free"  points 
for  the  front  part-  and  a  quadratic  interpolation  for  the  rear  part  of  the  airfoil.  Then  the 
representation  was  rofined,  using  the  aerodynamic  shape  functions  discussed  above,  resulting  in  the  full 
line. 

This  case  study  showed  that: 

..  The  design  domain  contains  several  local  minima  and  some  different  start  Cp-dlstrlbutlons  were 
needed  to  arrive  at  the  final  solution. 

..  Approaching  low  drag  values,  the  cost  function  C,  becomes  "flat'*'  and  so  sensitive  to  numerical 

irregularities.  Numerical  irregularities  are  easily  introduced  because  the  pressure  distribution  is 
discretized  as  input  for  the  boundary  layer  calculations. 

5.3.  Low  speed  high  lift  condition 

The  design  of  single  element,  high  lift  airfoils  by  R.H.  Liebeck  is  well  known  (see  e.g.  refs  16, 
17).  A.M.O.  Smith  (ref.  17)  published  some  of  Licbeck's  results  for  the  so-called  turbulent  roof-top.  The 
airfoils  meet  the  additional  constraints  for  the  flow  to  remain  attached  (and  subsonic)  everywhere  on  the 
airfoil.  Then  the  following  design  problem  is  formulated: 
free  stream  condition:  ■  0.10,  Rec  "  5.10 

transition  :  upper  surface  x/c  Z  17. 

(lower  surface:  x/c  Z  0.51) 

maximize  : 

subject  to  :  no  separation 

This  problem  has  been  solved  by  changing  only  the  upper  surface  pressure  distribution  for  a  fixed, 
arbitrarily  chosen,  lower  surface  distribution.  Two  solutions  have  been  generated,  both  depicted  in 
fig.  9. 


a.  With  a  fixed,  approximated  Stratford  type  pressure  recovery  the  flat  rooftop  solution  is  found  (full 

line).  This  compares  reasonably  well  with  Liebeck' 8  optimal  solution  presented  in  ref.  17, 
indicating  max.  lift  for  Cp  .  Z-2.6  and  pressure  recovery  point  at  x/c  Z  0.30. 

b.  With  the  upper  surface  cntire?y  free,  the  broken  line  is  found,  representing  a  slightly  better 
solution  than  the  roof  top  solution. 

Airfoil  geometries,  inversely  calculated,  for  these  two  solutions  have  also  been  given  in  fig.  9.  The 
geometries  have  been  computed  with  the  method  described  in  ref.  18. 

Note:  keeping  in  mind  the  approximations  made  for  the  present  representation  (for  example,  only  one 
branch  of  the  Stratford  solution  is  considered),  the  above  results  are  not  considered  to  proof  that 
Llebeck's  flat  roof  top  solution  can  be  improved.  However,  it  may  be  concluded  that,  from  a  practical 
point  of  view,  both  solutions  exhibit  comparable  high  lift  capabilities,  while  solution  b  has  the 
advantage  of  a  somewhat  less  "excotic"  geometry. 

From  this  example  it  is  concluded  that  the  aerodynamic  shape  functions  are  applicable  for  low  speed 
high  lift  design. 


5.4.  Transonic  low  drag  solution 

A  typical  transonic  pressure  distribution  is  shown  in  fig.  10  (full  line).  In  order  to  find  out  to 
what  extent  this  pressure  distribution  can  be  represented  by  the  aerodynamic  shape  functions  CAD0S  was 
used.  With  A  Cp  being  the  difference  between  the  real  and  the  shape  function  distribution,  the  functional 
/  A  Cp  d  —  was  minimized.  The  result,  designated  best  fit,  is  shown  in  fig.  10  as  broken  line. 

Apparently,  the  shape  functions  lack  refinement  around  the  shock  and  in  the  nose  region.  To  find  out  how 
serious  a  problem  this  is,  for  the  practical  design  situation.  A  design  study  has  been  performed  to 
improve  the  drag  coefficient  at  the  design  lift  coefficient.  With  the  best  fit  as  starting  point  the 
following  optimization  problem  was  defined.  , 

free  stream  condition  :  «  0.77  Rec  -  10.10° 

transition  fixed  at  :  (x/c)  -  0.05  (x/c).  «  0.10 

minimize  :  Cd  us  18 

subject  to  :  C,  >  0.60 

Cm  >-0.125  2 

thickness  («  -0.5  Cp  /  1-1T)  Z  0.10,  being  the  same  value  as  for  the  best  fit  (actual 
starting  airfoil^t/c  *  0.11) 

The  optimized  pressure  distribution  is  shown  in  fig.  11,  together  with  the  start  ("best  fit")  indicating 
a  drag  improvement  of  5  counts. 

Then  two  possible  ways  are  open  to  continue  the  design  study. 

1.  Define  a  new  target  pressure  distribution  by  adding  the  differences  between  best  fit  and  optimized 
distribution  to  the  actual  airfoil  pressure  distribution. 

2.  Define  the  optimized  pressure  distribution  directly  as  the  target  for  a  new  geometry  design. 

Here,  the  latter  approach  was  followed.  In  order  to  find  out  whether  a  less  refined  target  will  result  in 
an  acceptable  airfoil  design.  Using  the  inverse  airfoil  design  system  INTRAFS  (ref.  19),  a  new  geometry 
has  been  generated.  The  new  geometry  differs  only  slightly  from  the  original  one.  Analyses  of  both 
airfoils  with  the  VGK  program  (ref.  20)  indeed  shows  an  improved  drag  coefficient  for  the  new  airfoil 
(see  fig.  12).  'Ithough  the  drag  reduction  is  less  than  expected  from  the  CADOS  calculations  depicted  in 
fig.  U; 
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three  counts  versus  5  counts,  maybe  due  to  the  relative  poor  representation  of  the  original  pressure 
distribution.  Nevertheless  this  example  illustrates  the  ability  of  the  present  approach  to  improve 
transonic  airfoil  design. 


5.5.  Stable  laminar  flow 


The  last  example  to  be  discussed  here  is  of  a  more  fundamental  character  and  differs  from  the  design 
studies  presented  so  far.  It  is  an  illustration  of  a  special  application  of  target  pressure  distribution 
optimization.  The  problem  concerns  the  definition  of  the  max.  lift  contribution  that  can  be  obtnined-with 
stable  laminar  flow  over  the  first  60%  of  an  airfoil.  Stable  with  respect  to  the  instability  criterium  for 
Tollnien  Schlichting  waves;  instability  occurs  if  >  1.  With  the  requirement  of  Just  sonic  conditions 
at  &l c  »  0.60  for  -  0.65  and  Rec  ■  15.10**.  Then  the  problem  definition  reads:  find  the  Cp-distribution 

between  s/c  -  0;M.  »  0  and  s/c  ■  0.60;  M.  «  1.0  such  that-?***  Cp  d  s/c  is  maximum  while  everywhere 

p  0  ioc  j.oc  o  u  0  6  ReO 

approaches  1.0  as  close  as  possible;  or  minimize  -  JJ’Cp  d  s/c  +  j*max  (o,  -  l)d  s/c 

After  «  few  attempts  with  different  relations  for  Cp  -  f(s/c)  it  was  observed  that  reasonable  results 
could  be  obtained  with  the  following  relation  for  the  pressure  gradient: 

-  “XT  +  +  e)N  »  where  c  is  a  small  value,  to  prevent  the  singularity  at  £  »  0. 

as  stg  c  c 

c  c 


Then,  by  integration: 

a.  g 

Cp  -  Cp8t  +  Ain  <£j-)  +  B  {"  +  e)H  -  eN) 


Where  A,  B,  e  (>  0)  and  N  are  design  variables  and  Cp  is  pressure  coefficient  at  stagnation  point. 
Three  of  the  design  variables  are  indepent,  the  fourthCfo!lows  from  the  requirement  of  sonic  flow  at 
s/c  -  0.60.  Fig.  13  shows  the  results  of  the  above  problem.  The  Cp  distribution  for  stable  laminar  flow 
over  the  whole  region  is  depleted  in  fig.  13a,  while  fig.  13b  shows  that  indeed  R  ^  and  R  nearly 
coincide  over  the  largest  part  of  the  region.  These  results  were  relatively  easily  obtained; 


6.  Concluding  remarks 


The  application  of  constrained  numerical  optimization  techniques  in  the  inverse  airfoil  design 
procedure  has  been  investigated.  Taking  into  account  physical  flow  characteristics,  a  set  of  aerodynamic 
shape  functions  has  been  formulated.  It  is  shown  that  with  these  shape  functions  a  wide  class  of  airfoil 
flows  is  represented.  Parana trization  of  the  pressure  distribution  in  combination  with  numerical 
optimization  techniques  enable  the  designer  to  define  or  improve  2D  target  pressure  distributions. 

With  respect  to  the  course  of  the  optimization  process,  the  following  experiences  have  been 
obtained. 

The  aerodynamic  design  problem  is  strongly  non-linear  and  exhibits  discontinuous  derivatives  for 
object  as  well  as  constraint  functions.  In  general,  a  large  number  of  local  minima  occur.  So,  a 
straight  forward  application  of  numerical  optimization  techniques  which  rely  on  first  and  second 
order  derivatives  is  highly  questionable.  So  far,  best  results  have  been  obtained  with  a  simple  line 
search  method  (SIMPLEX). 

-  It  is  more  efficient  to  define  a  combined  object-  and  penalty  function,  rather  than  to  bound  the 
object  function  by  constraints. 

-  Optimization  for  minimum  drag  is  hampered  by  the  "flat”  shape  of  the  drag  function  in  the  design 
space,  in  combination  with  numerical  irregularities. 

-  In  general  a  large  number  of  iterations  will  be  needed  (several  hundreds) 


Despite  the  fact  that  a  large  number  of  iterations  is  not  a  serious  drawback  for  the  present 
approach,  the  procedure  is  still  far  from  "stand  alone"  applications  on  routine  basis. 

The  method,  reviewed  in  the  present  paper,  already  ha3  proven  to  be  of  significant  value  for  the 
airfoil  design  practice  at  NLR.  It  is  worth  to  consider  improvements  by  paying  attention  to  the  following 
items. 

-  Smoothing  options,  to  prevent  problems  with  numerical  irregularities. 

-  Splitting  of  the  optimization  problem  in  a  number  of  problems  of  smaller  scale  (multi-level 
optimization) . 

-  Looking  for  more  efficient  routines,  taking  into  account  the  specific  character  of  the  aerodynamic 
design  problem. 

Scaling  of  the  independent  design  variables  (The  existing  version  of  CAD0S  offers  the  user  the 
possibilities  to  adjust  the  step  for  each  variable,  but  in  practice  it  is  hardly  possible  to 
overview  the  consequences). 
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Fig.  2  Schott©  of  CADOS 


Fig.  l  Typical  flow  chart  for  aerodynanic 
design  process 


lg.  3  Exanples  of  direct  ’  design  procedures  Fig.  4  Schcnatic  representation  of  nothod 

from  rof.  10 
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Fig.  5  Schematic  representation  of  pressure 
distributions 
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Fig.  6  Compilation  of  ejcporiraontal  shock  data 


Fig.  7  Illustration  of  less  appropriate  constraint  formulation 


Fig.  8  Natural  laminar  flor  solutions 
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SUMMARY 

An  optimization  procedure  is  described  which  applies  to  the  design  of  airfoils  able  to 
satisfy  requirements  essentially  set  for  transonic  flight. 

Suitable  airfoils  arc  obtained  through  radical  changes  of  the  starting  geometry  with 
little  time  consumption. 

One  of  the  main  features  of  the  design  methodology  is  an  extensive  use  of  constraints; 
it  proved  to  be  very  efficient  both  to  obtain  a  good  quality  of  the  design  and  to  reduce 
the  time  needed. 

Another  feature  is  the  use  of  effective  shape  functions,  which  are  not  aerofunctions 
obtained  through  inverse  methods. 

The  results  show  airfoils  designed  to  satisfy  both  a  maneuver  and  a  dash  performance 
requirement. 

A  comparison  of  different  design  approaches  is  also  presented;  this  is  made  possible  by 
the  short  times  required  for  the  design,  which  includes  the  optimized  deflections  of  the 
Ii.B.  and  T.E.  flaps. 

Suggestions  are  given  for  further  developments  of  a  "smart"  system  for  airfoil  design. 


1 .  INTRODUCTION 

The  results  obtained  through  the  adoption  of  optimization  techniques  for  the  design  of 
wings  and  airfoils  justify  their  use  in  t'no  Industry  even  if  the  success  of  an  automatic 
design  method  is  not  secure  a  priori  and  these  methods  normally  require  great  expertise 
11/ ,  /V,  /3/. 

The  reason  for  this  is  that  an  automatic  design  procedure  must  compound  a  large  amount 
of  knowledge  to  obtain  a  physically  acceptable  final  solution  which  meets  the  actual 
operating  requirements. 

The  aerodynamic  optimization  problem  must  not  be  considered  as  a  routine  exercise  with  a 
mathematical  procedure;  it  must  in  fact  manage  checks  able  to  produce  an  actually  usable 
final  result,  al  ,o  on  the  basis  of  comparisons  with  already  obtained  solutions. 

Several  authors  have  focused  their  attention  on  the  development  of  effective 
modification  f  actions:  these  are  the  shapes  that,  when  added  to  the  basic  airfoil, 
permit  its  iterative  modification.  When  these  functions  have  a  well  defined  effect  on  an 
aerodynamic  characteristic,  they  are  called  aerofunctions  and  are  often  obtained  through 
inverse  methods. 

Occasionally,  the  adoption  of  this  type  of  modification  functions  permits  the 
optimization  methods  and  the  inverse  ones,  that  are  usually  considered  mutually 
exclusive  design  tools  /4/,  /5/,  /6/,  to  be  conciliated. 

Other  techniques  have  been  proposed  which  pursue  the  reduction  of  the  number  of  airfoils 
to  evaluate  during  the  optimization  process  /7/.  One  of  them  suggests  the  adoption  of 
second  order  approximations  of  the  aerodynamic  coefficients  /8/. 

This  work  describes  an  effective  tool  which  modifies  an  arbitrary  starting  geometry  to 
satisfy  design  requirements  typical  of  the  .transonic  range.  The  methodology  emphasizes 
the  use  of  the  constraint  functions,  different  from  what  has  been  used  by  many  authors. 
An  effective  use  of  constraints  is  advantageous  both  in  terms  of  design  quality  end  of 
less  time  consumed  is  described  in  detail  herein. 

The  shape  functions  used  in  this  investigation  are  not  obtained  through  inverse  methods, 
but  have  a  foreseen  aerodynamic  effect  and  retain  their  effectiveness  when  applied  to  a 
wide  range  of  problems. 
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When  shoving  the  results,  emphasis  was  placed  on  the  comparison  of  the  different  design 
approaches  made  possible  by  the  use  of  an  optimisation  procedure. 


2.  THE  COMPONENTS  OK  THE  DESIGN  PROCEDURE 

The  optimization  problem  consists  of  the  definition  of  the  values  to  assign  to  the 
vector  of  the  design  variables  X  so  as  to  minimize  the  objective  function  F(X)  (OBJ), 
while  obtaining  that  the  possible  constraint  functions  Gi(X)  are  <0.  The  mathematical 
formulation  of  these  functions  is  a  responsibility  of  the  designer,  who  also  has  to 
choose  the  design  variables  that  govern  the  geometry.  Elements  of  these  functions  are 
the  aerodynamic  coefficients,  which  are  obtained  through  the  coupling  with  an  analysis 
code. 

The  selected  optimization  routine  was  algorithm  CONMIN  (CONstrained  MINimization)  /9/. 
This  routine  is  widely  used  in  the  structural  optimization  field,  and  is  used  by  several 
authors  for  aerodynamic  design. 

Since  the  routine  permits  constraint  functions  to  be  used,  it  sets  fiv  limitations  on  the 
inclusion  of  design  controls  which  can  be  essential  to  obtain  an  actually  usable  final 
geometry.  The  routine  solves  the  constrained  minimization  problem  by  following  the  steps 
described  hereafter. 

At  eoch  iteration  "l"  of_  the  minimization  process,  the  variable  vector  (X)  is  updated 
according  to  the  formulaX^=  X^  +  wS^,  where  §.  is  a  unit  vector  representing  a  direction 
in  a  space  having  as  many  dimensions  as  ihe  design  variables,  and  w  defines  the 
displacement  in  direction  §.. 

Three  methods  for  the  search  of  direction  S,  are  implemented  in  CONMIN.  If  the  variables 
lay  at  a  point  in  the  space  of  the  design  variables  where  the  constraints  are  not 
violated  (that  is  all  functions  01(5?)  <  0),  two  methods  are  employed  that  use 

information  on  gradients'.  They  are  the  “steepest  descent"  (point  A  in  fig.  1)  and  the 
"conjugate  direction  method"  (point  B  of  figure  1);  the  latter  method  also  makes  use  of 
information  from  the  previous  iteration  /l/.  If  one  or  more  constraints  are  active 
( Oi ( 5? )  s  0)  or  violated  ( { Gi ( 5? )  > 0 ) ,  Zoltendijk’s  "foaaible  direction  method"  is  used 
/ 1  / :  is  chosen  also  based  on  the  gradients  of  the  active  and  violated  constraints.  In 

Fig.  1,  one  constraint  is  active  at  point  C  and  one  constraint  is  violated  at  point  II. 

The  coupling  of  the  optimization  routine  with  an  aerodynamic  code  requires  approximation 
techniques.  The  aerodynamic  coefficients  in  fact  depend  in  a  non-linear  way  on  the 
design  variables  that  are  the  perturbations  to  which  geometry  is  subjected  during  the 
modification.  These  coefficients  can  be  approximated  by  using  the  TAYLOR  series: 

F(X)n  F(X0)+VF(X„)<Xi!(«XTH(X0)«+ . 

where  F(X„)  is  the  objective  function  or  a  constraint  function,  VF(X0)  is  the  gradient  and 
H(X0 )  is  the  Hessian;  «x=  x-X,,  is  the  perturbation  vector. 

The  design  problem  is  solved  by  modifying  the  ge-  metry  iteratively.  The  aerodynamic 
coefficients  are  linearized  and  the  derivatives  with  respect  to  the  design  variables  are 
updated  at  each  iteration  (sequential  linear  programming)  / 1 / . 

A  scheme  of  a  linearized  problem  is  shown  in  figure  2.  The  maximum  change  of  the  value 
of  the  variables  at  each  iteration  is  limited  by  the  use  of  "side  constraints". 

This  procedure  is  used  for  two  reasons:  not  to  impair  the  validity  of  the  linear 
approximation  and  to  face  cases  in  which  the  objective  function  of  the  linearized 
problem  is  not  constrained,  contrary  to  what  happens  in  the  non  linear  problem  (Fig.  2). 
The  aerodynamic  analysis  code  plays  an  important  role  because  it  gives  the  values  of  the 
derivatives  of  the  coefficients  with  respect  to  the  design  variables.  Based  on  these 
derivatives,  the  optimization  routine  chooses  the  mo3t  suitable  modification  direction. 
The  more  reliable  the  aerodynamic  code  is,  the  more  oredible  is  the  design.  However,  the 
design  management,  namely  the  interface  between  aerodynamic  code  and  CONMIN,  is  fully 
independent  of  the  aerodynamic  code  adopted  and  represents  the  true  "heart"  of  the 
procedure. 

The  analysis  code  solves  the  full  potential  equation  in  subsonic  and  transonic  range 
making  use  of  a  finite  difference  technique  developed  by  A.  Jameson.  This  code  was  made 
more  complete  with  the  inclusion  of  the  computation  of  wave  drag  as  a  loss  of  momentum, 
across  the  shock  wave,  and  of  a  viscous  correction  (AELFOIL  code)  /ll/. 

This  code  may  obviously  be  replaced  by  a  more  sophisticated  one  (e.g.  EULER  SOLVER)  /6/. 
In  the  automatic  procedure,  the  design  requirements  must  be  "translated"  in  terms  of 
constraint  and  objective  functions. 

A  simple  expression  for  the  objective  function  includes  the  linear  combination  of 
aerodynamic  coefficients  (CD,  CM,  CL,  Local  Mach)  at  one  or  more  operating  conditions  of 
the  airfoil  (n).  In  genera),  the  coefficients  must  be  weighted  through  multiplication 
oftAf-f-j  cisnts  a  -  - 

For  instance:  n 

0BJ=  E  (Ku  CL(af,Mi)*K2fCI>(a.,Mf)+K3fCM(af,K.)* 

\i  MaChu.s.(VV*K5£  MachL.S.<VM£,J 
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FIG.  1  MINIMIZATION  OF  THE  OBJECTIVE  FUNCTION 
IN  PRESENCE  OF  CONSTRAINTS,  USING  THE 
METHOD  Of  GRADIENTS 


FIG.  2  "SIDE  CONSTRAINTS"  TO  FACE  SHORTCOMINGS 
OF  THE  SEQUENTIAL  LINEARIZATION  OF  THE 
PROBLEM 


where  the  index  1  defines  the  operating  condition  in  which  the  coefficient  la  used. 
Geometric  constraints  are  utilized,  some  of  which  serve  to  control  aerodynamic 
characteristics  in  first  approximation.  For  instance  leading  edge  separation  stall  or 
loss  of  leading  edge  suction  are  connected  with  the  value  of  the  ordinates  at  the 
airfoil*  nose. 

The  aerodynamic  constraints  are  used  to  control  the  values  of  the  aesign  coefficients 
(typically  CL  or  CM). 

The  expression  used  for  the  constraints  is  as  follows: 

G=  K*(V-V) 

where  V  is  an  aerodynnmic  coefficient  or  a  geometrical  parameter,  V  is  a  limit  imposed 
on  it,  and  K  is  a  multiplication  factor. 

In  our  exercises  a  constraint  is  active  if  -.01<G(X)< .001 ,  satisfied  when  G(5!)<-,01,  and 
violated  when  0(X)>.001. 

The  multiplication  factor  K  is  used  to  "scale”  the  just  specified  values  to  constraints 
set  on  coefficients  and  parameters  of  different  nature  (aerodynamic  rather  than 
geometric),  and  which,  in  general,  have  different  orderB  of  magnitude. 


3.  EFFECTIVE  USE  OF  THE  AUTOMATIC  DBSIGN  PROCEDURE 

Our  experience  tells  us  that  an  objective  function  easy  to  manage  contains  only  the 
aerodynamic  coefficients  which  must  be  minimized.  A  real  design  problem  can  be  fully 
formulated  only  by  resorting  to  the  constraint  functions. 

Some  of  these  constraints,  typically  the  geometric  ones,  govern  the  shape:  it  is  often 
required  that  a  dimension  (ordinate,  angle,  etc),  when  modified,  does  not  exceed  a  limit 
value  suggested  by  experience,  or  is  forced  to  attain  a  pre-set  limit. 

In  the  latter  case,  the  constraint  is  initially  violated  and,  as  such,  has  a  large 
weight  in  the  assignment  of  the  values  to  the  modification  variables.  This  is  true  to 
the  extent  that  directly  controlled  aerodynamic  requirement"-  (controlled  through  the 
objective  function)  may  be  overlooked.  To  prevent  this,  _...»  thus  assign  the  right 
importance  to  the  geometrical  control,  constraints  are  set  on  the  aerodynamic 
coefficients  oven  if  they  appear  in  the  objective  function;  in  this  case,  the  initial 
solution  deliberately  violates  the  constraints. 

Other  aerodynamic  constraints  are  UBed  if  there  exist  specific  design  values  from  which 
it  is  not  desired  to  depart.  A  typical  case  is  the  one  of  the  CLs  controlled  through  the 
constraints  instead  of  through  the  inclusion  of  terms  of  the  KiCL-SE;  type  In  the 
objective  function  (CL  is  the  design  value). 

The  use  of  constraints  is  here  preferred  to  avoid  a  dynamic  assignement  of  the  weights 
(K)  to  the  different  terms  included  in  the  objective  function.  If  this  were  not  done  in 
f„ct,  the  terms  would  be  numerically  different  from  one  another,  thus  they  would  not 
have  the  same  "importance". 

Moreover,  if  terms  are  added,  there  is  ho  guarantee  that  the  value  of  all  terms 
appearing  In  the  objective  function  decreases  during  the  optimization  procedure. 

The  described  example  emphasizes  that  the  role  of  the  constraints  is  not  only  to 
discipline  the  modification,  but  also  to  complete  the  objective  function.  Besides,  the 
careful  choice  of  suitable  values  for  the  expressions  of  the  constraints  permits  the 
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number  of  subsequent  linear  approximations  of  the  problem  to  be  reduced. 

Therefore,  the  refinement  of  this  work  makes  use  of  geometrical  and  aerodynamic 
constraints  that  may  be  violated  in  the  initial  phase  of  the  procedure. 

As  already  said,  the  value  of  each  of  these  expressions  can  be  "adjusted"  by  use  of  a 
multiplication  coefficient.  For  an  effective  management  of  the  problem,  it  is  convenient 
to  choose  the  value  of  the  coefficients  so  that  the  expressions  of  the  violated 
constraints  have  values  of  different  orders  of  magnitude.  In  this  respect  it  is 
essential  to  ensure  that,  during  optimization,  the  value  of  the  violated  constraints 
decreases  progressively,  so  that  the  risk  that  different  constraints  may  reach  equal 
violation  values  also  is  avoided.  It  should  also  be  remembered  that  the  weight  of  a 
constraint  is  larger  the  more  it  is  violated. 

A  concrete  example  permits  the  above  qualitative  discussions  to  be  quantified  (this 
description  reports  beforehand  some  of  the  results  detailed  in  para  4). 

The  purpose  of  the  design  exercise  is  to  decrease  wave  drag  (CDW<.0020)  in  a  transonic 
maneuver  condition  at  high  CL  (  M=.7<5  and  CL=.855)  and  in  a  dash  condition  (M=.845  and 
CL=.065)  for  an  airfoil  having  maximum  thickness  t=5Xc. 

The  initial  geometry  is  a  symmetric  four-digit  NACA  4  modified  airfoil.  A  variant  of 
this  airfoil  is  searched  by  optimizing  the  thickness  distribution  and  the  ordinates  of 
the  camberline. 

In  the  objective  function: 

CDWfOj.Mj)  +  CDW(o.2,K2) 

the  minimization  of  CDK  is  activated  in  the  two  design  conditions. 

The  activated  constraint  functions  are  several;  they  are  described  in  detail  hereafter. 

-  Aerodynamic  constraints  on  CL 

An  upper  and  a  lower  constraints  arc  set  for  each  value  of  CL.  To  obtain  CL  =  .855 
(maneuver),  the  limits  arc  .8525  and  .8575;  to  obtain  CL  a  .065  (dash),  the  limits  are 
.06  and  .07. 

The  initial  geometry  is  chosen  at  angles  of  attack  at  which  these  constraints  are 
initially  violated;  for  instance  at  M=.745  (maneuver)  and  °j =  2.4",  the  airfoil  gives 
CL=.45,  and  at  M=.845  and  «„s-1.3,  it  gives  CL=-.35.  This  choice  was  made  on  purpose  to 
exploit  the  design  variables  to  the  fullest,  as  will  be  discussed  later. 

-  Geometrical  constraints 

Several  constraints  are  used  to  control  the  aerodynamic  characteristics  in  first 
approximation. 

A  control  is  set  on  the  minimum  value  of  the  ordinate  of  the  airfoil  upper  surface  at 
x=1.25X  c  ( V( 1 . 25 ) )  to  improve  performance  in  terms  of  leading  edge  suction  recovery  at 
subsonic  Mach  numbers.  In  the  initial  geometry  Y < 1.25)  is  equal  to  .00753,  and  the  lower 
limit  set  during  optimization  is  .0080. 

A  second  constraint  function  is  activated  to  restrict  the  value  of  the  angle  at  the 
trailing  edge:  it  is  thus  possible  to  ensure  satisfactory  margins  between  the  drag  rise 
and  buffet  onset  boundaries.  The  initial  airfoil  has  an  angle  of  8.86*  and  the  imposed 
upper  limit  is  9*. 

The  thickness  of  the  trailing  edge  is  controlled  through  another  constraint,  which 
imposes  that  this  thickness  remains  lower  than  .0080  in  order  not  to  incur  in  an 
unacceptable  base  drag. 

-  Otner  aerodynamic  constraints 

In  spite  of  the  presence  of  a  CD  wave  in  the  objective  function,  constraints  are 
activated  on  this  coefficient  to  avoid  that  the  geometrical  coefficients  are  the  only 
violated  ones,  thus  excessively  affecting  the  modification. 

All  the  constraints  just  described  are  weighted  in  the  following  order: 

-  aerodynamic  constraints  on  CL 

-  aerodynamic  constraints  on  other  coefficients  (CDW  in  the  present  case) 
geometric  constraints 

as  indicated  in  the  summary  table  I. 

The  wide  range  of  values  of  weighting  factor  K  should  be  noted. 

The  choice  of  the  order  of  magnitude  of  the  constraint  functions  makes  the  modification 
very  effective  since  some  variables,  the  most  effective  ones,  are  increased,  at  each 
iteration,  by  a  value  very  close  to  that  permitted  by  the  side  constraints. 

Fig.  3  shows  the  significant  modification  evolution  over  four  iterations  only:  at  the 
fourth  iteration  the  modification  variaDles  have  nearly  exhausted  their  geometry  shaping 
action. 

If  the  constraints  on  CL  had  been  originally  satisfied  rather  than  violated,  as  much  as 
forty  iterations  would  have  been  required  to  reach  a  solution  similar  so  the  one  shown. 
From  the  physical  point  of  view  this  happens  because,  with  violated  constraints  on  C, , 
the  major  modification  is  that  of  camber  while  alpha  doesn’t  change  much  during  the 
optimization.  On  the  other  end,  with  satisfied  constraints  on  C  alpha  changes  much  from 
the  value  required  by  a  symmetric  airfoil  to  the  one  required  by  a  cambered  geometry. 
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0=  K  t  (V-U) 

V=  DESIGN  VALUE 


CONSTRAINT 

G 

K 

V 

V 

Order  of  magni¬ 
tude  of  violated 
constraints 

HIOB  CL 
Lower  limit 

.402 

1 

.45 

.8525 

10-1 

HIOH  CL 
Upper  limit 

-.407 

1 

.45 

.8675 

LOW  CL 

Lower  limit 

.406 

i 

-.346 

.06 

to’1 

LOW  CL 

Upper  limit 

-.416 

i 

-.346 

.07 

CDW 

Maneuver 

.031 

20 

.0030 

.0014 

ID'2 

CDW 

Dash 

.0176 

20 

.0023 

.0014 

ca 

» 

o 

Y  (1.25) 

.0233 

50 

.00753 

.0080 

=2 

10 

T.E.  angle 

-  .068 

.5 

8.86 

9 

T.B. 

thickness 

-.07 

10 

.0010 

.0080 

TABLE  I:  INITIAL  CONDITIONS 

A  fast  increase  in  camber  is  thus  slowed  down  because  the  change  of  alpha  and  the 
increase  in  camber  must  concurrently  satisfy  the  initial  design  CL. 

This  way  of  using  the  constraints  makes  it  natural  to  control  the  value  of  the 
constraint  expressions  during  the  modification;  this  action  is  extremely  useful  to 
ensure  the  soundness  of  the  final  results  in  terms  of  design  richness.  If  some 
constraints  are  noted  to  become  more  stringent  than  envisaged,  it  is  always  possible  to 
modify  the  weighting  coefficients  of  the  expressions.  The  procedure  is  not  required  to 
solve  the  design  exercise  without  checks;  it  is  in  fact  preferred  that  the  designer 
retains  the  possibility  of  taking  action  to  remove  unforeseen  obstacles  during  the 
design  development  (for  instance,  a  geometric  constraint  that  can  be  relaxed). 

The  problem  is  therefore  formulated  with  a  good  degree  of  design  completeness,  while 
man-in-the-loop  actions  permit  this  completeness  to  be  maintained  throughout  the 
procedure. 

The  direct  action  of  the  designer  may,  however,  be  reduced  by  resorting  to  an  expert 
system  for  the  design  of  airfoils,  as  reported  in  the  conclusions. 

For  instance,  after  the  fourth  modification  iteration,  the  values  of  the  expressions  of 
the  constraint  functions  have  been  updated,  as  shown  in  table  II. 

It  is  apparent  that  the  modification  progresses  as  expected.  At  the  beginning,  there 
were  five  constraint  expressions  >  0  (violated),  two  of  which  had  an  order  of  magnitude 
equal  to  10  (see  table  I);  at  this  point,  only  the  two  CDWs  are  violated,  the  order  of 
magnitude  being  now  10  .  In  the  following  iterations,  the  modification  direction  will 
be  affected  mostly  by  the  control  of  these  two  coefficients; 

As  envisaged,  she  CLs  have  rapidly  reached  the  design  values,  even  if  the  dash  CL,  is 
still  a  little  lower  than  required. 

As  far  us  the  constraint  expressions  related  to  geometrical  parameters  are  concerned, 
the  one  of  the  ordinate  gn  the  airfoil  upper  surface  at  X/C  =  1.25%  has  easily  changed 
from  positive  values  (10  )  to  negative  values  (the  requirement  is  thus  met),  while  the 
two  other  parameters  have  changed  very  little. 

In  this  exercise,  the  control  on  geometrical  dimensions  did  not  require  the  updating  of 
the  value  of  coefficients  K  during  the  modification  development.  If  the  constraint  on 
Yd. 25)  had  been  more  difficult  tc  satisfy  than  It  uaa,  action  could  nave  been  taken  by 
giving  K  a  value  <  50  (or  a  value  >20  to- K  of  the  CDWs);  this  would  have  prevented  the 
geometrical  requirements  from  resulting  in  an  excessive  penalization  of  the  aerodynamic 
behavior  at  the  transonic  design  points. 
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4.  THE  SHAPE  FUNCTIONS 


The  final  result  of  the  modification  is  strongly  influenced  by  the  choice  of  the  design 
variables. 

Some  geometrical  shapes  derived  from  the  analysis  of  existing  airfoils  having  specific 
aerodynamic  features!  cannot  be  obtained  without  suitable  shape  functions. 

The  shape  functions  can  be  classed  in  two  main  groups.  The  first  includes  the  so-called 
aerof unctions  /4/f  /5/,  that  is  the  geometrical  functions  to  which  there  is  associated  a 
well  defined  aerodynamic  effect. 

They  are  very  effective,  and  a  few  of  them  are  sufficient  to  modify  the  geometry:  their 
use  permits  the  number  of  aerodynamic  analyses  during  optimization  to  be  reduced. 

These  functions,  however,  are  generally  obtained  through  an  inverse  method;  they  are, 
therefore,  tied  to  a  given  operating  condition  and  depend  heavily  on  the  initial 
geometry. 


It  seems  therefore  that  the 
effectiveness  of  those  functions 
cannot  be  easily  generalized. 

The  search  for  effective  shape 
functions  suggested  that  already 
existing  airfoils  be  used  /8/, 
whose  behavior  was  close  to  the 
design  specification  in  some 
respects . 

Possible  shape  functions  could  be  the 
differences  between  the  ordinates  of 
these  airfoils  and  the  ones  of  the 
initial  airfoil  (or  of  any  of  the 
intermediate  airfoils). 

This  solution  is  interesting,  but  it 
requires  that  suitable  airfoils  be 
available.  A  database  of  geometries 
integrated  in  an  expert  system  would 
permit  the  automatic  selection  of  the 
adequate  airfoils;  this  leads  to  a 
possible  reduction  of  the  aerodynamic 
analyses  required  for  the 
optimization,  and  to  a  good  quality  of 
the  final  solution. 

A  second  category  of  shape  functions, 
such  as  those  which  we  studied  and 
used  for  this  work,  are  less 
effective,  but  their  adoption  is  more 
widespread. 

These  latter  functions  are  chosen 
either  because  they  ensu're  a  broad 
variety  of  modifications  or  because 
they  may  lead  to  shapes  that  reflect, 
existing  air'oils  from  a  qualitative 
viewpoint, 

The  form  of  the  functions  is  selected 
to  address  the  modification 


FIG.  4  EXAMPLES  OF  SHAPE  FUNCTIONS  FOR  THE 
AISrGIL  DESIGN 


qualitatively  as  desired,  while 
quantification  io  a  task  of  the 
optimization;  these  functions  are 
added  linearly  to  the  starting 
geometry. 

Wagner  functions  were  thence  used 
(Fig.  4a),  which  permit  a  fairly  large 
variation  as  far  as  the  shape  of  the 
airfoil  upper  and  lower  surfaces  are 
concerned.  However,  they  cannot  be 
used  at  the  highest  harmonics  (n>7) 
because  they  can  cause  waves  in  the 
geometry  (changes  in  the  sign  of  the 
slope  over  a  small  part  of  the  chord). 
These  functions  are  unsuitable  to 
modify  the  camberline  significantly 
(starting,  for  instance,  from  a 
symmetrical  airfoil). 

The  Hicks-Henne  (H»H.)  functions  (Fig. 
4b)  and  the  polynomial  functions  (Fig. 


4c)  have  a  simpler  form,  which  makes 
them  particularly  suited  for  even  substantial  changes  of  the  camberline;  hence  they  are 
mainly  used  for  this  purpose.  They  are  characterized  by  different  curvature  towards  the 
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trailing  edge:  H.H.  functions  are  concave,  polynomial  functions  are  convex.  The  use  of 
these  functions  during  the  optimization  permits,  in  general,  the  attainement  of  the 
desired  behavior  in  the  upper  surface  portion  juBt  forward  of  the  trailing  edge:  both 
concave  and  convex  geometries  are  thus  obtained,  according  to  the  requirements. 

Other  functions  have  been  derived  from  the  need  to  reproduce  other  geometrical  behaviors 
typical  of  the  transonic  design:  such  as  lower  surface  cusp  for  rear  loading,  and 
deflection  of  leading  edge  and  trailing  edge  flaps. 

Other  design  variables  that  have  been  used  are  the  free  parameters  of  the  analytical 
expressions  for  symmetrical  thickness  distribution.  In  particular,  in  the  case  of  the 
NACA  4  series  modified  family,  the  leading  edge  radius  and  the  location  of  maximum 
thickness  proved  to  most  effectively  control  the  solution. 

All  mentioned  functions  could  be  used  concurrently  in  the  modification  of  the  airfoil, 
but  this  would  give  rise  to  some  problems. 

A  first  advice  contrary  to  such  a  use  comes  from  the  expansion  of  the  computation  time. 
In  the  design  of  an  airfoil  required  to  operate  at  high  CL,  starting  for  instance  from  a 
symmetrical  profile,  functions  for  the  refinement  of  the  thickness  distribution  should 
be  used  only  when  the  geometry  has  already  been  cambered  enough. 

Moreover,  a  modification  using  all  variables  at  the  same  time,  "masks"  the  impact  that 
each  type  of  function  has  on  the  geometry. 

To  have  a  knowledge  of  such  an  impact  is  on  the  other  hand  important  because  it  may 
suggest  the  introduction  of  new,  complementary  functions. 

The  only  shortcoming  associated  to  the  sequential  use  of  sets  of  functions  is,  this 
being  a  non-linear  problem,  that  the  sequence  in  which  these  functions  are  used 
influences  the  final  result. 

Once  again,  design  experience  must  give  indications  on  the  most  adequate  sequence. 


5 .  DBSIGN  EXAMPLES 

Attempting  the  study  of  a  case  which  meets  actual  flight  requirements  is  an  extremely 
stimulating  condition  for  the  development  and  refinement  of  a  system  for  automatic 
generation  of  new  airfoils.  The  terms  of  comparison  adopted  to  evaluate  the 
effectiveness  of  the  tool  were  the  requirements  applicable  to  a  new  high-performance 
military  trainer.  One  of  these  requirements  concsrned  sustained  transonic  maneuver  under 
high  g,  and  the  other  sea  level  dash  performance  (the  formulation  of  this  exercise  is 
detailed  in  para  3). 

These  requirements  also  represent  a  very  suitable  ground  for  the  application  of  an 
optimization  procedure  because  they  are  in  conflict  with  each  other  and  need  a 
compromise  solution  that  cannot  be  obtained  with  inverse  methods. 

The  design  method  uses  solving  techniques  that  are  fully  general  and  can,  therefore,  be 
used  not  only  for  the  present  examples,  but  also  for  many  other  design  exercises 
involving  maximum  thickness  and  requirements  different  from  those  dealt  with  herein. 

Two  thin  airfoils  with  maximum  thickness  t/c=  5.5%  were  designed. 

The  initial  geometry,  a  symmetric  airfoil  in  both  exercises,  was  radically  changed 
through  the  shape  functions  operating  on  thickness  distribution  and  camberline. 

Design  was  made  with  the  aim  of  obtaining  drag  rise  boundaries  which  include  the  design 
points  (M=.745  and  CL  =  .855,  M  =  .846  and  CL=.06),  applying  the  criterion  not  to  exceed 
20  drag  counts  of  wave  drag  (CDW=.0020) .  Shock  waves  are  present  on  the  airfoil  during 
the  design  process;  the  aim  is  to  keep  their  strength  as  low  as  possible.  The  exercises 
were  made  by  using  a  grid-  which  is  sufficiently  refined  for  the  engineering  requirements 
(128  circumferential  divisions  *  32  radial  divisions),  and  calculating  drag  as  a 
variation  of  momentum  through  the  shocks. 

Xnviscid  computations  have  always  been  used  in  the  design,  while  resort  to  the  viscous 
correction  was  made  only  during  the  verification,  because  the  Reynolds  numbers  of 
interest  were  fairly  high  (>10  ).  This  permitted  the  computation  time  to  be  kept  low. 
The  viscous  correction  demonstrated,  in  general,  that  the  impact  of  viscosity  on  drag 
rise  is  small. 

The  buffet  onset  behavior  is  in  first  approximation  controlled  through  the  value  of  the 
trailing  edge  angle;  a  viscous  analysis  included  in  the  optimization  procedure  would  in 
fact  require  a  significant  increase  in  the  computation, time. 

Geometrical  constraints  for  the  control  of  the  geometry  in  the  leading  edge  area  have 
been  used  mainly  to  avoid  convergence  problems  of  the  potential  calculation,  that  are  to 
bo  ascribed  essentially  to  the  high  curvature  of  the  airfoil  in  this  area. 

The  relatively  short  time  taken  to  obtain  on  airfoil  capable  of  meeting  the  requirements 
favored  a  series  of  experiments  aimed  to  compare  different  design  approaches.  The 
TRANS01  5.5  airfoil  (thickness  5.5%)  was  designed  to  concurrently  meet  the  maneuver  and 
dash  requirements.  This  geometry  (Fig.  5)  gives  the  pressure  distributions  at  the  design 
points  (Fig. 6)  and  the  drag  rise  boundaries  (Fig.  7).  The  latter  can  be  expanded  by 
using  leading  edge  and  trailing  edge  flans,  the  deflection  of  which  is  obtained 
automatically  through  the  optimization  procedure. 

An  alternative  approach,  considers  the  flaps  already  in  the  phase  in  which  the  design 
points  are  chosen;  it  envisages  that  the  flaps  ore  used  to  attain  the  basic  airfoil 
performance  in  one  of  the  design  conditions. 
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Basing  on  this  consideration!  another  airfoil  having  thickness  5.5X  c,  TRANS02  5.5,  Has 
generated  by  simply  pushing  performance  ut  high  CL  to  the  extreme.  The  aim  of  the  latter 
design  was  to  compare  its  drag  rise  boundaries  with  those  of  TRANSOl  5.5  that  satisfied 
both  the  maneuver  and  dash  performance  requirement  without  flaps.  TRANS02  5.5  is  shown 
if  Fig. 8;  it  gives  the  pressure  distribution  at  the  design  point  and  the  drag  rise 
boundaries  depicted  in  Fig. 9 


FIG.  8  TRANS02  5.5:  AIRFOIL  DESIGN  BY  OPTIMIZING  THE  SYMMETRIC  GEOMETRY,  AND  WHICH 
LARGELY  SATISFIES  THE  MANEUVER  DESIGN  CONDITION 


FIG.  9  TRANS02  5.5:  PRESSURE  DISTRIBUTION  AT  OPTIMIZATION  CONDITION  AND  DRAG  RISE 
BOUNDARIES 


FIG.  10  COMPARISON  Or  DIFFERENT  DESIGN  APPROACHES  MADE  POSSIBLE  BY  THE  USE  OF  AN 
OPTIMIZATION  PROCEDURE 
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The  concavity  of  the  upper  surface  towards  the  trailing  edge  makes  the  installation  of 
the  flap  deflection  mechanism  fairly  difficult.  The  computed  performance  of  airfoils 
TRANS01  5.5  and  TRANS02  5.5  is  compared  in  Fig.  10.  With  deflected  flaps,  the  former 
shows  better  margins  of  approx  .02  Mach  in  the  entire  CL  range,  except  for  the  highest 
values,  for  which  the  second  geometry  was  specifically  generated. 

The  method  adopted  permits  the  drag  rise  boundaries  with  deflected  flaps  to  bo 
determined,  and  design  times  are  short:  approximately  one  hour  for  a  full  design  on 
Sperry  UNIVAC  1100/90  machines.  For  these  reasons  it  is  possible  to  perform  a  comparison 
of  different  design  solutions,  which  would  be  difficult  and  extremely  burdensome  with 
non-automatic  techniques. 

The  behavior  of  the  polar  of  TRANS02  5.5  at  high  CL  is  as  shown  in  Fig.  11,  which 
reveals  a  marked  oscillation  of  the  wave  drag  value.  This  behavior  becomes  even  more 
marked  if  the  airfoil  nose  is  rounded,  as  demonstrated  by  an  investigation  in  which  the 
constraints  were  ad-hoc  values  of  the  differences  of  the  upper  and  lower  surface 
ordinates  at  the  leading  edge.  This  investigation  was  made  preserving  the  performance  at 
design  condition  (CDW  <  ,0020  at  CL>1.).  The  design  tool  is  therefore  suitable  to  study 
effects  of  this  type,  should  they  emerge  during  the  design  or  the  verification. 


6.  CONCLUSIONS  AND  FUTURE  DEVELOPMENTS 

The  considered  examples  covering  the  design  in  two  operating  conditions  prove  that  the 
procedure  is  capable  of  matching  the  actual  design  requirements  for  airfoils.  Some  of 
them  are  to  be  investigated  in  the  transonic  wind  tunnel. 

An  adequate  use  of  the  constraints  also  permits  the  required  computation  times  to  be 
kept  reasonably  short. 

It  would  conversely  bo  pretentious  to  say  that  the  procedure  is  complete  as  far  as 

design  is  concerned,  and  that  it  does  not  need  a  refinement.  In  roality,  an  automatic 
design  system  is  valid  if  it  is  managed  dynamically,  that  is  if  its  contents  are  updated 
with  information  drawn  from  design  experiences  made  by  others  or  from  the  solution  of 
application  exercises  carried  out  using  the  same  procedure. 

An  optimization  procedure  may  conversely  be  considered  the  nucleus  around  which  a  system 
managing  the  design  information  is  built. 

This  information  required  in  the  airfoil  design  process  is: 

correlation  of  the  3D  design  points  with  the  2D  ones:  the  airfoil  design  is 

normally  tho  first  step  towards  the  design  of  the  wing. 

control  of  the  aerodynamic  behavior  through  geometric  design  criteria  (in  the 
regimes  non  directly  controlled  through  aerodynamic  analyses  during  the 
optimization) 

choice  of  the  moBt  suit  d  design  approach  (for  instance,  considering  the  flaps); 

-  choice  of  the  initial  airfoil,  possibly  searching  for  it  in  a  database; 

choice  of  the  most  suited  code  to  use,  amongst  the  available  ones,  and  setting  of 

tho  computation  parameters; 

-  effective  use  of  the  design  method:  the  attempt  was  made  in  the  previous  pages  to 
show  how  an  optimization  method  can  be  used  effectively; 

analysis  of  the  intermediate  results  of  the  design  process  and  updating  of  the 
parameters  used  during  the  modification; 

-  management  of  the  verification,  in  particular  if  unforecast  behavior  of  tho  airfoil 
is  noted; 

comparison  between  the  theoretical  performance  and  the  experimental  performance  of 
similar  airfoils.  Investigation  to  assess  whether  there  can  be  scale  effects. 
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The  conventional  implementation  techniques  (FORTRAN  language)  are  unsuited  to  implement 
a  system  for  the  management  of  information  of  this  type,  which  is  to  be  constantly 
enriched  and  updated. 

Procedural  programming  in  fact  requires  that  the  system  be  analyzed  before  modifications 
are  included:  nn  evolving  system  is  frequently  subjected  to  changes,  and  the  time 
required  to  make  them  operating  would  be  too  long. 

The  system  updating  time  is  conversely  much  reuuced  if  resort  is  made  to  a  declarative 
implementation:  rules  containing  information  may  be  added,  removed,  modified  without 
worrying  that  this  action  may  impair  the  validity  of  the  other  information  in  the  system 

nz/. 

Expert  system  development  techniques  permit  the  system  to  bo  built  just  as  described.  In 
this  enviroment  an  "inferential  engine"  is  implemented  that  permits  automated  reasoning 
based  on  the  information  included  in  the  rules.  The  rules,  in  turn,  represent  the 
knowledge  base  and  must  be  implemented  by  the  specialist  who  develops  the  system. 
Moreover,  resorting  to  extensive  use  of  a  2D  optimization  procedure,  possibly  integrated 
in  an  expert  system,  is  a  good  way  to  cut  down  the  number  of  analyses  required  for  a  3D 
optimization. 
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RESUME 

Les  techniques  d'optinisation  nundrique  ont  dtd  utilisdes  avec  succds  4  l'OHERA  pour  la  ddfinition  de 
profile  et  4  1' Aerospatiale  pour  la  ddfinition  de  pale3  d'hdlicoptdre.  La  ndthode  de  minimisation  sous 
contraintes  utilisde  est  celle  ddveloppde  par  Vanderplaats.  Pour  ^optimisation  des  profils 
d'hdlicoptdre,  la  adthode  de  ninioisation  a  dtd  associde  4  un  progranne  de  calcul  direct  de  l'dcoulenent 
transsonique  visqueux.  La  ddfinition  de  deux  profils  de  pales  d'hdlicoptdre  de  12%  et  de  9%  d'dpaisseur 
relat.  -e  a  dtd  effectude  en  deux  points  d'adaptation  reprdsentant  les  conditions  de  fonctionneaent  on 
pale  avangante  et  en  pale  reculante  d'un  cas  de  vol  d'avancenent.  Les  caractdristiques  adrodynaaiques 
ddteroindes  expdrimentalement  en  dcouleacnt  bidiaensionnel  dans  la  soufflerie  SJHA  de  l'OHERA  confiraent 
les  gains  iaportants  prdvus  par  le  calcul.  La  ddfinition  de  pales  d'hdlicoptdre  est  effectude  en 

associant  la  adthode  de  ainiaisation  4  une  adthode  de  calcul  des  perforaances  du  rotor  basdc  sur  la 

thdorie  de  l'dldaent  de  pale.  L'optisisation  de  la  position  en  envergure  de  profile  de  diffdrentes 
dpaisseurs  relatives  a  dtd  rdalisde  eh  con3iddrant  soit  un  point  d'adaptation,  soit  deux  points 
correspondant  4  des  cas  de  vol  diffdrents.  Les  rdsultats  sont  prdsentds  pour  un  rotor  d'hdlicoptdre  de  8- 
10  tonnes.  Ces  deux  applications  netfent  en  dvidance  l'intdrdt  du  concept  d'optinisation  nundrique  pour 

la  ddfinition  des  rotors  d'hdlicoptdre  conpte  tenu  des  comproais  4  rdaliser  entre  les  diffdrents  cas  de 

vol  et  du  noabre  important  de  parandtres  et  de  contraintes  qui  doivent  dtre  considdrds. 

ABSTRACT 


The  nuaerical  optinization  methods  have  been  successfully  applied  to  airfoil  design  at  ONERA,  and  to 
helicoptor  blade  design  at  the  Aerospatiale  Helicopter  Department.  The  constrained  ainiaization  aethod 
chosen  is  the  one  developed  by  Vanderplaats.  For  the  design  of  helicopter  airfoils,  the  aininization 
algorithn  and  a  transonic  viscous  flow  analysis  aethod  are  linked  together.  The  design  of  a  12%  thick 
airfoil  and  a  9%  thick  airfoil  for  helicopter  blades  has  been  carried  out  with  two  design  points,  one 
corresponding  to  the  ad  ancing  blade  conditions  and  the  other  to  the  retreating  blade  conditions  in 
forward  flight.  2  D  tests  performed  in  the  ONERA  S3HA  wind  tunnel  confirmed  the  theoretical  predicted 
gains.  The  design  of  helicopter  blades  is  achieved  through  the  association  of  the  ainiaization  aethod 
and  a  rotor  performance  analysis  method  using  the  blade  element  theory.  The  optinization  of  the  spanwise 
locations  of  the  airfoils  of  different  <._ickness-to-chord  ratios  has  been  carried  out  with  one  or  two 
design  points  corresponding  to  different  flight  conditions.  The  method  has  been  applied  to  the  rotor 
design  for  a  helicopter  of  the  8-10  tons  gross  weight  class.  The  applications  discussed  in  this  paper 
show  the  interest  of  the  numerical  optimization  techniques  for  the  helicopter  rotor  design  particularly 
when  several  flight  conditions  and  many  parameters  and  constraints  have  to  be  taken  into  account. 

1  -  INTRODUCTION 

Les  m6thodes  d'optinisation  nundrique  s'avdrent  particulidrement  intdressantes  dans  le  domaine 
adronautique  [1],  lorsque  plusieurs  conditions  de  fonctionneaent  sont  considdrdes,  et  elles  permettent 
une  rdduction  du  temps  de  conception  des  divers  dldnsnts  dtudids.  Ces  techniques  ont  dtd  appliqudes  4 
l'OHERA  et  4  1' AEROSPATIALE  DivisionHdlicoptdre  pour  la  ddfinition  de  profils  et  de  pales  d'hdlicoptdre 
en  prenant  en  coapte  les  nombreuses  contraintes  4  considdrer  pour  1' optimisation  des  rotors.  Les  mdthodcs 
d'optinisation  nundrique  associunt  une  adthode  de  calcul  directe  des  performances  d'une  configuration 
donnde  4  une  ndthode  de  minimisation  sous  contraintes.  Elles  permettent  de  ddfinir  ou  de  modifier  des 
formes  adrodynaaiques  en  se  fixant  un  objectif  adrodynamique  et  en  rcspectant  des  contraintes 
adrodynaaiques  et  gdomdtriques. 

L'optinisation  de  profils  de  pale  d'hdlicoptdre  a  dtd  effectude  en  associant  4  la  ndthode  de  minimisation 
une  ndthode  de  calcul  de  l'dcoulenent  transsonique  visqueux  et  en  considdrant  deux  points  d'adaptation 
reprdsentant  les  conditions  de  fonctionneaent  en  pale  avangante  et  reculante  d'un  rotor  en  vol 
d'avancenent. 

Les  caractdristiques  adrodynaniques  de  ces  nouveaux  profils  dtant  connues,  l’optinisation  de  la  position 
en  envergure  de  profils  de  diffdrentes  dpaisseurs  relatives  a  dtd  rdalisde  en  utilisant  une  mdthode.de 
calcul  des  performances  d'un  rotor  en  vol  stationnaire  et  en  vol  d'avancenent,  et  en  prenant  en  conpte 
deux  cas  de  vols  diffdrents. 

Pour  les  applications  prdsentde3,  le  choix  des  fonctions  objectif  et  contraintes  est  prdcisd  ainsi  quo 
les  variables  de  ddcision  retenues  pour  effectuer  l'optinisation.  Les  rdsultats  obtenus  mettont  en 
dvidence  uno  andlioration  significative  des  performances  des. pales  d'hdlicoptdre  ainsi  optimisdes. 


2  -  HIHIHISATIOH  SOUS  COHTRAIHTES 


D'une  manidre  gd ndralo,  le  processus  d’optinisation  consists  4  ddtorminer  les  variables  de  decision 
?  »  (Xi,...,  Xn)  qui  nininisent  une  fonction  objectif  OBJ(X)  et  qui  respectent  les  contraintes  imposdes 

derates  sous  la  forme  : 

Gj (X)  <  0  j  ■  l,...,m  contraintes  d’indgalitd 

Li  \<  Xi  <  (Ji  i  >  l,.,.,n  contraintes  latdrales  sur  les  variables  de  decision 

La  ndthode  de  minimisation  sous  contraintes,  qui  a  6td  retenue  pour  l'optiaisation  des  proiils  et  des 
pales  d'hdlicoptdre,  est  celle  ddveloppde  par  Vanderplaats  [2].  Elle  est  iterative  et  s'appuie  sur  la 
formule  de  recurrence  suivante  : 

Xq  *  3q— i  +  asq 

JU 'iteration  q  considdrdo,  deux  dtapes  peuvent  dtre  distingudes.  La  preaidre  est  la  recherche  de  la 
direction  de  descents  Sq  dans  l'espace  de  diaen3ion  n.  La  seconde  est  la  ddteraination  du  scalaire  c£ 
nodule  du  ddplaceaent  4  effectuor  dans  cette  direction. _La  ddteraination  de  la  direction  de  descente  Sq 
s'effeetue  4  partir  des  gradients  des  fonctions  OBJ (X)  et  Gj (X)  calculds  par_  differences  finies,  en 
utilisant  diffdrentes  adthodes  suivant  l'dtat  des  contraintes.  La  contrainte  Gj  (X)  dtant  considdrde  : 

-  non  active  si  Gj()to  <  -a  ; 

-  active  si  -a  4  Gj(X)  <  b  a,b>  0  ; 

-  violde  si  b  <  Gj  (x) . 

Lorsqu'aucune  contrainte  n'est  active  ou  violde  la  ndthode  enployde  dans  COHHIH  est  la  adthode  des 
gradients  conjuguds  de  Fletcher  et  Reeves  (Sq  «  -WBJ(Xq)  +  IvOBJ(Xg)  I3  Sq— t) 

jtOBJ (Xq-i)  Is 

rdinitialisde  toutes  les  n+1  iterations  par  la  adthode  de  la  plus  grande  pente  (?q  »  -TOBJffq)).  Les 
adthodes  de  oiniaisation  quasi  newtoniennes  DFP  et  BFGS  qui  ont  dtd  introduites  dans  la  adthode 
constituent  une  alternative  intdressante  (3],  et  sor.t  utilisdes  dans  la  plupart  des  optiaisations 
effectudes.  IJans  ce  cas,  Sq  «  -H  WBJ(Xq),  oi  H  est  une  approxination  de  1 ’inverse  de  la  natrice  des 
ddrivdes  partielles  d'ordre  deux  de  la  fonction  objectif  par  rapport  aux  variables  de  decision. 
Lorsqu'une  ou  plusieurs  contraintes  sont  actives,  landthode  des  directions  rdalisables  de  Zoutendijk  est 
utilisde.  La  recherche  d’une  direction  Tq  adaptde  au  cas  oO  une  ou  plusieurs  contraintes  sont  violdes, 
est  dgalenent  incluse  dans  la  ndthode. 

Le  ddplaceaent  optical  a’  dans  la  direction  de  descente  Sq  est  ddteraind  par  une  approximation 
polynomiale.  II  peut  correspondre  4  un  minimis  de  la  fonction  objectif  dans  cette  direction  ou  4  une 
limitation  impoade  par  le3  contraintes.  Dans  la  plupart  des  cas,  trois  ddplacements  sont  effectuds  dans 
la  direction  Sq. 

Le  processus  d 'optimisation  ndeessite  done  environ  1  +  q  (n  +  3)  dvaluations  des  fonctions  objectif  et 
contraintes.  Le  programme  adrodynamique  associd  4  la  ndthode  de  minimisation  doit  dtre  robusto  et  rapido 
compte  tenu  du  grand  nombre  de  calculs  4  effectuer. 


3  -  DETIHITIOH  DE  PROFILS  POUR  ROTOR  P' HELICOPTERS 

L'augmentation  des  vitesses  de  croisidre  des  hdlicoptdres  a  ndcessitd  un  ddvoloppement  de  profils  pour 
rotor  principal  dans  les  anndes  75-80  [4]  [5]  C6]  et  leur  utilisation  a  dtd  facilitde  par  1' introduction 
de3  matdriaux  composites  pour  la  rdalisation  des  pales.  Ces  profile  ddfinis  par  mdthodes  directe  ou 
inverse  ont  pu  dtre  plus  rdeemnent  amdliords  avec  l’utilisation  des  mdthodes  de  ddfinition  de  profils  par 
optimisation  nundrique. 

3.1  -  Processus  d'QDtinisation 

3.1.1  -  Programme  adrodynamique 

L'optimlsation  des  profils  dtant  effectude  sur  les  caractdristiques  adrodynamiques  globales  et  notamment 
la  trainde,  il  est  ndeessaire  de  prendre  en  compte  1 'influence  des  effets  visqueux  dans  le  calcul  do 
l'dcoulement.  La  iadthodc  d 'optimise  cion  bidinensionnelle  ddveloppde  4  l'OHERA  £7]  associe  au  programme  de 
minimisation,  ddcrit  au  paragraphs  8,  la  ndthode  de  calcul  directs  de  l'dcoulement  transsonique  visqueux 
[8],  Elle  rdsout  l'dquation  compldte  du  potentiel  dcrite  sous  forme  non  conservative  par  la  ndthode  de 
Garabedian  et  Korn  pour  le  fluide  parfait  et  ddtermine  les  couches  limites  laminaires-  et  turbulentes  par 
la  ndthode  intdgrale  de  Michel.  Les  effets  visqueux  sont  pris  en  compte  par  une  technique  de  couplage 
faible,  ce  qui  exclut  tout  calcul  prdcis  sur  une  configuration  prdsentant  des  ddcollenents  importants. 
Les  calculs  sont  effectuds  en  transition  naturelle  en  utilisant  le  critdrc  de  Granville,  nodifid  pour 
prendre  en  compte  1 'influence  du  taux  de  turbulence  extdrieure.  Pour  un  naillage  comprenaht  5000  points, 
le  temps  de  calcul  sur  CRAY  XMP  18  est  compris  entre  15s  et  25s. 

3.1.2  -  Variables  de  ddcision 

La  modification  gdomdtrique  du  prof il  peut  dtre  effectude  soit  de  manidre  globale  avec  l'utilisation 
d'une  bibliothdque  de  formes  £9],  soit  loc»1»»ent  sr.  considdrant  des  fonctions  do  modification 
•nelytiqucs  ou  ues  aerotonctions  [10]. 

L'utilisation  d'une  bibliothdque  de  profils  permet  de  rdduire  le  nombre  de  variables  do  ddcision  4 
considdrer  pour  l'optiaisation  et  do  retenir  les  fonctions  de  modification  les  nieux  adaptdes  au  probldae 
pond.  Dans  ce  cas,  pour  les  variables  _de  ddcision  X  «  (Xi,...,Xn),  les  coordonndes  du  profil  sont 
ddfinies  par  Y  =  Yo  +  Xi  (Yi-7o)+  ...  +  Xn  (Yn-To)  od  7o  est  la  gdondtrie  du  profil  initial.  Dans  cette 
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fornulation  chaque  profil  do  la  bibliothdque  (Vt,...,Tn)  appartient  4  l'espace  do  rschercho  do  la 
solution. 

L'eaploi  do  fonctions  do  aodification  analytiques  ou  d'adrofonctions  poraet  d'af finer  localenent  la 
gdoadtrie  obtenue  avec  l'approche  prdcddento.  La  gdoadtrie  des  profils  est  reprdsentdo  on  additionnant 
lindaireaent  les  fonctions  do  aodification  au  profil  initial.  Les  adrofonctions,  fonctions  ddfinies  4 
l'aide  d'un  prograaae  inverse  pour  obtenir  un  cbangeaont  de  rdpartition  do  pression  donnd,  peuvent  dtre 
plus  facilenent  adaptdes  aux  optiaisations  4  effectuer  coapte  tonu  de  lour  origins  adrodynaaique. 

Les  optiaisations  prdsentdes  ont  dtd  effectudcs  on  considdrant  entro  5  ot  10  profils  do  base  ou  fonctions 
do  aodification.  Lo  progranae  d'optiaisation  nuadriquo  bidiaensionnelle,  qui  a  dtd  utilisd  avec  succds 
pour  la  ddfinition  do  profils  d'avion  de  transport,  d'hdlice  et  d'hdlicoptdre  [11],  offre  un  avantage 
iaportant  sur  les  adthodes  inverses  de  ddfinition  lorsque  plusieurs  points  de  fonctionneaent  doivent  dtre 
considdrds,  ce  qui  correspond  notaanent  aux  conditions  de  ddfinition  des  profils  de  pale  d'hdlicoptOre. 


3.2  -  Ddfinition  des  profils  0A312  et  OA3Q9 

Bicn  que  les  conditions  de  fonctionneaent  de3  pales  de  rotor  d'hdlicoptdre  soient  instationnaires  en  vol 
d'avanceaest,  le  cahier  des  charges  est  expriad  en  fonction  des  caractdristiques  stationnaires  des 
profils  coapte  tenu  des  adthodes  de  ddfinition  disponibles.  L'analyse  de  l'dcouleacnt  sur  un  rotor  dans 
diffdrentes  configurations  de  vol  a  perais  d'dtablir  des  ofcjectifs  pour  la  ddfinition  de  profil3  destinds 
4  dquiper  les  sections  internes  et  externes  des  pales  de  rotor  principal.  Les  spdcifications  retonues 
sont  les  suivantes  : 

-  noabre  de  Mach  de  divergence  de  tralnde  (Hdx)  dlevd  4  portanco  nulle  pour  caractdriser  le 
coaporteaent  en  pale  avangante  d'un  cas  de  vol  d'avanceaent  ; 

trds  faiblc  coefficient  de  aoaent  (|Cb|  <  0,01)  pour  ainiaiser  les  efforts  de  coaaande  de  pas  et  la 
torsion  de  la  pale  ; 

coefficient  de  portance  aaxiaale  dlevd  pour  un  noabre  de  Mach  coapris  entre  0,3  et  0,5  ot  ddcrochage 
progressif  pour  caractdriser  le  coaporteaent  en  pale  reculante  ; 

-  finesse  dlevde  4  un  noabre  de  Hach  de  0,60  et  un  coefficient  de  portance  020,0,60  pour  les  conditions 
de  vol  stationnaire. 

La  adthode  d'optiaisation  nuadrique  a  dtd  utilisde  pour  asdliorer  les  perfornances  des  profils  OA213  et 
04209  (ddfinis  par  adthode  directs  ou  inverse),  dans  les  conditions  de  vol  d'avanceaent  coapte  tenu  de 
l'augaentation  de  la  Vitesse  de  croisidre  des  nouveaux  projets  d'hdlicoptdre  actuelleaent  4  l'dtude.  Le 
probldae  d'optiaisation  a  dtd  fornuld  en  utilisant  pour  fonctions  objectif  et  contraintes  los 
caractdristiques  globales  des  profils  Cx,  02,  Co  et  les  rdpartitions  de  pression.  Le  coefficient  de 
portance  naxinale  ne  pouvant  pas  dtre  ddteraind  directeaent  avec  une  adthode  de  couplage  foible,  celui-ci 
est  estiad  4  partir  de  la  survitesse  4  l'extrados  ou  du  noabre  de  Mach  avant  le  choc.  Pour  les  conditions 
de  pale  avangante,  l'cptinisation  a  dtd  effectude  pour  un  noabre  de  Mach  proche  du  noabre  de  Mach  de 
divergence  de  tralnde  du  profil  initial  pour  diainuer  le  niveau  de  tralnde  et  augeenter  le  Mdx  4  0:  °  0. 

Le  profil  OA312.  de  12%  d'dpaisseur  relative  destind  4  dquiper  les  sections  internes  des  pales 
d'hdlicoptdre,  a  dtd  ddfini  pour  les  deux  conditions  de,  fonctionneaent  M  «  0,77  at  02  »  0  (premier  point 
reprdsentant  los  conditions  de  pale  avangante)  et  H  =  0,40  et  02  =  1,5  (deuxidae  point  reprdsentant  les 
conditions  de  pale  reculante) .  Les  fonctions  objectif  et  contraintes  retenues  sont  les  suivantes  t 

OBJ  »  Cxi 
contraintes 
|  Cal  I  4  0,01 

Kp»ini2  >  -a  a  >  0 

e/c  >  12% 

Dans  le  processus  d'optiaisation,  la  solution  obtenue  ddpend  des  fonctions  de  aodification  utilisdes  et 
pout  en  outre  reprdsenter  un  ainiaua  relatif  et  non  pas  la  solution  optinale  recherchde.  Aussi  la 
probabilitd  d'obtenir  la  aeilleure  solution  possible  est  augaentde  en  effectuant  plusieurs  optiaisations 
et  en  utilisant  diffdrentes  fonctions  de  aodification.  La  ddfinition  du  profil  OA312  a  dtd  effectude  en 
considdrant  deux  dtapes.  La  preaidre  optinisation  est  rdalisde  avec  une  bibliothdque  de  profils  de  base, 
profils  d'hdlicoptdre  dont  la  loi  d'dpaisseur  a  dtd  nodifide  par  affinitd  pour  obtenir  I'dpaisseur 
relative  de  12%.  Les  caractdristiques  du  profil  ainsi  obtenu  sont  ensuite  aadliordes  dans  une  deuxidae 
phase  en  optinisant  sdpardnent  l'intrados  et  l'extrados  avec  des  fonctions  de  aodification  locales. 

La  figure  1  compare  es  caractdristiques  adrodynaniques  ealculdss  du  profil  OA312  optiaisd  4  celles  du 
profil  initial  OA213  dans  les  conditions  do  pale  avangante.  Au  noabre  de  Mach  de  0,77,  le  profil  OA312 
prdsente  un  choc  extrados  de  plus  faible  intensitd  et  une  survitesse  intrados  rdduite  de  aM  »  -0,15. 
L'dvolution  du  coefficient  de  traihde  4  portance  nulle  en  fonction  du  noabre  de  Mach  pour  la  loi  de 
Reynolds  Re  «l  x  M  x  10*  aontre  une  aadlioration  iaportante  du  noabre  do  Mach  de  divergence  de  tralnde 
(aMdx  =<  +  0,03).  Do  plus  le  coefficient  de  aonent  est  rdduit  ot  reste  infdrieur  4  0,01  en  valeur  absolue 
jusqu'4  environ  H  =  0,77.  Les  rdpartitions  de  pression  des  profils  0A213  et  OA312  calculdes  dans  les 
conditions  do  pale  reculante  H  »  0,40,  C2  =  1,50  et  Re  =  3,2  10*  sont  prdsentdes  figure  2.  Les 
survitessos  dos  deux  profils  sont  situdes  respectiveaent  4  7%  de  la  corde  pour  le  profil  OA213  et  au  bord 
d'attaque  pour  lo  profil  OA312.  Le  coefficient  de  portance  aaxiaale  dvalud  4  partir  de  l'dvolution  de  la 
survitesse  extrados  en  fonction  du  C2  est  voisinde  1,50  pour  profile.  Css  calcals  aor.tre.it  que 

le  ytoiil  0A3I2  obtenu  rOaliae  un  trds  bon  coaproais  entre  les  conditions  de  pale  reculante  et  ds  pale 
avangante.  En  effet,  il  prdsente  aux  basses  vitesses  des  perforaances  voisines  de  celles  du  profil  04213 
et  en  transsonique  un  noabre  de  Mach  de  divergence  de  tralnde  augaentd  de  0,03. 

La  ddfinition  du  profil  OA3Q9.  de  9%  d'dpaisseur  relative  destind  4  dquiper  les  sections  externes  des 
pales  d'hdlicoptdre,  a  dtd  effectude  avec  le  adae  processus  d'optiaisation.  Dans  ce  cas  les  deux  points 
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j  de  fonctionneaent  retenus  sont  M  «  0,82ot  Cz  =  0  pour  le  premier  point  reprdsentatif  des  conditions  de 

j  pale  avangante  et  H  «  0,40  et  Cz  =  1,1  pour  le  second  point  reprdsentatif  des  conditions  de  pals 

!  reculante.  Los  fonctions  objectif  et  contraintes  considdrdes  sont  les  suivantes  : 

1  OBJ  »  Cxi 

j  contraintes 

,  I  Cal  I  4  0,01 

Kpaini2  >  -b  b  >  0 

e/c  V  9* 

Les  caraetdristiques  du  profil  OA209  initial  et  du  profil  0*309  optinisd  sont  prdsentdes  figure  3  pour 
lcs  conditions  de  pale  avangante.  L'dvolution  du  coefficient  de  trainde  4  portance  nulle  en  function  du 
nonbre  de  Hach  pour  Re  =  8  x  M  x  10*  sontre  que  les  deux  profils  ont  des  nonbres  de  Hach  de  divergence  de 
trainde  identiques  aais  que  le  profil  0*309  possdde  un  coefficient  de  tralnde  nettenent  plus  faible.  La 
survitesse  intrados  du  profil  OA209  a  dtd  diainude  de  nH  “  -0,19  et  la  rdaccdldration  conduisant  4  la 
foraation  d'un  deuxidae  choc  intrados  4  Mach  dlevd  a  dtd  dvitde  sur  le  profil  0*309.  L'intensitd  du  choc 
extrados  a  dgaleaent  dtd  rdduiteet  sa  position  est  plus  aaont.  La  rdduction  de  la  tralnde  calculde  4  H  ■ 
0,82  et  Cz  o  0  est  de  20*.  La  figure  4  prdsente  lcs  rdpartitions  depression  des  deux  profils  pour  les 
conditions  de  pale  reculante,  au  voisinage  du  Cz  nax.  La  survitesse  extrados  du  profil  OA309  est 
infdrieure  4  celle  du  profil  0*209,  ce  qui  correspond  4  une  augaentation  du  coefficient  de  portance 
maxiaale  estinde  4  0,05.  Le  profil  0*309  prdsente  done  4  portance  nulle  un  coefficient  de  trainde  calcuid 
infdrieur  4  celui  du  profil  0*209  pour  un  adae  noabre  de  Mach  de  divergence  de  trainde  ot  un  coefficient 
de  portance  aaxiaale  supdrieur  aux  basses  vitesses. 


3.3  -  Vdrificatlon  expdriaentale 

Lcs  essais  des  profils  0*312  et  0*309  ont  dtd  rdalisds  en  dcouleaent  bidinonsionnel  dans  la  soufflerie 
S3HA  de  l'ONERA  en  respectant  la  adae  loi  de  Reynolds  Re  »  8  x  M  x  10*,  ddjA  utilisde  lors  des  essais  des 
profils  0*213  et  0*209.  De  plus,  tous  ccs  essais  ont  dtd  effeetuds  sur  des  Baguettes  de  cordes 
identiques,  ce  qui  autorise  des  coaparaisons  au  niveau  des  rdsultats  bruts,  non  corrigds  des  effets  de 
parois  de  soufflerie. 

La  figure  5  coapare  les  caractdristiqucs  adrodynamiquos,  non  corrigdes  des  effets  de  parois,  des  profils 
0*213  et  0*312.  Les  gains  les  plus  iaportants  apportds  par  le  profil  OA312  apparaissent  dans  les 
conditions  de  pale  avangante.  Ils  se  traduisent  par  une  augaentation  du  noabre  de  Hach  de  divergence  de 
trainde  de  0,75  4  0,78,  par  une  diainution  du  niveau  de  trainde  avant  divergence  et  par  une  rdduction  du 
coefficient  de  moment  en  valeur  absolue.  Dans  les  conditions  de  pale  reculante,  lcs  coefficients  de 
portance  aaxiaale  aesurds  4  M  “  0,4  et  Re  *  3,2  10‘  sont  re3pectivcnent  1,50  et  1,54  pour  les  profils 
0*312  et  0*213.  Cependant  le  Cz  nax  du  profil  OA312  e3t  noins  sensible  au  noabre  de  Mach  et  est  supdrieur 
4  celui  du  profil  0A213  pour  M  ■■  0,3,  M  ■  0,5  et  M  *»  0,55. 

Ces  rdsultats  expdrinentaux  nontrent  que  le  profil  0A312  prdsente  de  neilleures  caraetdristiques 
adrodynaaiques  dans  les  conditions  de  pale  avangante  et  de  pale  reculante.  Les  aadliorations  des 
performances  prdvues  par  le  calcul  sont  confirades  par  l’expdrience  notaaaent  en  ce  qui  concerne  la 
prdvision  de  la  divergence  de  trainde  et  du  coefficient  do  portance  aaxiaale.  L'dvaluation  de  la  trainde 
est  effectude  avec  aoins  de  prdcision  mais  les  tendances  sont  toujours  retrouvdes. 

La  coaparaison  des  caraetdristiques  adrodynaaiquos  des  profils  0*209  et  OA309  aesurdes  1  1  9  est 
prdsentde  figure  6.  Les  dvolutions  du  coefficient  de  trainde  4  portance  nulle  nontrent  que  le  rofil 
0*309  possdde  un  coefficient  de  trainde  nettenent  infdrieur  4  celui  du  profil  OA209  jusqu'4  M  ■>  0,8 1  bien 
que  les  nonbres  de  Mach  de  divergence  de  trainde  des  profils  0*309  et  OA209  soient  relativenent  proches, 
respectiveaent  0,845  et  0,85.  Pour  les  conditions  correspondant  4  la  pale  reculante,  les  coefficients  de 
portance  naxinale  du  profil  OA309  sont  supdrieurs  4  ceux  du  profil  OA209  pour  les  nonbres  de  Mach  de  0,3, 
0,4  et  0,50  :  1 'augaentation  du  Cz  nax  est  d'environ  5*. 

Leo  gains  de  perfornances  calculdes,  apportds  par  le  profil  0*309,  sont  confirnds  par  l'cxpdrience.  "'n 
retrouve  notannent  la  rdduction  du  coefficient  do  trainde  4  portance  nulle  de  20*  4  M  =  0,82  et  une 
augaentation  du  coefficient  de  portance  aaxiaale  4  M  »  0,4  (+  0,07  dans  l’expdrience  ot  +  0,05  prdvu  par 
lo  calcul).  Par  contre  Involution  du  coefficient  de  trainde  au-del4  du  noabre  de  Mach  de  divergence  de 
trainde  n’est  pas  accessible  avec  1<  sdthode  de  couplage  faible  utilisde  dans  le  processus 
d'optiaisation. 

La  figure  7  aontre  le  coaproais  obtenu  pour  les  profils  0A2xx  et  0A3xx  entre  les  conporteaents  en  pale 
reculante  et  en  pale  avangante,  en  considdrant  le  coefficient  de  portance  aaxiaale  4  H  »  0,4  et  le  nonbre 
de  Mach  de  divergence  de  trainde  4  portance  nulle.  Les  iso-coefficients  de  trainde  (Cx  °  0,01  et  Cx  = 
0,02)  sont  tracds  dans  le  plan  (Cz,  H)  figure  8  pour  les  profils  OA213  ot  0*312.  Les  zones  soabros 
nettent. en  dvidence  les  gains  qui  ont  dtd  obtenus  pour  toutes  les  conditions  do  fonctionnenent,  pale 
reculante,  pale  avangante  et  vol  statidnnaire.  La  figure  9  prdsente  les  iso-coefficients  de  trainde  pour 
les  profils  d'oxtrdaitd  OA209  et  OA309.  Les  rdgions  sonbres  aettent  en  dvidence  les  gains  qui  ont  dtd 
obtenus  avec  le  profil  0*309  au  voisinage  des  points  d'optiaisation.  Pour  les  conditions  de 
fonctionneaont  en  vol  stationnaire  M  =  0,60  et  Cz  =  0,60,  les  performances  du  profil  OA309  sont 
toutefois  Idgdrcaent  infdrieures  4  celles  du  profil  0*209  tout  en  restant  dans  les  liaites  iaposdes  par 
le  cahier  des  charges. 


3.4  -  Perspectives 

L'dvaluation  des  fonctions  objectif  et  contraintes  est  effectude  par  un  programme  adrodynaaique 
inddpendant,  ce  qui  peraot  d'eavisager  des  optimisations  de  rrofils  avec  une  ndthodo  de  couplage  fort  ou 
une  ndthodo  instationnairc. 
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L'utilisation  d'un  progranae  da  calcul  da  l'dcoulenent  autour  da  profils  prenant  en  coapto  lea  effets 
visqueux  par  une  tachniqua  da  forte  interaction  dovrait  conduire  4  des  calculs  plus  prdcis  sur  das 
confiqurations  prdsentant  des  ddcolleaents  iaportants.  Una  telle  adthode  devrait  peraattre  a'aadliorer  1« 
qualitd  da  l'optioisation  coapto  tenu  du  oahier  des  charges  iaposd  pour  la  ddfinition  das  profils  de  pale 
d'hdlicoptdre  (Cz  nax,  Kdx) .  La  figure  10  prdsente  la  coaparaison  entre  les-rdsultats  d'essais  et  u.i 
calcul  effeetud  avee  la  adthode  [12)  sur  la  gdoadtrie  rdelle  du  profil  dans  la  section  addiane  da  la 
naquctto,  pour  des  conditions  d'essai  (H,  a,  Re)  corrigdes  des  effets  de  perois.  Le  fluide  parfait  est 
dans  ce  cas  obtenu  par  rdsolution  de  l'dquation  *u  potentiel  coaplet  sous  force  conservative.  La  adthode 
de  couplage  fort  pronant  en  coapte  le  sillage  peraut  de  prdvoir  correcteaent  la  rdpartition  de  pression 
au  voisinage  du  bord  de  tuito  aussi  bien  4  M'vO.'JO  4  Cz  dlevd  que  dans  les  conditions  de  pale  avangante 
M-vO, 77  et  Cz-vO.  En  transsonique,  cette  adthode  peraet  d'obtenir  une  position  de  choc  et  un  saut  de 
pression  en  bon  accord  avec  l'expdrience. 

D'autre  part,  des  aadliorations  inportantes pourraicnt  sans  doute  dtre  rdalisder  en  prenant  en  coapte,  au 
stade  de  la  ddfinition,  les  perforaances  instationnalres  des  profils.  Les  progrds  rdcents  effectuds  dans 
la  rdsolution  des  dquations  du  potentiol  conplet  et  des  dquations  d'Euler  instationnalres  peraettent 
actuellenant  d'effectuer  des  calculs  bidiaensionnels  dans  les  conditions  de  fonctionneaent  proches  de 
celles  des  pales  d'hdlicoptdre  avec  superposition  des  oscillations  de  taais  ct  d'incidence.  La  figure  11 

prdsente  les  rdsultats  obtenus  sur  le  profil  OA312  avec  la  adthode  de  fluide  parfait  (13)  et  les  lois, 

H  «  0,67  +  0,18  sin  if  et  «  «  2,22*-  3,25*sin  if,  reproduisant  les  conditions  do  vol  que  l'on  pout 

rencontrer  sur  un  hdlicoptdre.  Les  rdpartitions  de  pression  sor.t  coapardes,  pour  les  aziauts  +  ■  60°  et 

<f  «  120°,  4  la  solution  stationnaire  obtenue  avec  la  ndn>i  adthode  pour  les  conditions  de  noabro  de  Mach 
ot  d'incidence  correspondantes  (H  »  0,827  et  o  *  -0,59°).  Cette  figure  net  en  dvidence  l’effet 
instationnaire  en  pale  avangante  qui  se  caractdrise  par  un  retard  4  1‘ apparition  du  choc  intrados  et  se 
traduit  par  un  ddcalage  du  ainiaua  de  portance  (if  =  90“  on  quasi  stationnaire  et  ?  <v  105°  en 
instationnaire). 

L'utilisation  de  adthodes  de  couplage  fort  ou  de  adthodes  instationnalres  dans  un  processus 
d'optiaisation  nundrique  est  cependant  actuelleaent  difficile  coapte  tenu  des  temps  de  calculs  iaportants 
qui  on  rdsultont. 


4  -  DEFINITION  DE  PALES  D1 HELICOPTERS 


La  ddfinition  de  pales  d'hdlicoptdre  est  effectude  en  tenant  coapte  des  perforaances  adrodynanique3  du 
rotor  dans  tout  le  doaaine  de  vol  de  l'appareil  considdrd.  Les  parandtres  de  ddfinition  4  optiniser  sont 
principalenent  : 

-  le  rayon  du  rotor  ; 

-  la  loi  decorde  ; 

-  le  vrillagt  ; 

-  le  choix  des  profils  ; 

-  la  position  dec  profils  en  envergure. 

Les  progrds  technologiques  effectuds  gr4co  aux  aatdriaux  composites  permottont  une  grande  libertd  pour 
les  gdondtries  de  la  pale,  avec  la  possibilitd  d'utiliser  des  profils,  des  fornes  en  plan  et  des 
vrillages  dvolutifs  en  envergure.  L'approche  conventionnelle  pour  l'optiaisation  de  cos  diftdrents 
paraadtros  consiste  4  examiner  sdpardaent  1' influence  de  cbacun  d' entre  eux  sur  les  perforaances  d'un 
rotor,  soit  4  l'aide  de  adthodes  de  calculs,  soit  4  l'aido  d'essais  en  soufflcrie  et  en  vol. 

En  ce  qui  concerne  le  calcul,  la  prise  en  coapto  de  l'enseable  de  ces  paraadtres  ndcessite  un  grand 
noabre  d'itdrations  de  conception  qui  peuvent  dtre  ainiaisdes  en  utilisant  les  adthodes  d'optiaisation 
nuadrique.  Les  hdlicoptdristes  ont  montrd  rdcenaont  l'intdrdt  de  cette  approche  [14),  (15),  [16],  A 
l'Adrospatiale  Division  Hdlicoptdre,  les  adthodes  d'optiaisation  du  rotor  ont  dtd  ddveloppdes  en 
associant  des  adthodes  de  calculs  de  perforaances  au  prograaae  de  oinioisation  sous  contraintes  ddcrit 
paragraphe  2. 

L'optiaisation  de  la  position  des  profils  le  long  de  l a  pale,  prdsentde  dans  cet  article,  illustre  les 
possibllitds  et  les  wantages  de  ce  concept.  Le  choix  des  profils  et  leurs  rdpartitions  le  long  de  la 
pale  reprdsentent  des’ paraadtres  iaportants  pour  la  conception  d'un  rotpr  :  trois  profils  diffdrents  ont 
par  exeaple  dtd  utilisds  pour  la  ddfinition  du  rotor  du  Dauphin  366  N  (figure  12) . 

4.1  -  Processus  d'octiaisatlos 


4.1.1  -  Hdthode  de  calcul  de  perforaances  d'un  rotor 

Les  dvaluations  des  perforaances  du  rotor  sont  effectudes  en  stationnaire  et  en  vol  d'avanceaont  on 
utilisant  des  adthodes  basdes  sur  la  thdorie  do  1'dldaent  de  pale.  Pour  le  vol  stationnaire,  le  champ  des 
vitcsses  induitos  par  le  rotor  est  calculd  4  partir  d'une  adthode  des  annoaux  [17].  En  vol  d'avanceaent 
deux  noddles  peuvent  dtre  utilisds  ;  le  noddle  de  Moijer-lrees  et  un  noddle  plus  dlabord  basd  sur  une 
ndthede  tourbillonnaire  4  sillage  figd.  Les  applications  prdsentdes  ont  dtd- rdalisdes  en  considdrant  les 
cas  de  vol  d'avanceaent  et  en  utilisant  le  noddle  sicplifidde.Heiier-Drees. 

Les  perforaances  sont  dvaludes  on  inposant  soit  la  traction  et  la  portance  sur  le  rotor,  soit  les  lois  de 
coaaande  de  pap.  Le  rotor  est  supposd  Isold  ot  la  pale  rigide.  Les  oouvesents  de  hatteaent,  de  trainde  et 
de  pas  sont  pris  en  coapte  et  las  dquations  de  la  adcanique  rdgissent  1'dquilibre  des  pales  en  hatteaent 
et  oh-trainde.  La  adthode  de  rdsolution  correspondant  4  l'orpanigranne  prdsentd  figure  13  est  la  suivante 

-  ddteraination  des  vitesses  ct  tea  accdldrations  on  tous  les  points  de  la  pale  ; 

-  calcul  des  efforts  adrodynaniques  et  Inertiels-appllquds  sur  la  pale  ; 
trensfert  de  ces  efforts  aux  articulations  de  hatteaent  et  de  trainde. 
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Les  trois  Stapes  sont  effectudes  pour  chaque  azinut  et  les  Bonents  aux  articulations  do  battenent  et  de 
tralnde  sont  ddcoaposds  on  sdrie  de  Fourier.  L'annulation  de  ces  coefficients  de  Fourier,  pour  la  mise  en 
dqui.Ubre  du  rotor,  peraet  d’obtenir  un  systdne  d'dquations  non  lindairos.  Le  aouveaent  de  la  pale  dtant 
sup; isd  pdriodique,  les  inconnues  du  probldne  sont  les  coefficients  de  la  ddcoaposition  en  sdrie  de 
Four.er  des  angles  de  batteaents  et  de  trainde.  La  rdsolution  est  ef fectude  par  itdrations  successives. 
Four  l'dvaluation  des  efforts  adrodynaalques,  les  coefficients  Cz,  Cx,  Ca  sont  ceux  nesurds  en  dcouleaent 
bidiaensionnel  stationntire  en  soufflerie. 


La  figure  14  prdsente  la  coaparaison  calcul-expdrience  obtenue  avec  les  aesures  effectudes  sur  un  rotor 
isold  dans_la  soufflerie  SI  de  Hodane,  en  considdrant  les  coefficients  rdduits  de  puissance  et  de 
portance,  C  et  Z 


C  ■■  100  P _ 

1  f  b  c  P.  IF 

2 

Z  *>  100  Fz 

l  p  b  c  P.  U* 

I 


avec  P  Puissance  totale 
Fz  Portance  rotor 
P  Hasse  voluaique 
b  Hoabre  de  pale 
c  Corde  aoyenne 
U  Vitesse  pdriphdrique 
R  Rayon  du  rotor 


Un  bon  accord  est  nis  en  dvidcnce  pour  les  puissances  et  les  portances  aoddrdes,  et  des  dcarts  sensibles 
aais  acceptables  sont  constatds  pour  les  configurations  plus  chargdes,  Cette  adthode  peraet  de  ddterainer 
de  nanidre  fiddle  les  perferaances  d'un  rotor  en  vol  d'avanceaont  et  son  faible  teaps  do  calcul  (do 
l'ordre  d'une  seconde  sur  CRAY  XHP  IS)  fncilite  son  intdgration  dans  un  processus  d'optiaisation. 


4.1.2  -  Variables  de  ddcision 


pour  l'optinisation  de  la  position  des  profils  en  envergure,  les  variables  de  ddcision  sont  les  rayons 
liaitant  les  parties  de  pale  4  profil  constant.  Le  rayon  de  ddbut  de  la  partie  profilde  de  la  pale  et  le 
rayon  du  rotor  dtant  inposds  4  ce  stade  de  la  ddfinition  du  rotor,  le  probldae  d'optiaisation  coaprend 
2n-2  variables  4  optiaiser  pour  une  base  de  n  profils.  La  figure  lb  prdsente  les  diffdrentes  parties  de 
la  pale  4  profil  constant  et  4  profil  dvolutif.La  ddfinition  des  variables  de  ddcision  et  les 
specifications  technologiques  iaposent  sur  les  rayons  de  ddbut  et  de  fin,  notds  (Rdi,  i  a  1,  n)  et  (Rfi, 
i  “  1,  n),  les  contraintes  suivantes  : 

Rdi  4  Rfi  n  contraintes 

Rdi+1  -  Rfi  4  a  R  n-1  contraintes 

avec  a  constante  peraettant  de  contriler  I'dtendue  ainiaale  des  parties  de  pale  4  profil  dvolutif. 

Dans  le  cas  particulier  d'une  pale  ddfinie  avec  deux  profils,  le  probldae  d' optimisation  coaprend  deux 
variables  de  ddcision  et  trois  contraintes  (quatre  variables  do  ddcision  et  cinq  contraintes  pour  une 
base  de  trois  profils). 

L'optimisation  de  la  position  des  profils  en  envergure  est  cffectude  en  conservant  le  vrillage 
adrodynanique  de  la  pale  pour  liBiter  dans  l'optinisation  la  aodification  de  la  loi  de  circulation.  Le 
vrillage  gdoadtrique  est  nodifid  au  cours  des  itdrations  pour  touir  conpte  des  incidences  de  portance 
nullo  des  diffdrents  profils. 


4.2  -  Optimisation  en  un  point 


Les  rdsultats  prdsentds  concerneue  ^optimisation  du  rotor  d'un  hdlicoptdre  de  8  4  10  tonnes  :  le  rotor 
possdde  un  rayon  R  ”  8a  et  coaprend  quatre  pales  rectangulaires  de  0,6  a  de  corde.  Les  profils  OA312  et 
0A309  prdsentds  prdeddeicnent  ont  dtd  retenus  pour  dquipor  ce  rotor  et  les  positions  de  ces  profils  en 
envergure  ont  dtd  ddfinies  par  optiaisation  nuadriquo  :  les  deux  variables  considdrdes  dtant  le  rayon  de 
fin  du  profil  OA312  (Rl/R)  et  le  rayon  de  ddbut  du  profil  OA309  (R2/R) .  La  rdpartition  initiale, 
ddterninde  4  partir  de  l’expdrience  acquise  sur  les  rotors  existants,  est  Rl/R  »  0,8  et  R2/R  =  0,9.  Dans 
une  prenidre  dtape,  l'optinisation  peut  dtre  effectude  pour  une  seule  configuration  pour  dtablir  des 
gains  potentiels  par  rapport  4  la  rdpartition  initiale.  Plusieurs  cas  de  vol  peuvent  dtre  distinguds  : 

-  vol  stationnaire  ; 

-  vol  d'avanceaont  ; 

-  vol  en  facteur  de  charge  (virage  ou  ressourco  stabilisde)  ; 

-  vol  de  nontde. 

L'objectif  4  niniaisor  est  la  puissant  ad cessaire  au  rotor  principal  ;  pour  les  cas  de  vol  en  virage  oa 
en  ressource  la  aaxiaisation  du  facteur  de  charge  pourrait  dtre  considdrde.  A  titre  d'excBple, 
1 'optimisation  de  la  position  en  envergure  des  profil?  a  dtd  effectude  pour  un  cas  de  vol  d'avancenent  4 
1'altitude  H  =  0  a,  une  trainde  de  fuselage  S.Cx  =  2,1  a1  et  une  vitesse  de  rotation  du  rotor  o  =  259 
tr/an.  La  constante  "a"  a  dtd  choisie  dgale  4  O  pour  ne  pas  limiter  I’dtendue  des  parties  de  pale  4 
profil  dvolutif  dans  cette  dtude  paraadtrique,  effectude  en  fonction  de  la  Basse  de  l'appareil  et  de  la 
vitesse  d'avanceaent. 

La  figure  16  set  en  dvidence  Involution  de  la  rdpartition  optinale  des  profils  0A312  et  0A309  en 
fonction  de  la  Basse  de  l'appareil  pour  une  vitesse  d'avanceaent  de  275  ka/h.  L'augaentation  de  la 
portance  du  rotok  ndcossite  1 'utilisation  du  profilde  124  d'dpaisscur  relative  sur  une  plus  grande 
partie  de  la  paie,  conpte  tenu  des  neilleures  caractdristiques  de  ce  profil  4  Cz  dlevd. 

L'dvolution  de  la  rdpartition  optiaalc  en  fonction  de  la  vitesse  d'avanceaent  est  prdsentdo  figure  17 
pour  une  Basse  d’appareil  de  3  tonnes.  Dans  ce  cas,  les  variations  sont  plus  faibles  :  les  avantages 
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apportds  par  le  profil  OA309  an  pale  avangante  pouvant  dtre  conpensds  par  de  aoins  bonnes 
caractdristiques  en  pale  reculante. 

La  reduction  de  la  puissance  obtcnue  avec  l'optinisation  en  un  point  est  tracde  figure  18  en  fonction  de 
la  nasse  de  l'hdlicoptdrc  et  de  la  vitesse  d'avancenent.  Par  rapport  au  rotor  initial  (Rl/R  ■  0,8,  R2/R  = 
0,9),  les  gains  les  plus  lnportants  correspondent  4  la  configuration  faible  nasse  et  vitesse  dlevdo  :  la 
position  optinale  des  profils. dtant  dans  ce  cas  Rl/R  °  0,  41,  R2/R  *  0,43. 

4.3  -  Optioisatlon  en  deux  points 


Les  conditions  de  fonctionnenent  dtant  trds  diffdrentes  en  fonction  des  cas  de  vol  considdrds,  le  rotor 
optinisd  peut  prdsenter  des  caractdristigues  adrodynaniques  peu  intdressantes  en  dehors  des  conditions 
d'optinisation.  Afin  de  ne  pas  privildgier  une  seule  configuration,  la  fonction  objectif  peut  prendre  en 
conpte  les  perforoances  du  rotor,  correspondant  4  deux  cas  de  vols  diffdrents,  de  la  nanidre  suivante  : 

OBJ  »  (1  -  n)  PI  +  nP2 

avec  PI  Puissance  ndcessaire  au  rotor  pour  le  cas  de  vol  n°  1 
P2  Puissance  ndcessaire  au  rotor  pour  le  cas  de  vol  n°  2 
n  Variable  de  ponddration  comprise  entre  0  et  1 

Lorsque  n  est  dgal  4  0  ou  1,  l'optinisation  est  effectude  respectivenent  pour  les  configurations  1  et  2. 
Pour  n  conpris  entre  0  et  1,  le  rotor  est  optiaisd  en  tenant  coapte  des  deux  cas  do  vol  avec  la 

possibilitd  d'affecter  un  poids  plus  important  sur  1‘un  ou  l'autre.  Cette  optimisation  en  deux  points  a 

dtd  aise  en  oeuvre  en  considdrant  les  deux  cas  de  vol  suivants  : 

-  Point  1  -  Point  2 

M  «  8t,  H  =  0  a,  V  «  250  Kn/h.  M  »  8t,  H  ■  3000  a,  V  «  360  Aa/h. 

Ces  configurations,  rotor  peu  chargd  4  vitesse  noddrde  et  rotor  chargd  4  vitesse  dlevde,  iaposent  des 
rdpartitions  diffdrentes  de  profils  en  envergure  :  (Rl/R  «  0,43,  R2/R  »  0,48)  pour  le  prenier  point  et 
(Rl/R  =  0,66,  R2/R  =  0,67)  pour  le  second. 

La  figure  19  aontre  les  rdductions  de  puissance  obtenues  aprds  optimisation  pour  les  deux  points  de 

fo.ictionnement  considdrds  en  fonction  du  coefficient  de  ponddration  n.  La  rdduction  de  la  puissance  pour 

le  pren-er  cas  de  vol  dvolue  de  -3,9%  4  -3%  pour  respectivenent  n  ■  0  et  n  ■>  1.  La  rdduction  de  la 
puissance  pour  le  second  cas  de  vol  est  conprise  entre  -  3,3%  et  -5%  avec  une  variation  inportante  des 
gainr  pour  des  coefficients  de  ponddration  infdrieurs  4  0,4.  Le  aeilleur  cooproais  entre  les  rdductions 
de  puissance  cbtenues  pour  les  deux  cas  de  vol,  seable  correspondre  4  l'optinisation  n  »  0,4. 

La  figure  20  aontre  Involution  des  rdpartitions  optiaales  des  profils  en  envergure  en  fonction  du 
coefficient  de  ponddration  n.  La  rdpartition  optinale  correspondant  4  l'optinisation  n  »  0,4  est  la 
suivante  : 

-  profil  OA312  jusqu'4  ■=  0,56  R  ; 

-  profil  dvolutif  de  0,56  R  4  0,66  R  ; 

-  profil  OA309  de  0,66  R  jusqu'4  l'extrdaitd. 

Les  perfornances  du  rotor  optinisd  sont  conpardes  4  cellos  du  rotor  initial  figure  21.  La  nodificatlon  de 
la  position  de3  profils  en  envergure  nodifie  principalenent  la  puissance  due  aux  profils  qui  reprdsente 
environ  30  4  40%  de  la  puissance  totale.  Cette  rdduction  est  do  -8%  aux  basses  vitesses  et  de  -13,5%  aux 
grandes  vitesses  pour  les  deux  altitudes  considdrdes.  En  tenant  coapte  des  autres  ternes  de  puissance, 
puissance  induite  de  aise  en  aouveaent  du  fluido  4  travers  le  rotor  et  puissance  de  fuselage,  la 
rdduction  de  la  puissance  totale  4  fournir  au  rotor  est  respectivenent  -3,4%  et  -4,8%.  II  apparait  ainsi 
que  le  choix  des  profils  et  de  leurs  positions  en  envergure  constituent  des  paraadtres  iaportants  pour 
l'optinisation  des  rotors. 

Dans  la  conception  gdndrale  des  hdlicoptdres  actuels,  les  cas  de  vol  en  facteur  de  charge  constituent 
dgaleaent  des  conditions  de  fonctionnenent  qui  peuvent  inposer  des  rdpartitions  diffdrentes  de  profils 
(utilisation  du  profil  de  12%  d'dpaisseur  relative  jusqu'4  0,75  R  ou  0,80  R).  Le  cas  de  vol  avec 
naxinisation  de  la  portance  devra  done  dtre  intdgrd  au  processus  d'optinisation. 

4,4  -  Perspectives 

Dans  les  applications  prdeddentes,  l'utilisation  des  ndthodes  d’optinisation  nundrique  pernet  d'dviter  un 
grand  nonbre  d'itdrations  de  conception  pour  le  choix  de  la  rdpartition  des  profils  en  envergure  avec  la 
possibilitd  de  prendre  en  coapte  deux  cas  de  vols  diffdrent3.  L'optinisation  de  la  loi  de  cordo  et  du 
vrillage  sont  dds  4  prdsent  possibles  avec  la  ndthode  prdsentde.  Les  parandtres  de  ddfinition  de  la  pale 
ptuvent  dtre  optiaisds  siaultandaent  ce  qui  devrait  peraettre  d'obtenir  4  noyen  terne  des  gains 
significatifs  par  rapport  aux  rotors  actuels.  A  plus  long  terne,  l'optinisation  des  extrdnitds  de  pale 
pourrait  dtre  effectude  par  optiaisation  nundrique  en  utilisant  les  ndtftodes  tridinensionnelles 
transsoniques  [18). 


5  -  C0HCLUSI0H5 


L'utilisation  des  ndthodes  d'optinisation  nundrique  s'est  avdrde  particulidrenent  intdressanto  pour  les 
ddfinitions  de  profils  et  de  pales  d'hdlicoptdre  dan3  la  nesure  ou  ces  ndthodes  pernettent  d'dviter  un 
grand  nonbre  d'itdrations  de  conception,  tout  en  prenant  en  conpte  plusieurs  conditions  de 
fonctionnenent. 
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La  adthode  d'optinisation  de  profils  associe  uno  adthode  de  aininisation  sous  contraintes  4  un  programme 
de  calcul  direct  dc  l'dcoulensnt  trancsonique  visqueux.  Elle  a  perais  de  ddfinir  deux  profils  de  pale 
d'hdlicoptdre  de  12%  et  9%  d'dpaissour  relative  en  considdrant  deux  points  d'adaptation  reprdsentant  les 
conditions  de  fonctionneaent  en  pale  avangsnte  et  reculante  d'un  cas  de  vol  d'avanceaent.  Les 
verifications  expdriaentales  effectudes  dans  la  soufflerie  S3HA  de  1 'OHERA  confiracnt  les  gains 
iaportants  prdvus  par  le  calcul. 

L'optiaisation  des  pales  d'hdlicoptdre  est  rdalisde  en  associant  la  adthode  de  aininisation  sous 
contraintes  4  une  adthode  de  calcul  des  perfornances  du  rotor  basde  sur  la  thdorie  de  l'dldaent  de  pale. 
L'optiaisation  prdsentde  de  la  position  des  profils  OA312  et  OA309  le  long  de  la  pale  illU3tre  les 
possibility  et  les  avantagcs  des  adthodes  d'optiaisation  nuadrique  pour  rdaliser  un  bon  coapronis  entre 
les  diffdrents  cas  de  vol. 

Les  perspectives  dc  developpeaent  envisagdes  concernent  d'une  part  l'optiaisation  de  profils  de  pale  de 
rotor  principal  en  couplage  fort  ou  en  dcouleaent  instationnaire  et  d'autre  part  l'optiaisation  des 
rotors  d'hdlicoptdre  en  considdrant  l'ensonble  des  paraadtres  de  ddfinition  de  la  pale  (rayon  du  rotor, 
loi  de  corde,  vrillage,  position  des  profils  en  envergure). 
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Fig  1  -  Caracte'ristiques  aerodynamiques  calculees  des  prolils 
0A213  el  0A312  dans  lea  conditions  de  pale  aranqanle. 
Cz=0 ,  Re=8xUxl08 


Fig.3  -  Caracteristiques  aerodynamiques  calculees  des  profits 
0A209  el  OA309  dans  les  conditions  de  pale  avancanle. 
Cz=0 ,  Re=8xUxl08 


Fig.2  -  Caracteristiques  aerodynamiques  calcule'es  des  profils 
0A213  el  0A312  dans  les  conditions  de  pale  reculante. 
11=0,40  ,  Cz=l,50  ,  Rc=3,2  10« 


Fig.4  -  Ccractdristiques  aerodynamiques  calcule'es  des  prolils 
OA209  el  0A309  dans  les  conditions  de  pale  reculante. 
M=0,40  ,  Cz=l,10  ,  Re=3,2  108. 


PALE  AVAHCANTE  PALE  RECULANTE 


Fig.5  -  Caracteristiques  ae'rodynamiques  oesure'es  a  S3UA 
uea-piolii3-0A2i5  cl  GA3I2.  Hc-oxUxiG'. 
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f'ig.6  -  Caracte'ristiqucs  aerodynaaiques  acsurees  a  S3UA 
des  profils  0A209  et  OA30D.  Re=8xSfil08, 


Fig.7  -  Performances  comparees  des  differents  profils 
do  pale  d'helicoptere. 


Pig  8  -  Caracte'ristiqucs  ae'rodynaaiqucs  nesure'es  a  S3MA 
des  profils  0A213  ct  0A312.  Re=8iUxlOs. 


••••  ESSA1  S3MA  - METHODS  0E  COUPLAGE  FORT 


Pig.9  -  Caracleristiques  aerodynaaiques  nesure'es  a  S3UA 
des  profi's  OA209  ct  OA309.  Re=8xUxI0*. 


Fig.10  -  Repartitions  de  pression  mesurees  et  calculces 

par  une  adlhode  dc  couplage  fort  sur  le  profil  0A312, 
Conditlons-de  pale  avanqantc  et  de  pale  reculante. 
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Fig.ll  -  Comparison  dcs  repartitions  de  prcssion  calculees 
sur  le  profil  0A312  on  ecoulement  stationnairo  et 
inslationnairc. 
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Fig.12  *  Definition  do  la  pale  de  l'heiicoplerc  Dauphin  365N. 


Fig.13  -  Organigramme  du  programme  de  calcul  dcs  performances 
en  vol  d'avancemcnt. 
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Fig.16  -  Evolution  de  la  position  oplimale  des  profits 
on  fonction  de  la  masse  de  I'helicoplire  pour 
une  vitesse  de  275  km/h. 


Fig.17  -  Evolution  de  la  position  optimale  des  prolils 
en  fonction  de  la  vitesse  de  I'hdlicoplere  pour 
une  masse  de  8  tonnes. 


Fig.18  -  Reduction  de  la  puissance  obtcnuc  avec  ('optimisation  Fig.19  -  Optimisation  en  deui  points  .  Reductions  des  puissances 
en  un  point  en  fonction  de  la  masse  de  l'hdlicoptere  obtenues  en  fonction  du  coefficient  de  ponddration  n. 

et  de  la  vitesse. 


Fig.20  -  Optimisation  en  deux  points  .  Position  optimale  des 
profile  en  fonction  du  coefficient  de  pouderaiion  n. 


Fig.21  -  Comparaison  des  performances  do  la  pale  initialc  et 
de  ia  paie  optimistic. 
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ABSTRACT 

This  paper  describes  the  experience  gained  vhen  coupling  different  aerodynamic  analysis  codes  and  optimi¬ 
zation  procedures.  First  a  simple  problem  i  considered  (airfoil  of  minimum  wave  drag,  analysis  by  shock 
expansion  theory)  in  order  to  comparo  the  usability  of  a  random  search,  procedure  to  that  of  a  gradient 
method  (COPES  by  G.H.  Vanderplaats) .  The  second  one  shows  a  superior  performance.  Then  three  aerodynamic 
programs  are  coupled  with  COPES  and  tested:  1.  Euler  space-marching  program  for  bodies  of  revolution  at 
supersonic,  2.  transonic  airfoil  redesign  method  (fictitious  gas  concept)  and  3.  multiple  airfoil  analysis 
code  for  flap  position  optimization.  It  can  bo  demonstrated  that  COPES  is  a  very  universal  optimization 
tool  which  can  be  easily  combined  even  with  complox  aerodynamic  codes.  Its  convergence  is  good  even  under 
constraints.  This  is  important  because  the  number  of  analysis  calculations  is  most  important  for  typical 
aerodynamic  problems  of  high  numerical  expense. 


I.  INTRODUCTION 

To  solve  aerodynamic  design  problems  two  principally  different  procedures  might  be  followed.  1)  In  some 
cases  special  design  methods  are  available  to  determine  the  configuration  (e.g.  shape  of  an  airfoil) 
satisfying  the  given  design  objective  (e.g.  a  desirable  pressure  distribution).  Such  a  design  method  might 
be  created  by  integrating  a  variation  function  into  an  analysis  method,  and  inserting  an  iteration  proce¬ 
dure  to  minimize  the  design  objective  function  following  the  steepest  descend.  A.  Jameson'2^  illustrates 
this  "design  via  control  theory"  by  three  applications  in  aerodynamic  design.  2)  More  often  the  only  pos¬ 
sibility  is  to  solve  the  analysis  problem  (theoretically  or  by  experiment)  many  times  for  more  or  less 
systematic  variations  of  a  starting  configuration  and  thus  approach  the  optimum  design  iteratively.  This 
is  necessary  especially  for  those  problems  which  are  too  complex  for  inverting  the  analysis  code  into  a 
design  code  or  which  depend  on  too  many  design  parameters  and  have  to  fulfil  too  many  constraints.  As  long 
as  the  theoretical  methods  used  for  this  purpose  lack  validity  and  accuracy,  the  experience  of  the  design¬ 
er  is  necessary  to  control  this  iteration  process  by  skilful  variation.  But  if  a  closed  and  reliable  ana¬ 
lysis  code  is  available,  it  is  obviously  useful  to  combine  it  with  an  optimization  method  in  order  to  find 
the  best  design  automatically. 

The  aerodynamic  design  by  optimization  usually  shows  the  following  features: 

•  high  number  of  design  variables  (e.g.  if  a  surface  to  be  optimized  is  described  by  a  parameter  func¬ 
tion)  , 

•  high  number  of  constraints  (e.g.  thickness,  minimum  pressure,  stability  margin),  often  of  nonlinear 
character, 

•  well-defined  design  objective  (o.g.  maximum  lift  or  lift  to  drag  ratio,  minimum  drag,  least  square 
approximation  of  pressure  distribution),  nearly  always  of  nonlinear  character, 

•  existing  theoretical  or  empirical  computer  codes  for  the  aerodynamic  analysis, 

•  computation  time  (and  cost)  of  analysis  often  considerably  high. 

So  the  main  requirements  for  an  appropriate  optimization  are: 

•  simple  integration  of  analysis  code  into  optimization  code, 

•  optimization  of  nonlinear  design  objective  for  nonlinear  constraints, 

•  as  few  analysis  calculations  as  possible. 


II.  COMPARISON  OF  TVO  OPTIMIZATION  METHODS 


In  literature  many  different  optimization  methods  and  computer  codes  can  be  found.  The  fundamentals  of  the 
main  categories  arc  described  by  G.N.  Vanderplaats'1'.  In  the  aerodynamic  design  the  application  of  opti¬ 
mization  procedures  becomes  more  and  more  important  as  several  papers  presented  at  the  ICIDES-II'2'  demon¬ 
strate.  For  the  design  departments  of  an  aero-space  company  it  is  necessary  to  make  use  of  a  well-tested 
and  reliable  optimization  code  which  does  not  need  complicate  modification  of  the  analysis  code.  Hero  two 
of  such  methods  are  examined  and  compared  with  special  regard  to  aerodynamic  problems: 

•  a  random  search  method  (based  on  evolution  theory) , 

•  a  gradient  method. 

Both  methods  are  used  to  solve  an  optimization  problem  which  generally  can  bo  formulated  by: 

F(X)  is  a  design  objective  function  which  has  to  bo  minimized, 

X  is  the  vector  (X,,  X,,  ....  X„)  of  f  sign  variables  which  completely  determine  the  design, 

Gj(X)  are  j  *  1,  2 . m  CO-  'taint  functions  which  have  to  obey  the  condition  G, (X)  i  0  (this  includes 

constraints  of  design  variables) . 
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II. 1  Random  Search 

i  Tha  randon  search  nathod  under  consideration  is  based  on  the  evolution  theory  which  sometimes  is  consid¬ 

ered  to  bo  an  alternative  to  mathematically  derived  methods.  More  or  less  it  is  a  simulation  of  the  evolu¬ 
tionary  progress  in  biology.  The  computer  code  GRUP  was  developed  by  H.P.  Schwofel'3^.  Figure  1  presents 
I  different  levels  of  this  method. 

In  figure  1A  the  simplest  level,  the  2-levol  evolution  theory,  is  illustrated.  At  the  beginning  there  is  a 
single  individual  with  a  set  of  variables  (design  variables) 

X  -  <X„  X,.  ...  V  (1) 

which  completely  determine  its  quality 

F(X)  -  fkt(X)  (2) 


(design  objective  function).  F(X)  is  to  be  minimized  by  variation  of  the  design  variables.  For  that  pur¬ 
pose  this  "parent  individual"  is  duplicated  and  mutated.  By  this  mutation  the  variables  and  thus  the  qua¬ 
lity  of  the  "child  individual"  are  changed.  Together  with  the  parent  individual  it  is  put  into  a  selection 
box  from  which  the  bettor  one  is  selected  to  become  the  parent  individual  of  the  next  optimization  step. 
Ono  important  element  of  the  evolution  is  the  mutation  i.e.  the  random  variation  of  the  design  variables. 
GRUP  uses  the  following  procedure:  At  the  beginning  the  input  gives  maximum  step  widths  which  deter¬ 
mine,  how  much  each  variable  X^  is  allowed  to  bo  changed.  These  maximum  step  widths  are  multiplied  by  a 
Gauss  distribution  random  number  r^  of  the  interval  (-1,  +1).  So  the  mutation  is  described  by: 


*P.i  +  Si 


(3) 


Here  c  describes  the  child  individual  and  p  the  parent  individual.  In  order  to  improve  the  convergence, 
the  maximum  step  widths  S|  are  adapted  during  the  optimization  progress.  In  the  2-level  evolution  theory 
of  figure  1A  the  S-  are  selected  so  that,  at  the  average,  one  of  a  given  number  of  mutations  leads  to  an 
improvement  of  the  design  objective. 


The  simplest  extension  of  the  2-level  evolution  theory  is  the  multilevel  theory  of  figure  IB:  Instead  of 
only  ono  now  more  (e.g.  6  in  figure  IB)  child  individuals  are  created  by  duplication  and  then  independent¬ 
ly  mutated.  These  arc  put  into  the  selection  box  together  with  the  parent  individual. 


In  the  theory  shown  in  figure  1C  the  parent  individual  itself  is  not  put  into  the  selection  box.  This  cor¬ 
responds  to  the  situation  in  biology  where  each  individual  has  a  limited  life  time  and  normally  is  not 
mixed  with  the  next  generation. 

Figure  ID  illustrates  a  further  improvement  towards  the  simulation  of  biological  evolution:  Here  of  each 
generation  not  only  the  best  individual  does  survive.  Additionally  a  certain  number  of  the  next  best  indi¬ 
viduals  is  selected  for  duplication.  In  the  example  of  figure  ID  from  3  parents  9  child  individuals  are 
created  by  random  solectic...  These  are  mutated  and  put  into  the  selection  box  from  which  the  3  bC3t  are 
selected  to  become  the  parents  of  the  next  optimization  step. 


Ihc  multi-level  evolution  tncoiy  code  GRUP  makes  use  of  an  improved  mutation  width  adaption  derived  from 
the  biological  evolution  and  which  is  more  successful  concerning  the  convergence:  The  design  variables  X  » 
CX,,  X,,  ....  Xj)  determine  the  objective  function  F(X)  to  be  optimized.  So  they  shall  bo  called  "objec¬ 
tive  variables".  In  addition  to  them  the  step  widths  of  the  mutation  loading  to  each  individual  are 
introduced  as  further  "strategy  variables") : 


S  -  (S,,  Sj ,  ....  Sn)  .  (4) 

When  duplicating  and  mutating  patent  individuals  these  variables  arc  duplicated  and  mutated  in  an  appro¬ 
priate  manner  (sec  H.P.  Schwofel'3') .  Thus  the  mutation  width  itself  becomes  an  object  of  the  optimization 
by  evolution. 

The  constraints 


Gj (X)  <0  ;  j  -  1,  2,  ....  m  (5) 

are  taken  into  consideration  as  follows:  all  duplications  and  mutations  which  violate  one  or  more  of  the 
constraints  are  removed  and  repeated  until  all  constraints  are  satisfied. 

For  a  bettor  simulation  of  the  biological  evolution  I.  Rechenborg^  developed  further  higher  order  theo¬ 
ries,  whore  sexual  reproduction  (mixture  of  two  or  sveh  more  parents)  as  well  as  the  comparison,  selec¬ 
tion,  and  mixture  of  whole  populations  is  taken,  into  consideration.  These  strategies  require  a  largo  i lum¬ 
ber  of  mutations  and  validations  or  in  other  words  analysis  calculations.  As  the  analysis  in  aerodynamics 
normally  needs  long  computation  times  they  are  of  no  practical  interest  in  aerodynamic  optimization. 

Example 


lo  test  the  applicability  of  the  GRUP-codo  for  aerodynamic  optimization  a  problem  was  selected  where  the 
analysis,  in  contradiction  to  normal  cases,  is  very  simple:  Minimize  the  wave  drag  of  a  symmetrical  sharp 
edged  profile  obeying  different  constraints  at  supersonic  flow  without  angle  of  attack.  By  complete  line¬ 
arization  the  pressure  coefficient  at  the  contour  is 


Cp(x) 


P(x)  -  p„ 
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and  the  drag  coefficient  is 


D  Ay  1 


2  {  Cp(X>  &  d  t 
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whore  z(x)  describes  the  contour,  c  is  the  chord  length  and  Ay  is  the  width  in  spanwise  direction.  For 
this  eq.  (7)  exact  solutions  of  minimum  drag  profiles  are  known  (comp.  A.  Hide'5'  or  D.R.  Chapman'®'). 
E.g.  for  a  required  least  thickness  this  is  a  double  wedge  profilo  with  its  maximum  thickness  in  the  mid¬ 
dle  of  the  chord.  If  the  following  pressure  relation  from  the  shock-expansion  theory  is  used: 

Cp(x>  -  ra1  sin1  t  +  -\J  i  +  h1  sin1?  (3) 

ira  ■  K./7H1  '  -  1;  t  ■  ratio  of  specific  heats,  tan  r  =  dz/dx) ,  no  analytical  solutions  can  be  given.  The 
minimum  drag  profile  is  no  longer  symmetric  to  x  «  c/2.  This  problem  was  solved  numerically  by  H.N.V.  Dutt 
and  A.K.  Sroekanth'7'  by  use  of  the  gradient  method  CONMIN  of  G.N.  Vanderplaats'8'  and  now  shall  bo  used 
as  test  case  for  the  evolution  theory  code  GRUP. 

In  order  to  convert  the  problem  into  one  of  variable  optimization,  the  profile  contour  is  approximated  by 
the  following  superposition 

C  *  a,  +  a,  P,(E)  +  ...  +  a,  Ps (E)  +  a,  Q(a,,  E)  (9) 
with  the  nondimcnsional  coordinates 

E  "  c^3  "  1  and  S  ‘  c?2  •  (10) 

As,  according  to  G.N.  Vanderplaats  et  al'8\  orthogonal  polynominals  are  to  be  preferred,  Legendre  poly¬ 
nomials  were  chosen  for  the  functions  P^(E) .  Q(E)  is  a  linear  triangle  function  with  its  maximum  value 
Q  «  1  at  E  ■  a,.  Using  the  conditions  E  (£  ■  i  1)  ■  0  (pointed  leading  and  trailing  edge)  the  coefficients 
a0  and  a,  can  be  derived  from  the  others  by  a0  ■  -a,  -a,  and  a,  ■  -a,  -a,.  So  in  eq.  (9)  only  six  coeffi¬ 
cients  are  free  design  variables. 

Figure  2  shows  the  optimization  progress  of  the  minimum  wave  drag  profile  at  the  free  stream  Hach  number 
M„  «  /3  for  the  constraint 

d/1  ;>  0.1  . 

The  starting  profile  contour  is  given  by  a  parabola  of  second  order  (a,  -  aa  »  a,  «  a,  »  a,  *  0; 
a,  »  -2/3  •  0.1).  Its  thickness  d/1  "  0,1  is  at  the  minimum  allowed  value.  Tho  corresponding  wave  drag 
coefficient  is  CD  -  0.0380.  According  to  D.R.  Chapman161,  the  optimum  profile  is  a  double  wedge.  For 
H„  “  its  maximum  thickness  is  at  x/1  ■>  0.5641  and  the  minimum  wave  drag  is  CD  *  0.0279. 

The  best  strategy  found  was  a  (2,20)-level  evolution  theory  (romp,  figure  ID).  Figure  2B  shows  tho  drag 
coefficient  over  the  number  of  analysis  calculations  which  Is  of  more  importance  than  tho  number  of  itera¬ 
tion  steps  (change  from  one  generation  to  the  next) ■  At  the  beginning  there  is  a  wide  dispersion  of  drag 
values.  It  needs  33  analysis  calculations  until  CD  is  lower  than  tho  starting  value  for  the  first  time  and 
178  calculations  until  tho  best  result  is  reached.  But  still  it  is  considerably  higher  than  tho  minimum 
and  tho  contour  differs  from  the  optimum  double  wedge.  The  adaption  of  the  mutation  width  leads  to  the 
convergence  but  on  tho  other  hand  nay  be  the  reason  for  not  catching  the  optimum.  As  tho  number  of  analy¬ 
sis  calculations  is  the  main  criterion  for  the  numerical  time  consumption,  it  is  important  to  know  that  in 
figure  2B  only  those  steps  are  shown  which  obey  the  constraint.  In  addition  to  the  200  calculations  with 
constraints  fulfilled  there  were  100  calculations  carried  out  with  constraints  violated. 

Other  examples  with  different  constraints  (e.g.  the  area  between  upper  and  lower  contour)  show  a  similar 
convergence  of  the  GRUP-code.  In  general  the  optimization  is  faster  if  the  optimum  is  approached  from  the 
unconstrained  design  area  and  not  along  the  boundary  of  the  constrained  region  as  in  figure  2. 


II .2  Gradient  Hethod 


G.N.  Vanderplaats  developed  a  universal  computer  code  for  the  variable  optimization  of  constrained  func¬ 
tions.  It  is  known  under  the  name  COPES  (Control  Program  for  Engineering  Synthesis).  G.N.  Vanderplaats 
gives  a  short  review  in  ug'  while  the  details  of  the  fundamental  theories  can  be  found  in  his  book'1'. 
Here  only  the  most  important  features  shall  be  described. 

COPES  includes  the  optimization  code  COHHIn'81  (Constrained  Function  Hinimization) ,  the  strategy  of  which 
shall  be  explained  for  the  two-variable  case  by  use  of  figure  3. 

At  the  starting  point  X5  each  component  of  the  design  variable  vector  X  is  subsequently  varied  to  find  the 
gradient  VF  (X1).  This  comes  to  be  the  search  direction  31  in  which  for  two  further  design  vectors  X  the 
function  value  F(X)  is  calculated  (compare  figure  3A).  By  interpolation  the  hector  X1  is  found  where  F 
approximately  is  a  minimum  in  this  search  direction.  Now  this  procedure  might  be  repeated  until  tho  opti¬ 
mum  is  found.  Unfortunately  this  leads  to  convergence  problems  for  nonlinear  functions  F(X).  To  overcome 

- •  •-  *  7T«1  -•-■e  —■  —  *vv— V.M  VU  »>-vwa  w  va.wiuvwv. 

after  R.  Fletcher  and  C,M.  Reeves from  the  gradient  and  tho  last  search  direction  by 

Sq  -  -VFq  +  IVFqI1/IVFq"1l1  •  s'5'1  .  (11) 

This  "method  of  conjugate  directions”  guarantees  convergence  towards  the  optimum  of  a  quadratic  function 
to  occur  in  at  least  n  iterations  (n  *  number  of  design  variables) . 
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When  the  design  roaches  the  vicinity  of  the  constrained  region  (coop,  figure  3B),  the  search  direction  is 
calculated  from  the  gradient  VF  of  the  objective  function  and  from  the  gradient  VG;  of  the  active  con¬ 
straint.  In  order  to  avoid  a  slow  "zig-zagging"  along  the  boundary  a  "pu3h  off  factor"  (influenced  by  in¬ 
put)  is  used  to  orientate  the  search  vector  in  the  overlap  of  the  fea-itn  sector  (allowed  directions)  and 
the  usable  sector  (direction  improving  the  objective  function).  If  the  starting  or  another  preliminary 
design  is  in  the  constrained  area  there  is  a  procedure  to  find  the  unconstrained  region  with  best  improve¬ 
ment  or  at  least  minimum  worsening  of  the  objective  function. 

Each  iteration  step  of  this  procedure  needs  n  +  3  analysis  calculations  (one  for  initial  point,  n  to  find 
the  gradient,  two  in  search  direction).  For  typical  aerodynamic  problems,  where  the  analysis  might  be  ex¬ 
tremely  time-consuming,  it  is  obviously  not  reasonable  to  forget  all  the  gradient  information  gained  dur¬ 
ing  the  preceeding  steps.  For  that  reason  the  program  COPES  uses  a  more  economical  procedure: 

For  the  initial  design  variables  Xq  the  objective  function  F  and  the  constraint  functions  Gj  are  approxi¬ 
mated  by  a  second  order  Taylor  series:  J 


F(X)  -  Fq  +  AXT  7Fq  +  \  AXT  Hq  AX  , 

(12) 

G,(X)  -  G?  +  AXT  TC?  +  *  AXT  H?  AX  . 

J  J  J  *  ~*J 

(13) 

Using  those  Taylor  approximations  instead  of  the  correct  analysis  calculation,  an  improved  design  is  found 
by  the  optimization  procedure  described  above.  Thereby  the  step  width  has  to  be  limited  in  order  not  to 
move  too  far  away  from  the  centre  of  the  Taylor  series.  Finally  now  the  correct  analysis  has  to  be  done 
for  this  approximately  improved  design.  These  exact  objective  and  constraint  function  values  together  with 
the  preceeding  ones  are  used  to  determine  the  Taylor  approximation  at  the  new  initial  design.  By  this  pro¬ 
cedure  only  one  exact  calculation  is  necessary  per  optimization  step  and  the  approximation  gets  better  and 
better.  Only  the  "starting  procedure”  at  the  very  beginning  of  the  optimization  needs  more  calculations 
because  the  complete  2nd  order  Taylor  series  requires  1  +  n  +  n  (n  +  l)/2  points  of  support.  The  COPES 
code  uses  a  starting  procedure  which  improves  the  design  already  during  building  up  the  initial  Taylor 
series.  The  starting  procedure  can  be  influenced  by  prescribing  the  starting  design  variable  sets.  It  can 
be  drastically  shortened  by  the  input  of  already  known  results,  o.g.  from  an  interrupted  optimization  or 
from  similar  optimizations  with  different  constraints. 

Example 

To  test  the  applicability  of  the  COPES  code  for  aerodynamic  optimization  and  to  compare  it  with  the  evolu¬ 
tion  theory  code  GRUP  the  example  of  figure  1  (comp,  chapter  II. 1)  has  been  repeated: 

Find  minimum  wave  drag  sharp  edged  profile  at  -  V3  for  thickness  d/1  )  0.1. 

The  pressure  distribution  is  approximated  by  eq.  (8)  and  the  contour  is  represented  by  eq.  (9)  where  the 
coefficients  a,,  3,,  a,,  a,,  a,,  a,  are  the  design  variables.  Figure  IB  shows  that,  compared  to  GRUP,  the 
COPES  code  needs  much  less  analysis  calculations  H  to  improve  the  design.  It  should  be  noted  that  COPES 
not  only  uses  the  designs  in  the  unconstrained  area  ("+"-Symbols  in  figure  IB)  but  also  those  in  the  con¬ 
strained  region  ("x”-Symbols)  for  the  Taylor  series  and  thus  for  the  optimization  progress.  Already  at 
U  «  40  a  result  is’  gained  for  which  GRUP  needs  more  than  100  analysis  calculations  (plus  about  60  in  the 
constrained  area).  The  optimum  drag  value  practically  is  reached  at  N  »  50  while  GRUP  docs  not  converge  to 
that  result.  As  the  drag  near  the  optimum  is  only  slightly  sensitive  to  the  backward  position  of  the  maxi¬ 
mum  thickness  the  best  COPES  profile  still  differs  a  little  bit  from  the  optimum  doublo  wedge. 

While  the  evolution  theory  code  obviously  is  of  no  practical  use  for  typical  aerodynamic  problems,  the 
universal  gradient  method  COPES  seems  to  be  a  useful  optimization  tool  even  in  combination  with  complex 
and  time-consuming  analysis  programs. 


HI.  APPLICATION  OF  GRADIENT  METHOD  TO  AERODYNAMIC  DESIGN  PROBLEMS 

The  following  examples  present  the  combination  of  typical  complex  and  time-consuming  aerodynamic  analysis 
codes  with  the  optimization  code  COPES  of  G.N.  Vanderplaats^*  .  The  main  objective  of  these  investiga¬ 
tions  was  not  to  present  optimized  aerodynamic  shapes  of  conroon  interest.  Instead,  it  was  intended  to  gain 
experience  in 

•  what  is  necessary  to  integrate  analysis  code3  into  COPES, 

•  what  are  the  possibilities  and  limitations  of  COPES  in  aerodynamic  optimization, 

•  how  often  is  the  analysis  calculation  necessary  depending  on  the  number  of  design  variables  and  con¬ 
straints? 


III.l  Bodies  of  Revolution  in  Supersonic  Flow 

The  optimization  code  COPES  was  combined  with  an  Euler  space-marching  method  by  H.  Rieger^)  for  the  ana¬ 
lysis  of  2D-  and  3D-bodios  at  supersonic  flow.  The  fundamental  equations  to  be  solved  are  the  conservation 
laws  in  integral  form.  By  restriction  to  puialy  supersonic  riows  the  problem  becomes  hyperbolic.  So,  by 
use  of  the  balance  of  fiux  values  across  the  surfaces  of  finite  volumes,  all  flux  values  of  one  finite 
volume  layer  normal  to  the  stream  direction  can  be  deduced  from  the  values  of  the  proceeding  layers.  This 
allows  to  apply  a  Rungc-Kutta  integration  method  to  the  flux  values  in  downstream  direction. 

Although  the  present  method  can  be  used  for  more  general  3D-bodies,  here  only  bodies  of  revolution  shall 
be  considered.  These  are  of  special  interest  because  A.  Mielo'"  presents  some  optimized  shapes  derived 
under  special  assumptions  (linearized  potential  equation,  slender  body  simplification).  To  convert  the 
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contour  optimization  into  a  parameter  optimization  problem  the  superposition  of  oqs.  (9  -  10)  is  used, 
whore  the  coordinate  z  now  has  to  be  replaced  by  the  radius  r.  Using  the  conditions  C  (£  *  *1)  ■  0  (point¬ 
ed  nose)  and  C  (E  •  +1)  *  (finite  base  radius)  the  coefficients  a,  and  a,  can  be  expressed  by 
a,  »  tn/2  -  a,  -  a,  and  as  ■  Ju/2  -  a,  -  as.  So  E^and  six  coefficients  of  eq.  (9)  are  free  design  varia¬ 
bles.  Tno  triangle  function  F(E)  with  Its  maximum  at  a,  was  introduced  because  minimum  wave  drag  bodies 
for  given  least  thickness  might  have  a  kinked  contour  (compare  A.  Miele'5').  The  optimization  code  may 
use: 

design  variables:  6  coefficients  of  superposition  eq.  (9)  and  base  radius, 

design  objective  and  constraints:  C, ,  CB,  C_,  r.^/c,  A/c1  (area  of  body  projection  into  r-x  plane)  and 
V/c»  (body  volumo) . 

Example; 

To  demonstrate  the  efficiency  of  the  combined  code,  the  following  optimization  problem  was  examined: 

dflSigD.fibicStiva:  Find  closed  and  pointed  body  of  revolution  with  minimum  wavo  drag  coefficients  CD  (re¬ 
ferred  to  actual  cross  section  area) . 
constraint:  Least  volume  V/c’  ?  0.005. 

dSSigD.yariflblfis:  Under  special  simplifications  the  optimum  is  the  Soats-Haack-body  without  a  contour 
kink.  So  the  contour  is  described  by  eq.  (9)  without  the  triangle  function  (a,  "a,  *  0),  and  the  coeffi¬ 
cients  a,  to  a,  are  the  design  variables, 
constant-value:  M  »  3.0. 

starting.dasign:  The  starting  contour  is  a  parabola  with  the  thickness  2  r^^/c  "0.1  and  the  volume 
V/c*  -  0.00419  (a,  •  a,  *  a,  *  0,  a,  *  -2/3  •  0.1)  shown  in  figure  4  (above  right)? 

For  this  starting  design  the  computational  grid  was  selected  fine  enough  to  give  reasonable  accuracy  con¬ 
cerning  the  wavo  drag.  The  corresponding  pressure  distribution  is  shown  on  the  left  side.  The  integrated 
wavo  drag  is  CD  “  0.07289. 

Figure  5  presents  the  optimization  progress  of  the  design  objective  Cp  and  the  constraint  V/c*.  In  order 
to  save  computation  time,  at  the  beginning  the  analysis  code  was  run  with  a  coarser  grid  and  later  contin¬ 
ued  with  the  fine  grid  to  find  the  best  design.  This  is  the  reason  foi  the  jump  of  Cpfrora  design  N  •  29  to 
design  H  -  30. 

The  steps  N  *  1  to  9  are  small  variations  prescribed  by  input  to  establish  the  gradients  at  the  beginning. 
From  N  •  10  the  COPES  code  is  free  to  find  its  way  to  the  optimum.  Increasing  the  body  volume,  which  is 
too  small  at  the  beginning,  leads  to  a  growing  wave  drag.  From  about  23  the  volumo  is  in  the  feasible 
area  and  the  drag  is  decreasing  again.  The  last  coarse  grid  design  is  already  near  the  real  optimum  so 
that  the  final  fine  grid  optimization  is  slow. 

In  figure  6  this  optimum  body  is  compared  to  the  Sears-Haack-body  which  is  the  optimum  under  the  assump¬ 
tion  of  a  linearized  potential  equation  and  slender  body  simplifications.  For  M  ■  3.0  there  are  some  dif¬ 
ferences.  For  H  *  1.5  the  above  mentioned  assumptions  are  violated  less  and  so  the  present  method  optimum 
is  much  nearer  to  the  Sears-Haack  body. 

As  the  Sears-Haack  body  has  a  vertical  tangent  and  therefore  a  small  subsonic  flow  area  at  the  leading  end 
trailing  edge,  it  cannot  be  calculated  by  the  present  Euler  space-marching  method.  At  M  »  3.0  some  modifi¬ 
cations  were  possible  to  get  the  drag  value  nevertheless.  It  is  considerably  higher  (3,6  %)  than  for  the 
best  design  found  oven  with  the  restrictions  implied  in  the  superposition  formula. 


III. 2  Airfoils  in  Transonic  Speed 


Formally  the  simplest  way  to  design  an  optimum  transonic  airfoil  is  to  combine  an  optimization  code  with  a 
reliable  analysis  program.  Thus,  indirectly  a  transonic  design  code  is  created.  There  have  been  many  suc¬ 
cessful  investigations  of  this  kind  (o.g.  by  R.H.  Hicks,  G.N,  Vanderplaats'"') .  Furthermore  this  proce¬ 
dure  has  also  been  applied  to  3D-wing  design  with  good  results  (e.g.  by  R.H.  Hicks,  P.A.  Henne'1*”  or 
G.B.  Ccsentino,  T.L.  Holst'15') .  Hero  another  way  shall  be  examined:  There  is  a  "redesign  theory"  availa¬ 
ble  which,  by  use  of  the  fictitious  gas  concept,  modifies  existing  airfoils  in  such  a  way  that  the  result 
automatically  is  shockloss.  Soma  of  the  input  parameters  of  this  method  can  be  used  as  design  variables  to 
find  a  profile  which  is  not  only  shockless  but  also  an  optimum  with  respect  to  a  certain  objective  and 
fulfils  given  constraints. 

The  details  of  the  fictitious  gas  method  are  described  o.g.  by  H.  Sobieczky^16^ .  So  hero  only  a  short  re¬ 
view  shall  be  given.  For  an  existing  reliable  anilysis  algorithm  for  isentropic  irrotational  gas  flow  the 
density-velocity  relation  p(V)  Is  modified  in  .uch  a  way  that  the  resulting  basic  partial  differential 
equation  to  be  solved  becomes  elliptic  in  the  entire  velocity  range.  The  isentropic  flow-relation 


(p^isentr.  “  ~  <jr)s]1/(r'U 


(14) 


(*:  critical  condition)  ensures  an  elliptic  type  only  up  to  the  critical  speed,  V  <  a*,  while  for  V  >  a* 
the  equation  becomes  hyperbolic.  The  elliptic  type  can  be  gained,  also  in  the  supersonic  range  if,  in  con- 
UouicUvn  to  the  physical  reality,  tne  isentropic  flow  relation  is  changed  as  follows: 


fictit. 


f(P/P*>isentr.  5  v  <  a' 
j(V/a*rP,  0  <  P  <  1;  V  k  a*. 


(15) 


P  «  1  means  pV  ■  const,  which  leads  to  parabolic  type  while  P  >  1  still  gives  hyperbolic  type  equations. 


The  fictitious  gas  according  to  oq.  (15)  loads  to  a  purely  elliptical  flow  around  the  airfoil  where  the 
transition  from  sub-  to  supersonic  (if  there  is  a  supersonic  region  at  all)  takes  place  without  a  shock. 
The  result  of  this  calculation  is  an  exact  one  in  the  subsonic  flow  region.  Inside  the  supersonic  region  a 
fictitious  supersonic  flow  problem  is  solved  which  ensures  conservation  of  mass  and  momentum  globally. 
This  is  important  for  the  subsequent  calculation  of  the  real  supersonic  detain,  as  it  ensures  that: 

•  taking  the  flow  values  at  the  sonic  lino  as  boundary  condition,  the  supersonic  flow  region  can  bo 
designed  by  use  of  the  correct  isentropic  relation,  provided  there  are  no  limit  lines, 

•  there  is  a  streamline  in  this  supersonic  region  connecting  the  on-  and  the  offset  point  of  the  sonic 
line, 

•  slope  and  curvature  arc  continuous  between  this  streamline  and  the  adjacent  original  contour. 

If  the  contour  in  the  supersonic  region  is  replaced  by  this  special  stroamlino,  the  result  is  a  modified 
shock-free  airfoil.  The  mass  flux  across  the  sonic  line  is  the  same  for  the  fictitious  and  the  physical 
flow.  On  tho  other  hand  the  density  for  the  physical  gas  is  lower  than  for  the  fictitious  one  (figure  7) ; 
so  tho  physical  supersonic  region  is  larger  than  the  fictitious  one.  This  moans  that  the  modified  contour 
nust  bo  below  (on  the  average)  tho  original  one. 

The  computer  code  by  H.  Sobioczky  which  is  used  hero,  uses  tho  code  FLOS  of  A.  Jameson  for  the  solution  of 
the  fully  potential  equation.  The  modifications  necessary  for  the  fictitious  gas  are  done  by  !!.  Sobioczky. 
The  supersonic  region  is  designed  (beginning  at  the  sonic  line)  by  use  of  characteristics  in  a  rhoograph 
plane  (method  by  H.  Sobioczky).  For  .he  valuation  of  the  resulting  airfoil  a  boundary  layer  calculation 
and  a  final  analysis  (now  physical  gas  in  whole  flow  field)  of  tho  modified  profile  plus  displacement  lay¬ 
er  has  to  follow.  In  the  analysis  mode  the  program  uses  the  original  code  FL06  by  A.  Jameson  and  a  bounda¬ 
ry  layer  calculation  by  M.  tfandanan  (mothod  by  J.C.  Rotta  with  shock-boundary  layer  interaction  by 
G.R.  Inger). 

Tho  optimization  procedure  uses  a  specia  strategy  which  always  gives  shock-free  airfoils  and  therefore 
needs  no  shock-boundary  interaction  code.  By  use  of  figure  9  it  can  he  described  as  follows: 

•  starting  contour  is  an  existing  airfoj-’i  to  bo  optimized, 

•  the  displacement  thickness  is  estimated  and  added  to  get  the  "displacement  contour", 

tho  "displacement  contour"  is  varied  by  a  modification  function  depending  on  the  design  variaoles. 

•  the  fictitious  gas  redesign  calculation  is  performed  to  get  a  new  shock-freo  "displacement  contour", 

•  a  boundary  layer  computation  follows  to  find  the  final  contour  of  optimization  stop, 

•  all  design  objectives  and  constraints  are  calculated, 

— •  new  design  variables  are  found  by  optimization  code. 

The  optimization  code  may  use: 

design  variables:  up  to  55  parameters  for  contour  variation,  the  fictitious  gas  exponent  ?  of  eq.  (15), 
tho  angle  of  attack, 

design  objective  ana  constraints:  CL,  CD,  Cm,  Cj/CD,  t-^/c  (max.  thickness),  tjg/c  (trailing  edge  thick- 

ness>'  cp,nm>.- 

Example 


Figure  10  shows  an  example  of  the  starting  design  and  the  best  design  found  by  tho  present  optimization 
using  tho  fictitious  gas  method.  The  specifications  are: 

dfisigO.sMfiCtive:  Cj/Cn  Shall  become  a  maximum. 

constraints:  Maximum  thickness  V/c  k  0.144,  trailing  edge  thickness  0.001  «  tqe/c  S  0.005. 
design-variables:  Six  parameters  of  tho  upper  contour  raodifiation  function  (test  constant). 
Constant-Values:  M  *  0.76,  p,ec  ■  19'10‘,  a  ■  0.5’,  st3rting-dfiSigo:  DOA7~airfoil  with  a  special  set  of 
iritial  design  variables. 

Tho  left  side  of  figure  10  shows  the  contour  (displacement  and  wall),  the  characteristics  in  the  super¬ 
sonic  region,  and  the  pressure  distribution  of  the  redesigned  (at ready  shock-free)  airfoil  at  the  first 
optimization  step.  As  figure  11  illustrates  (H  »  number  of  analysis  calculations),  the  initial  Ci/Cp-ratio 
is  39.7  and  tho  constraints  are  fulfilled. 

Thj  steps  N  -  1  to  13  are  small  variations  prescribed  by  input  to  establish  the  gradients  at  the  begin¬ 
ning.  The  effects  are  too  small  to  be  seen  in  this  figure.  From  N  ■  14  the  optimization  code  is  free  to 
find  its  way  to  tho  optimum.  It  is  beginning  with  good  improvements  of  the  objective  allowing  the  con¬ 
straints  to  be  violated.  Then  the  constraints  are  directed  into  the  feasible  region  again  with  some  dis¬ 
advantages  to  the  objective.  The  final  design  after  N  *  72  steps  shows  an  improvement  of  12  %  from 
C[/CD  *  39.7  to  44.5.  The  right  side  of  figure  10  illustrates  that  the  improvement  results  from  the  in¬ 
creased  lift  while  the  drag  remained  constant. 

As  a  large  number  of  additional  test  calculations  shows,  the  present  program  is  a  powerful  tool  for  the 
design  of  transonic  airfoils  for  different  purposes.  It  i3  very  easy  to  redesign  existing  profiles  with 
respect  to  new  objectives  and  constraints  (e.g.  now  lift,  M»cb-r.'™bir  cr  Reynolds  liejJbei).  It  can  be  ex¬ 
tended  ts  include  the  off-  design  behaviour  and  be  applied  to  3D-redesign  methods. 


III. 3  Hulti-Elcmont  Airfoils 


The  optimization  of  multi-element  airfoils  is  a  vory  complex  problem  because  not  only  the  contour  of  tho 
elements  but  also  their  relative  position  has  to  bo  variated.  Furthermore  such  a  variable  geometry  airfoil 
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has  to  be  designed  for  different  flow  conditions.  There  are  sons  successful  efforts  of  multi-element  air¬ 
foil  optimization  (e.g.  by  H.  Schwarten'1'') ,  but  the  number  of  analysis  calculations  is  always  high.  So 
there  was  the  idea,  to -solve  the  problem- by  an  alternate  optimization  concerning  the  relative  position  pa¬ 
rameters  and  the  contour.  This  paper  only  deals  with  the  optimization  by  variation  of  the  position  para¬ 
meters. 

For  that  purpose  the  COPES-codo  was  coupled  with  the  subsonic  multi-element  airfoil  analysis  code  PSM  by 
K.  Jacob .  As  the  main  interest  of  this  paper  concerns  the  optimization  procedure,  only  a  rough 
survey  of  the  PSM  shall  be  given  here.  Throe  different  flowfield  elements  are  used:  the  inviscid  outer 
flow,  boundary  layers,  and  dead-air  regions  with  the  fluid  almost  at  re3t.  The  solution  is  found  by  itera¬ 
tion.  First  the  potential  outer  flow  is  calculated  for  estimated  boundary  layers  and  dead-air  regions 
(simple  shape,  pressure  constant  in  three  control  points),  followed  by  a  boundary  layer  calculation.  Then 
the  estimated  separation  points  of  all  airfoil  elements  are  moved  from  the  trailing  edge  forward,  until 
they  are  consistent  with  the  boundary  layer  result.  Compressibility  is  taken  into  account  by  a  simple  rule 
modifying  the  pressure  distribution. 

The  optimization  program  (combination  of  PSM  and  COPES)  may  use: 

design  variables:  Three  position  parameters  for  each  flap  (x,  y-coordinatos  and  deflection  angle  q) • 

design  objective  and  constraints:  CL,  Cq,  Cn,  Cj_/Cj, ,  Sj,/c  (width  of  each  slot  k) ,  d^/c  (overlap  at  each 
slot  k) ,  C  mjn  j  (minimum  pressure  coeff.  of  each  element  i),  some  other  constraints  to  prevent  varia¬ 
tions  in  regions  mere  the  analysis  gets  wrong. 

Example 


Figure  12  shows  the  startiDg.dSsigO  and  the  best  design  of  a  flap  position  optimization.  The  contour  geo¬ 
metry  of  the  two-element  airfoil  DOA5  is  kept  constant.  The  specifications  are: 

dfiSign.abiectiVfi:  should  become  a  maximum. 

dfiSigD.vatiablfiS:  X,  y-coordinates  of  a  flap  fixed  point  in  main  coordinate  system, 
constraint:  slot  width  s/c  z  o.oi. 

constant. values:  M  ■  0.1,  Rec  ■  5  •  10‘,  o  »  10*,  flap  deflection  n  »  -40°. 

As  the  design  objective  C^  in  this  case  depends  on  only  two  design  variables,  the  optimization  procedure 
con  be  graphically  illustrated.  Figuro  13  shows  the  lift  coefficient  CL  in  the  ares  of  interest  for  the 
flap  fixed  reference  point.  It  can  be  seen  that  the  reference  point  has  to  move  from  the  starting  position 
(starting  design  of  figure  12)  to  the  constraint  line  s/c  *  0.01  nearer  to  the  main  element. 

The  same  situation  is  shown  again  in  figure  14  but  now  in  form  of  iso-lift  lines.  The  optimization  path 
found  by  the  COFES-code  is  also  indicated.  After  the  first  3  analysis  calculations  (to  find  the  initial 
gradient)  COPES  was  free  to  find  its  way  to  the  optimum  which  was  reached  after  totally  30  analysis  calcu¬ 
lations  (plotting  the  iso-lift  lines  of  course  needed  much  more).  The  lift  coefficient  was  improved  from 
CL  -  2.5  to  3.6  (45  %). 

Other  examples  of  flap  position  optimization  (transition  and  deflection  angle)  for  three  element  airfoils 
were  similarly  successful  to  find  the  optimum  provided  by  the  PSM  analysis  code.  As  it  turned  out  that  PSM 
loses  accuracy  when  the  slot  width  becomes  smaller,  it  was  decided  first  to  deal  with  that  problem.  Never¬ 
theless  COPES  has  proved  to  bo  a  very  good  tool  for  this  problem. 


IV.  CONCLUSIONS 


Using  different  complex  aerodynamic  analysis  codes  it  has  been  demonstrated  that  the  universal  optimiza¬ 
tion  program  COPES  (gradient  method)  of  G.N.  Vanderplaats  is  suitable  for  typical  constrained  aerodynamic 
problems.  As  it  takes  care  of  reducing  the  necessary  number  of  analysis  calculations  in  a  particular  man¬ 
ner,  it  meets  the  demands  of  often  numerically  time-consuming  aerodynamic  programs.  Due  to  the  slower  con¬ 
vergence  random  search  routines,  like  the  one  examined  here,  should  be  restricted  to  problems  whore  the 
analysis  is  easy  to  get. 

The  presented  examples  provided  useful  tools  for  body  shape  optimization  at  supersonic  speed  and  for 
transonic  airfoil  design.  It  was  possible  to  find  optimum  flap-positions  of  multi-element  airfoils,  limit¬ 
ed  only  by  the  accuracy  of  the  analysis  program.  The  experience  gained  by  these  examinations  is  encourag¬ 
ing  to  use  the  COPES-code  whenever  aerodynamic  optimization  is  demanded  and  a  reliable  analysis  program 
with  continuous  solutions  in  tho  design  area  is  available. 
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Fig.  8:  Local  Supersonic  Shock-Free  Flow  Field 
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Fig.  9:  Contour  Variation  During  Optimization 
by  Use  of  Fictitious  Gas  Method 


Fig.  14:  Optimization  Progress  of  Flap 
Position  Optimization 
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RESUME 


La  adthode  d'optimisation  d'ailes  en  transsonique  prdsentde  rdsulte  de  l'association  d'un  programme  de 
minimisation  sous  contraintes,  d'un  code  adrodynamique  direct  perforaant,  et  d'une  technique  de  aodifica- 
tion  de  force.  Les  possibility  d'optinisation  par  rapport  aux  coefficients  adrodyramiques  globaux  d'une 
aile  sont  prdsentdes.  Une  ndthode  ’’estimation  du  coefficient  de  trainde  en  fluide  parfait  est  recoa- 
aandde.  Deux  applications  de  la  adthode  d'optinisation  en  node  quasi-inverse,  en  visant  une  rdpartition 
de  pression  donnde,  sont  ddcrites.  L'une  est  1'adAptation  de  la  partie  interne  d'une  aile  d'avion  de 
transport,  probldne  pour  lequel  l'optiaisation  est  une  approche  bien  appropride  en  raison  du  caractdre 
forteaent  tridiaensionncl  des  phdnondnes  transsoniques,  et  de  la  ndcessitdde  respecter  des  contraintes 
d'avionnabilitd.  Un  autre  exeaple,  la  codification  d'une  voilure  de  quadrirdacteur  pour  rdduire  les  per¬ 
turbations  causdes  par  l'installation  notrice,  contre  que  les  probldaes  d'interaction  cntre  l'aile  et  les 
autres  coaposants  de  l’avion  peuvent  aussi  dtre  abordds  par  optinisation  nundrique. 


ABSTRACT 

The  numerical  optimization  method  for  wings  in  transonic  flow  presented  in  this  paper  associates  L  cons¬ 
trained  ciniaization  program,  a  fast  direct  aerodynamic  code,  and  a  shape  codification  technique. 
Possibilities  of  optinization  with  regard  to  the  total  aerodynanic  coefficients  of  a  wing  are  shown.  A 
nethod  for  estiaating  iriviscid  drag  is  reconnended.  Two  application  cases  of  the  optinization  method  in 
the  quasi  inverse  node,  by  aiming  at  a  given  pressure  distribution,  are  described.  One  is  the  adaptation 
of  the  inner  part  of  a  transport  aircraft  wing,  a  problem  to  which  optinization  is  a  well  suited 
approach,  considering  the  highly  three-dinenslonal  phenomena  involved,  and  the  necessity  of  respecting 
constraints  related  to  the  aircraft  design.  Another  example,  the  modification  of  a  four-engined  jet 
aircraft  in  order  to  reduce  perturbations  created  by  the  propulsive  system,  shows  that  interference 
problems  between  the  wing  and  other  components  of  the  aircraft  can  also  be  approached  by  numerical 
optimization. 


1.  INTRODUCTION 

Le  ddveloppeaent  de  mdthodes  de  definition  tridinensionnelles  adaptdes  A  la  conception  de  voilures 
s'avdre  particulidrement  ndccssaire  en  transsonique,  compte  tenu  de  la  complexity  des  phdnoadnes  tridi- 
censionnels  non  lindaires  qui  doivent  dtre  pris  en  compte. 

Les  mdthodes  4,' optimisation  numdrique  tl]  £2)  prdsentent,  sur  les  approches  indirecte  et  inverse,  l’avan- 
tage  d'assurer  un  contrdle  de  la  gdomdtrie.  Dans  ces  mdthodes,  l'association  d'un  code  de  calcul  direct 
de  l'dcoulement  et  d'un  programme  de  minimisation  sous  contraintes  permet  de  codifier  une  voilure  donnde 
en  se  fixant  un  objectif  adrodynamique  et  en  respectant  des  contraintes  adrodynamiques  et  gdomdtriques. 

La  cdthode  d'optimisation  numdrique  tridicensionnelle  ddveloppde  A  l'ONERA  en  collaboration  avec  l’Adro- 
spatiale  fait  appel  A  deux  programmes  de  minimisation  sous  contraintes  diffdrents.  Les  fonctions  objectif 
et  contraintes  adrodynamiques  sont  dvaludes  par  un  code  perforaant  de  calcul  de  l’dcoulcaent  transsonique 
autour  d'ailes.  La  modification  de  la  gdomdtrie  est  effectude  A  partir  d'un  systdne  industriel  de  concep¬ 
tion  de  formes. 

Trois  applications  sont  prdsentdes.  La  preaidre  est  le  cas  d'une  aile  rectangulairc  de  grand  allongement 
ddfinie  A  partir  d'un  profil  unique,  ce  qui  permet  d'effectuer  des  coaparaisons  avec  une  adthode  d'opti¬ 
nisation  de  profil.  Le  deuxidae  cas  est  ^optimisation  de  la  partie  interne  d'une  aile  d’avion  de  trans¬ 
port,  c'est-A-dire  un  probldne  fortement  tridimensionnel  pour  lequel  les  mdthodes  bidimensionnelles  ne 
peuvent  pas  dtre  utilisdes.  La  troisidne  application  prdsentde  est  la  modification  d'une  voilure  pour  at- 
tdnuer  la  perturbation  adrodynamique  qui  rdsulte  de  l'installation  cotrice. 

2.  METHODE  ^'OPTIMISATION 

2.1.  Programme  de  minimisation  sous  contraintes 

Le  code  d'optimisation  numdrique  tridicensionnelle  transsonique  offre  la  possibility  de  faire  appel, 
selon  le  choix  de  1'utilisateur,  A  deux  programmes  de  minimisation  sous  contraintes,  1'un  CONKIH  ddve- 
lopnd  par  Vand»i-n)»ai«  £33,  1' autre  issu  de  la  Libliothcque  It  AO,  E04VAF.  Cette  double  possibility  e3t 
intdressante  dans  les  cas  ^optimisation  difficiles  prdsentant  des  minima  relatifs.  Elle  permet  aussi  de 
comparer  les  performances  des  deux  programmes. 

Le  programme  CONMIN  permet  de  cinimiser  une  fonction  objectif  OBJ (X)  fonction  de  n  variables  de  ddcision 
(Xi,  i  ■=  1,...,  n)  tout  en  respectant  les  m  conditions  :  Gj  (X)  <0  j  =  1,...,  m.  Les  variables  de 
ddcision  Xi  qui  torment  le  vecteur  X  peuvent  dtre  borndes  (Li  ±  Xi  <.  Ui) . 
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Le  processus  d’optimisation  est  itAratif  ot  s'appuie  sur  la  fornule  de  rdcurronce  suivante  : 

Xq  ■»  Xq-1  +  0*Sq 

A  1'itAration  q,  deux  Atapes  peuvent  Atre  distinguAes.  La  preniAre  est  la  recherche  de  la  direction  de 
descente  Sq  qui  s'effectue  A  partir  de  la  connaisoance  des  gradients  des  fonctions  objectif  et  contrain¬ 
tes,  en  utilisant  diffArentes  mAthodes  suivant  l’Atat  des  contraintes  (non-actives,  actives,  violAes) .  La 
seconde  Atape  est  la  dAternination,  par  une  approximation  polyndniale  du  scalaire  ot*,  aodule  du  dAplace- 
nent  A  effectuer  dans  la  direction  de  descente  Sq  choisie. 

Le  second  programme  de  ainiaisation  sous  contraintes  E04VAF,  issu  de  la  bibliothdque  HAG,  peraet  de  mini- 
oiser  une  fonction  OBJ (X)  de  n  variables  souaises  aux  contraintes  : 


Li  <  Xi  <  Ui 

i  =  1, 

...,  n 

Glj  (X)  >  0 

3  *  1, 

....  al 

Glk  <  G2k  (X)  <  Guk 

*■4 

11 

...,  c2 

G31  (X)  =>  0 

1  =  1, 

....  o3 

Dans  ce  cas,  de  nouvelles  variables  sont  introduites  pour  raaener  lcs  contraintes  d'inAgalitA  A  des  con¬ 
traintes  d'AgalitA  Ci  et  une  fonction  Lagrangienne  augaentAe  est  ensuite  fornAe  avec  les  aultipliea- 


Cette  fonction  est  nininisAe  par  une  aAthode  quasi-  nevtonienne  en  considArant  Agaleaent  la  foraule  de 
rAcurrence  Xq  =  Xq-1  +  of*sq 

Pour  les  deux  prograaaes,  les  gradients  des  fonctions  objectif  et  contraintes  sont  AvaluAs  par  diffAren- 
ces  finies.  Leurs  perfornanees  sont  sensiblenent  Aquivalentes  dans  les  cas  de  ainiaisation  sans  contrain- 
te  .  L'utilisation  du  prograaae  E04VAF  s'avAre  plus  dAlicate  dans  les  cas  de  ainiaisation  sous  contrain¬ 
tes  coopte  tenu  de  l'iaportance  du  choix  du  paramAtre  sur  le  rAsultat  de  1 ‘optimisation. 

2.2.  Proqranne  de  calcul  aArodvnaaique 

Une  optiaisation  requiert  un  grand  noabre  de  calculs  aArodynaaiques  directs  ;  ceux-ci  doivent  done  Atre 
rapides.  Hais  par  ailleurs,  il  est  primordial  pour  l'optiaisation  quo  les  calculs  aArodynaaiques  soient 
parfaiteaent  convergAs  pour  assurer  une  bonne  Avaluation  des  fonctions  objectif  et  contraintes  et  surtout 
de  leurs  gradients.  La  aAthode  de  calcul  d'Acouleaents  transsoniques  autour  d'ailes  dAveloppAe  par  H. 
BrAdif  [4]  satisfait  A  ces  deux  exigences  grAce,  notaaaent,  A  un  algorithae  de  gradient  conjuguA  avec  un 
prAconditionneaent  efficace. 

Cette  aAthode  rAsout  1 ‘Aquation  coaplAto  du  potenticl  sous  forme  conservative,  dans  une  discrAtisation 
par  AlAaents  finis  hAxaAdriques.  La  densitA  est  aoyennAe  sur  les  AlAaents,  images  du  cube  de  rAfArenco 
par  des  transformations  isoparaaAtriques,  et  les  intAgrales  sont  AvaluAes  par  la  foraule  d'intAgration  de 
Gauss  A  8  points.  Le  potenticl  approchA  est  recherchA  dans  l’espace  des  fonctions  continues  sur  le 
domainc  et  trilinAaires  par  rapport  aux  coordonnAes  du  cube  de  rAfArcnce  sur  chaque  AlAacnt.  En  superso- 
nique,  la  densitA  est  dAcentrAe  pour  stabiliser  le  schAma.  L'algorithae  de  rAsolution  conporte  une, boucle 
externe  non  linAaire  traitAe  soit  par  une  aAthode  de  point  fixe,  soit  par  une  aAthode  de  Hevton,  et  une 
boucle  interne  de  gradient  conjuguA  avec  prAconditionneaent  par  la  factorisAe  incoaplAte  de  Cholesky.  Une 
condition  de  glisseaent  est  iaposAe  sur  1‘obstacle.  La  nappe  tourbillonnaire  est  une  surface  de  aaillagc 
oA  est  ioposA  un  saut  de  potenticl  constant  sur  une  ligne  y  ■  cte,  Agal  A  la  circulation  dans  la  section 
considArAe.  Le  aaillagc  est  gAnArA  par  une  mAthodc  d'interpolation  transfinie,  suivant  une  topologie  en 
H-H. 

Avec  une  mAthode  aArodynamique  donnAe,  la  prAcision  des  calculs  dApend  principaleaent  de  la  finesse  du 
aaillage  et  du  degrA  de  convergence.  Hais  une  convergence  poussAe  sur  un  aaillagc  fin  est  cofiteuse.  Pour 
l'optiaisation  il  faut  privilAgier  la  convergence  par  rapport  A  la  finesse  du  aaillage,  afin  que  l’esti- 
aation  des  gradients  des  fonctions  objectif  et  contraintes  soit  corrects.  Avec  la  prAsente  aAthode,  des 
temps  de  calcul  de  l'ordre  d'une  ainute  CPU  CRAK-XHP18  permettent  d'ottehir  des  rAsultats  parfaiteaent 
convergAs  sur  des  maillages  d’environ  13000  points.  Il  est  Avident  que  la  prAcision  des  solutions 
obtenues  sur  de  tels  naillages  ne  peut  Atre  excellente.  L'intensitA  des  ondes  de  choc,  en  particulier,  y 
est  sous-estimAe.  Cependant  une  bonne  estimation  de  la  valeur  absolue  des  rAsultats  n'est  pas  indispensa¬ 
ble  pour  1‘optimisation  :  il  suffit  que  la  aAthode  rende  correcteaent  coapte  des  diffArences  entre  deux 
solutions,  ce  qui  est  possible  mAme  sur  des  maillages  trAs  grossiers. 

2.3.  MAthode  de  codification  de  force  d'une  voilure 

Les  modifications  apportdes  A  une  aile  au  cours  d'une  optimisation  sont  des  conbinaisons  linAaires  de 
fonction3-de  modification  de  base  dAfinies  a  priori.  Les  coefficients  aultiplicatifs  de  ces  fonctions  de 
modification  sont  des  variables  de  dAcision  du  processus  d'optiaisation.  Les  modifications  de  foraes  sont 
effectuAes  A  partir  du  systAme  de  conception  et  de  gestion  do  formes  MICA2  de  l'AArospatiaie,  dans  lequel 
une  aile  est  dAfinie  comae  une  surface  biparaaAtrAe.  Cette  surface  est  un  ensemble  cartAsien  de  pavAs 
dont  les  Unites  sont  des  lignes  isoparaaAtriques.  Pour  un  enseable  de  a  x  n  pavAs,  si  (Ui)i=l,a+1  et 
(Vj)j*l,n+1  sont  les  valeurs  Unites  des  paranAtres  sur  ces  payAs,  di.i.ji  et  d2.j.e  les  degrAs  resnoi-ri- 
veaent  en  u  et  en  v  de  la  conposante  k  sur  le  pavA  (i,  j),  les  coordonnAes  d'un  point  de  ce  pavA  sont 
dAfinies  par  des  polynAmes  de  la  force  : 


£  ai 
iixo 


/  fud.J 
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Lcs  fonctions  de  codification  sent  des  expressions  polynoaiales  de  la  coordonnde  z  ddfinies  sur  le 
parandtrago  de  l'aile  4  modifier  : 

S^i,j(M,v)=Z  Z  V  ' 

tiro  «t=e 

Elies  excluent  done  des  codifications  de  la  force  en  plan.  Le  paraodtre  u  dvolue  le  long  des  profils 
gdndrateurs,  v  le  long  de  l'envergure.  Les  polyndnes  sont  factorisds  en  Szt.j  (U,  v)  =  £zxu>.  dzjtv>, 
de  telle  sorte  que  £zu ui  ddteraine  la  codification  d'un  profil  dans  une  section  v  »  cte,  et  £”zj<v> 
rdgle  l'extension  de  cette  codification  en  envergure. 


3.  OPTIMISATION  D'UHE  AILE  RECTAUGULAIRE 


3.1.  Ddfinition  du  probldoe  et  cas  bidicensionnel  asaocid 

Le  preaier  probldae  d'opticisation  tridicensionnelle  abordd  est  ddfini  de  canidre  4  etre  transposable  en 
bidimensionnel  4  des  fins  de  verification  par  une  cdthode  2D  dprouvde  [5] .  II  s'agit  d'une  aile  de  force 
en  plan  rectangulaire,  sans  vrillage,  de  grand  allongeoent,  4  gdndration  cylindrique  4  partir  d'un  seul 
profil.  C'est  un  profil  reprdsentatif  de  ceux  utilisds  par  la  prenidre  gdndration  d'avions  de  transport 
transsoniques.  Les  codifications  de  force  affectent  le  profil  gdndrateur  unique,  et  sont  assurdes  par  une 
base  de  quatre  ailes  de  edee  force  en  plan  ddfinies  chacune  par  un  profil,  soit  peaky,  soit  supercriti¬ 
que.  Les  ailes  sont  reprdsentdes  sur  la  figure  1.  Au  cours  Ju  processus  d'opticisation,  les  codifications 
appliqudes  4  l'aile  initiale  sont  des  cosbinaisons  lindaires  des  dcarts  entre  chacune  des  ailes  de  base 
et  l'aile  initiale  :  chaque  force  de  la  base  appartient  4  l’ospace  de  recherche  de  la  solution.  Le  pro- 
bldne  peut  dtre  transposd  en  bidimensionnel  :  il  consiste  en  1 'optimisation  du  profil  de  l'aile  initiale 
4  l'aide  d'une  bibliothdque  cocposde  des  quatre  profils  gdndrateurs  des  ailes  de  la  base. 

La  fonction  objectif  4  oinioiser  dans  le  cas  bidicensionnel  de  rdfdrence  est  la  trainde  de  pression.  Une 
contrainte  inpose  une  borne  infdrieure  au  coefficient  de  portance.  Le  vecteur  des  variables  de  ddcision 
est  cocposd  des  quatre  variables  assocides  aux  codifications  de  force,  et  de  l'incidence.  La  figure  2 
prdsentc  les  rdpartitions  de  pression  sur  le  profil  initial  et  sur  le  profil  optinisd,  et  1'dvolution  de 
l'objectif  au  cours  du  processus  d'opticisation.  L'opticisation  pereet  d'obtenir  logiqueeent  un  profil 
sans  choc,  la  trainde  de  pression  correspondent,  en  bidicensionnel  et  en  fluide  parfait,  4  la  trainde  de 
choc.  L'historique  de  la  convergence  aontre  que  la  rdduction  de  la  trainde  de  pression  du  profil  initial 
atteint  plus  de  904  de  la  rdduction  finale  dds  la  troisidee  ltdration. 

3.2.  Hinicisation  de  la  trainde 

En  fluide  parfait,  la  trainde  d'une  aile  obtenue  par  intdgration  du  coefficient  de  pression  4  la  surfa  5 
est  thdoriquecent  la  sooce  de  la  trainde  de  choc  et  de  la  trainde  induitc.  Le  teroe  induit,  absent  dans 
le  cas  d'un  profil,  ddpend  essentiellenent  de  la  portance  et  de  sa  rdpartition  le  long  de  l'envergure,  et 
ne  doit  done  jouer  aucun  rdle  dans  le  cas  tridicensionnel  considdrd.  D’autre  part,  l'allongecent  de  cette 
aile  sans  fldche  est  suffisant  pour  que  les  effets  tridicensionnels  soient  linitds.  L’opticisation  de 
l'aile  par  ninicisation  du  coefficient  de  trainde  de  pression  avec  une  contrainte  sur  la  portance  devrait 
done  donner  un  rdsultat  comparable  4  cclui  de  1'cptiQisation  bidicensionnelle  de  rdfdrence.  La  figure  3 
oontre  que  ce  n'est  pas  le  cas.  Les  rdpartitions  de  pression  reprdsentdes  sur  cette  figure  sont  calculdes 
dans  la  section  de  controle  la  plus  proche  du  plan  de  syodtrie.  La  rdpartition  sur  l'aile  initiale  a  bien 
la  ndoe  allure  que  sur  le  profil  initial  dans  le  cas  bidicensionnel.  Le  choc  est  plus  dtald,  non  pas  par 
un  effet  tridicensionnel,  mais  4  cause  du  caillage  ndeessairecent  beaucoup  plus  grossier  du  code  adrody- 
naoique  tridicensionnel.  Par  contre,  la  solution  obtenue  par  l'opticisation  est  trds  diffdrentc  de  la 
solution  dc  l'opticisation  bidicensionnelle.  Le  processus  d'opticisation  est  interroepu  par  la  divergence 
d'un  calcul  adrodynacique  dans  le  cas  d'une  aile  prdsentant  un  rayon  de  courbure  de  bord  d'attaque 
anorcalecent  faible.  Halgrd  la  diminution  de  la  trainde  de  pression  au  cours  de  l'opticisation,  la 
solution  finale  n'est  pas  une  solution  sans  choc. 

Des  calculs  directs  du  profil  initial,  du  profil  opticisd  en  bidicensionnel,  du  profil  de  l'aile  opti- 
otsde  en  tridicensionnel,  et  des  trois  ailes  ddfinies  par  ces  profits,  effectuds  4  l'aide  des  cdthodes 
adrodynaaiques  utilisdes  pour  l'opticisation  2D  et  3D  contrent  que  cette  anooalie  n'est  pas  lide  4  un 
phdnocdne  de  oinicua  relatif.  Le  probldae  rdside  done  dans  l'estication  de  l'objectif,  c'est-4-dire 
l'dvaluation  de  la  trainde.  De3  calculs  3D  et  2D  contrent  encore  que  ce  probldce  n'est  pas  spdcifiquecent 
tridicensionnel,  oais  qu'il  provient  de  l'utilisation  de  caillages  trop  grossiers  pour  1 'optimisation  3D. 
Le  caillage  utilisd  par  le  code  d'opticisation  bidicensionnelle  coaporte  4991  points,  alors  que  celui  de 
la  cdthode  adrodynacique  pour  l’opticisation  3D  en  coaporte  12844  dans  13  sections  soit  seuleaent  988  par 
section.  Ce  n'esr  qu'au  del4  de  4000  points,  pour  un  profil,  que  cette  cdthode  donne  le  classecent 
correct  des  trois  profils  par  rapport  4  la  trainde  de  pression.  Un  tel  caillage  conduirait  4  plus  de 
50000  points  en  tridicensionnel,  soit  un  teeps  de  calcul  d’environ  4  cinutes  CRAY  XHP18,  inacceptable 
pour  des  optimisations  qui  ndeessitent  plusieurs  dizaines,  voire  centaines  de  calculs  directs. 

La  trainde  estinde  par  intdgration  du  coefficient  de  pression  ne  peut  done  pas  constituer  un  objectif 
fiable  pour  l'opticisation,  sur  les  caillages  grossiers  auxquels  il  faut  se  liciter  pour  des  probldces  de 
temps  de  calcul.  Une  autre  cdthode  pour  calculer  le  coefficient  de  trainde  consiste  4  le  ddeoeposer  en 
fluide  parfait,  en  un  teroe  de  trainde  de  choc  et  un  terce  de  trainde  induite,  evaluds  sdpardeent  par  des 
bilans  de  quantitd  de  couveaent  dans  le  chacp.  Dans  le  cas  prdsent,  la  trainde  induite  ne  doit  jouer 
aucun  role  dans  l'opticisation.  La  figure  4  contre  les  rdsultats  du  cas  d'opticisation  prdeddent  traitd 
cette  fois  en  substituant  cosce  objectif  la  trainde  de  choc  dvalude  par  un  bilan.de  quantitd  de  nouvecent 
dans  un  docaine  entourant  le  choc,  4  la  trainde  de  pression  enlosldc  par  integration  uu  coefficient  de 
pression  4  la  surface  de  l'aile.  La  Solution  obtenue  est  cette  fois  bien  une  solution  sans  choc,  Le  rro- 
fil  de  l'aile  opticisde  en  tridicensionnel  n’est  pas  identique  au  profil  optinisd  en  bidicensionnel  (fi¬ 
gure  2).  Des  calculs  par  plusieurs  mdthodos  adrodynaaiques  contrent  que  la  diffdrence  de  coefficient  de 
trainde,  aussi  bien  de  choc  que  de  pression,  entre  ces  deux  profils  est  infdrieure  4  10-4,  en  faveur  du 
rdsultat  tridicensionnel.  L'estication  de  la  trainde  de  choc  par  un  bilan  de  quantitd  Se  couveaent  seable 
done  asset  fiable,  adne  en  caillage  grossier,  pour  constituer  une  fonction  objectif  d’opticisation 
correcte. 


La  difficult^  d'utiliser  le  coefficient  de  trainde  de  pression  conme  objectif  est  mentionnde  par 
Cosentino  et  Holst  [6J.  Bien  que  le  code  adrodynamique  THING  utilisd  par  ces  auteurs  fournisse,  au  noins 
dans  lcs  conditions  d'utilisation  inposdes  par  l'optinisation  (maillage  grossier) ,  des  valeurs  absolucs 
errondes  [7],  les  erreurs  sont  des  erreurs  de  troncature  qui  n'affectent  pas  la  justesse  relative  des 
rdsultats  les  uns  par  rapport  aux  autres  [8].  C’est  pourquoi,  ces  auteurs  ont  pu  utiliser  avec  succds  la 
trainde  de  pression  conae  objectif  d'optioisation.  II  faut  cependant  noter  que  Cosentino  et  Holst  utili- 
sent  un  maillage  de  40  000  points,  au  lieu  de  13  000  avec  la  prdsente  ndthode,  et  une  topologie  en  C-H 
nieux  adaptde  aux  calculs  autour  d'ailes  que  la  topologie  en  H-H.  Les  rdsultats  ci-dessus  nontrent  que, 
pour  un  maillage  donnd,  des  bilans  de  quantitd  de  nouvenent  donnent  une  estination  plus  fiable  de  la 
trainde  que  l'intdgration  du  coefficient  de  pression  sur  l'aile,  et  confirncnt  la  reconnandation  de  Lock 
[7]  d'utiliser  de  prdfdrence  la  prenidre  ndthode  pour  l’optinisation. 

3.3.  Optimisation  vlsant  une  rdpartition  de  pression  nrescrite 

Les  ndthodes  inverses  pernettent  de  ddfinir  une  forme  4  partir  d'une  rdpartition  de  pression  prescrite. 
Leur  usage  est  rendu  ddlicat  par  l'inpossibilitd  de  contr&le  de  la  gdondtrie  et  le  risque  d'obtenir  des 
solutions  irrdalistes,  ou  de  he  pas  obtenir  de  solution  puisqu'il  n'est  pas  s&r  que,  dans  le  cas  d'une 
aile  en  transsonique,  le  probldsc  soit  bien  posd.  II  peut  done  dtre  intdressant  d'utiliser  une  ndthode 
d'optioisation  nuadrique  en  node  quasi-inverse,  en  visant  une  rdpartition  de  pression  imposde.  Cela  est 
possible  en  adoptant  conae  fonction  objectif  une  aesure  de  l'dcart  entre  le  cheap  de  pression  sur  l'aile 
et  le  chanp  de  pression  prescrit. 

Le  calcul  d'optiaisation  prdsentd  sur  la  figure  5  vise  une  rdpartition  de  pression  extradcs  dans  la  sec¬ 
tion  de  contrdle  de  l'aile  la  plus  proche  de  l'enplanture.  Cette  rdpartition  est  celle  de  l’aile  ddfinic 
par  le  profil  optiaisd  en  bidimensionnel  (paragraphe  3.1),  ce  qui  assure  qu'il  existe  dans  l'espace  des 
fonctions  de  codification  une  solution  pernettant  d'annuler  la  fonction  objectif.  Celle-ci  est  ddfinie 
par  1'aire  conprise  entre  les  courbes  Kp(x/c)  inposde  et  courante,  k  l'extrados  de  la  section  de  contrdle 
considdrde.  Contraireaent  aux  cas  d'optiaisation  prdeddents,  il  n'est  pas  ndeessaire  d'inposer  de 
contrainte,  la  rdpartition  visde  assurant  un  coefficient  de  portance  acceptable.  Comae  le  montre  la 
figure  b,  la  solution  obtenue  en  six  itdrations  est  trds  proche  de  la  solution  visde.  La  valeur  de  la 
fonction  objectif  est  divisde  par  50.  La  convergence  du  processus  d' optimisation  est  trds  rapide  :  la 
figure  6  indique  que  l'essentiel  des  modifications  est  assurd  en  deux  itdrations  seulenent. 

Tous  les  calculs  d'optimisation  prdsentds  jusqu'ici  ont  dtd  effectuds  k  l'aide  du  programme  de  minimisa¬ 
tion  CONHIH.  Dans  le  cas  considdrd  ici,  la  figure  7  compare  les  rdsultats  obtenus  avec  les  programmes 
CONHIH  et  HAG-E04VAF.  La  convergence  des  deux  calculs  est  trds  comparable  :  une  vingtaine  de  calculs 
adrodynamiques  suffit  pour  diviser  la  valeur  de  1 'objectif  par  10.  Aprds  50  calculs  adrodynamiques,  la 
solution  obtenue  avec  le  code  E04VAF  est  ldgdrement  plus  proche  de  la  solution  visde.  Le  cas  prdsentd  ici 
est  un  cas  d'optimisation  sans  contrainte.  Dans  les  cas  comportant  des  contraintes  le  choix  de  certains 
paramdtres  du  programme  E04VAF  peut  influencer  considdrablement  le  rdsultat  de  1 'optimisation  et  rend 
done  l'utilisation  de  la  ndthode  plus  ddlicate. 

4.  OPTIHISATIOH  DE  LA  PARTIE  INTERNE  D'UNE  VOILURE  D'AVIOH  DE  TRANSPORT 
4.1.  Probldoe  d'optimisation 


Sur  un  avion  de  transport  transsonique,  la  partie  externe  de  la  voilure  est  dquipde  d'un  profil  de  base 
ddfini  rar  des  ndthodes  bidimensionnelles.  Dans  la  partie  interne  les  phdnomdnes  tridinensionnels,  parti- 
culidreaeat  inportants  en  rdginc  transsonique,  et  les  eontraintes  d'avionnabilitd  rendent  le  probldme  de 
conception  plus  conplexe.  Pour  le  traiter,  une  mdthode  d'optimisation  tridimensionnelle  est  bien  adaptde. 

Le  cas  considdrd,  illustrd  sur  la  figure  8,  est  celui  de  l’optinisation  d'une  voilure  supercritique  4  H  * 
0,82  et  Cz  ■  0,47.  Le  rdseau  de  lignes  iso-nonbre  de  Kach  extrados  reprdsentd  sur  cette  figure  est  cal- 
culd  par  une  mdthode  adrodynamique  servant  ici  do  rdfdrence  {9)  (mailUge  de  200  000  points  environ). 

L'dcoulement  sur  l'aile  interne  conporte,  au  droit  de  la  cassure  un  choc  supersonique-supersonique  qui 
devrait  pouvoir  dtre  supprind.  Pour  compenser  la  perte  de  portance  qui  rdsulterait  de  cette  modification, 
la  section  d'emplanture  pourrait  supporter  un  dcoulenent  extrados  plus  accdldrd. 

Le  probldme  d'optimisation  est  abordd  en  mode  quasi-invers.,  en  visant  deux  rdpartitions  de  pression 
Kp(x/c)  dans  deux  sections  de  contrdle  diffdrentes  situdes  4  l'enplanture  et  4  20%  de  l'envergure.  Les 
sections  de  contrdle  et  les  rdgions  modifides  dans  l'optinisation  sont  reprdsentdes  sur  la  figure  3.  Les 
rdpartitions  de  pression  visdes  sont  traedes  figure  9  :  les  rdpartitions  de  pression  de  l'aile  initiale 
qui  leur  sont  superposdes  sont  ealculdes  par  la  ndthode  adrodynamique  intdgrde  au  code  d'optimisation. 
Contrairenent  au  cas  prdeddent,  le  probldme  est  pleinenent  tridimensionnel  ;  l'optinisation  vise  des 
objectifs  non  seulenent  diffdrents,  nais  4  certains  dgards  opposds  dans  les  deux  rdgions  considdrdes. 
Dans  la  section  1,  l'objectif  est  d'augnenter  la  portance  par  une  modification  du  niveau  de  vitesse  4 
l'extrados.  Le  but  visd  dans  la  section  2  est  de  dininuer  la  survitesse  4  l'extrados  qui  induit  la 
formation  d'un  choc  de  forte  intensitd  aux  portances  dlevdes. 

4.2.  Calculs  d'optimisation 

Les  fonctions  de  modifications  locales  retenues  sont  ddfinies  pour  modifier  'a  gdondtrie  dans  les  deux 
rdgions  entourant  les  sections  de  contrdle.  Chacune  d'clles  assure  une  modification  particulidre  des 
repartitions  de  pression  4  l'extrados  et  leur  amplitude  est  naxinale  au  droit  des  sections  de  contrdle. 
Le  respect  de  la  loi  d'dpaisseur  relative  de  la  voilure  est  obtenu  en  effeetuant  pour  chaque  fonction  une 
homothdtie  sur  l'intrado?  :  cette  technique  permet  de  ne  pas  considdrer  de  contrainte  4ane  proceesyr 
a'optisisation. 

Le  probldme  peut  dtre  abordd  globalement  en  considdrant  conme  objectif  4  nininiser  la  somse  des  dcarts 
entre  les  rdpartitions  de  pression  courantes  et  visdes  dans  les  deux  sections  de  contrdle  considdrdes,  et 
en  utilisant  les  fonctions  de  modification  affectant  la  rdgion  1  et  la  rdgion  2.  Hals  dans  ces  condi¬ 
tions,  il  s'avdre  impossible  d'aboutir  4  une  optimisation  satisfairante,  avec  le  programme  CONHIH  conme 
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avec  NAG-E04VAF.  .La  difficultd  provient  du  caractdre  contradictoire  des  modifications  visdes  dans  les 
deux  sections,  et  de  ce  que  ces  sections  sont  trop  voisines  pour  que  les  effets  des  fonctions  de  modifi- 
cation,  centrdos  sur  celles-ci,  soient  ddcouplds. 

Le  probldme  est  rdsolu  en  ddconposant  le  calcul  en  deux  dtape3  successives  relatives  aux  sections  1  et  2, 
La  preaidre  optimisation  est  effectude  en  considdrant  trois  adroionctions  relatives  &  la  section  2  et  en 
retenant  la  rdpartition  de  pression  extrados  visde  dans  cette  adme  section  comae  objectii.  L'optiaisation 
4  l'aide  du  programme  de  minimisation  CONMIN  esfc  effectude  en  cinq  itdrations.  La  solution  optiaisde  est 
prdsentde  figure  10.  La  diainution  de  la  survitesse  dans  la  section  2  a  Lien  dtd  obtenue  ;  de  iaibles 
dcarts  subsistent  avec  la  rdpartition  de  pression  visde  au-deld  de  50*  de  la  corde.  La  rdpercussion  de  la 
modification  sur  la  section  d'eaplanture  reste  faible. 

La  deuxidae  dtape  de  l'optiaisation  est  effectude  avec  coaae  voilurc  initiale  celle  ddfinie  dans  la  pre- 
aidre  dtape,  c'est-4-dire  aodifide  dans  la  section  2.  Trois  adroionctions  relatives  4  la  section  1  sont 
considdrdes  et  l'objectif  retenu  est  la  rdpartition  de  pression  visde  dans  la  adme  section.  Les  rdparti- 
tions  de  pression  de  la  solution  finale,  obtenue  aprds  cinq  itdrations,  sont  prdsentdes  figure  11.  Le 
bdndfice  de  la  preaidre  optimisation  relative  4  la  section  2,  c'est-4-dire  la  rdduction  de  la  survitesse, 
n'cst  pas  r.eois  en  cause  par  l'optiaisation  da  la  section  1,  qui  consiste  au  contraire  en  une  augnen- 
tation  du  niveau  de  vitesse.  S'il  n'en  dtait  pas  ainsi,  le  processus  pourrait  dtre  poursuivi  par  une 
nouvelle  optinisation  de  la  section  2. 

4.1.  Coaparaison  des  caractdristioues  adrodynaaicues  de  la  voilure  initiale  et  de  la  voilure  optiaisde 

Les  calculs  adrodynaaiques  effectuds  dans  la  procddure  d'optiaisation  utilisent  des  aaillages  trds  gros- 
siers.  XI  est  done  ndeessaire  d'effectuer  aprds  optinisation  des  calculs  directs  de  la  voilure  initiale 
et  de  la  voilurc  optiaisde  avec  la  mdthode  aentionnde  au  paragraphe  4.1  afin  de  vdrifier  que  le  but  a  dtd 
atteint. 

La  figure  12  prdsente  la  coaparaison  des  deux  voilures  sous  la  forme  de  rdseaux  d'iso-nonbre  de  Mach  pour 
le  adae  coefficient  de  portance  4  M  =  0,82.  Dans  toute  la  rdgion  cooprise  entre  15*  et  45*  de  l’enver- 
gure,  la  diminution  du  niveau  de  survitesse  attdnue  trds  sensibleaent  l'intensitd  de  l'onde  de  choc.  Des 
calculs  ont  dgaleaent  dtd  effectuds  pour  dvaluer  l'amdlioration  de  la  solution  4  un  coefficient  de  por¬ 
tance  plus  dlevd  que  le  Cz  d'optiaisation  et  ils  confiraent  l'amdlioration  des  caractdristiques  adrodyna- 
miques  de  la  voilurc  optiaisde  dans  la  rdgion  de  la  cassure  de  l'aile, 

5.  OPTIMISATION  D'UHE  VOILURE  DE  OUADRIREACTEUR  TEIIMIT  COHPTB  DE  L'EFFET  DE  L'lHSTALLATIOH  HOTRICE 

5.1.  Probldme  et  adthodologie 

L'installation  motrice,  a4ts  et  nacelles,  induit  sur  l'aile  une  perturbation  adrodynanique  qui  en  ddgrade 
les  performances.  Le  but  visd  ici  est  de  prdvenir  ce  phdnoadne  en  aodifiant  la  gdondtrie  de  la  voilurc  de 
telle  sorte  que  la  voilure  optiaisde  peraette  d'obtenir  en  prdsence  de  l’installation  notrice  les  carac¬ 
tdristiques  adrodynaaiques  (ou  du  noins  des  caractdristiques  aussi  proches  que  possible)  de  la  voilure 
initiale  configuration  lisse. 

Les  adthodes  de  calcul  adrodynanique  d'une  aile  aotorisde  en  transsonique  sont  encore  trop  cofiteuses  pour 
dtre  intdgrdes  4  une  mdthode  d'optiaisation.  Le  probldne  peut  cependant  dtre  abordd  4  l'aide  d’une 
adthode  adrodynanique  do  calcul  d'une  aile  lisse,  en  considdrant  dans  la  ddfinition  de  l'objectif  4 
ainiaiser  une  estimation  de  l'effet  de  l’installation  notrice,  effectude  a  priori. 

Dans  le  cas  prdsent,  cette  estination  est  fournie  par  des  rdsultats  expdrinentaux  obtenus  en  soufflerie. 
II  s'agit  d'un  quadrirdacteur  sur  lequel  les  nacelles  sont  supportdes  par  des  n4ts  syndtriques.  La  per¬ 
turbation  ddteraindc  en  soufflerie  de  part  et  d’autre  de  chaque  installation  aotrice  est  reprdseatde  sur 
la  figure  13.  L'optiaisation  en  mode  quasi-inverse  visera  done,  pour  l'aile  lisse,  dcs  modifications  du 
champ  de  pression  opposdes  4  celles  qui  sont  reprdsentdes  sur  la  figure.  L'effet  le  plus  important  et  le 
plus  ddfavorable  de  l'installation  aotrice  sur  l'aile  est  l'accdldration  de  l'dcoulenent  du  cdtd  interne 
de  chaque  n4t  4  l’intrados,  qui  provoque  un  choc  4  environ  20*  de  la  corde.  Pour  s'opposer  4  ce  phdnomd- 
nc,  il  faut  diainuer  les  niveaux  et  les  gradients  de  vitesse  dans  ces  rdgions.  Du  cdtd  externe  de  chaque 
a4t,  4  1'intrados  la  perturbation  est  plus  faible  et  plus  localisde.  A  l'extrados,  e’est  surtout  du  cdtd 
externe  de  l'installation  externe  que  la  aotorisation  perturbe  l'dcoulenent.  L'optiaisation  doit  viser 
une  accdldration  dans  cette  rdgion. 

Les  objectifs  sont  done  ddfinis  par  des-rdpartitions  de  pression  dans  les  quatre  sections  od  l'effet  de 
la  aotorisation  est  maximal.  L'extension  de  cet  effet  suivant  l'envergure  n'entre  pas  dans  la  ddfini¬ 
tion  des  objectifs  mais  dans  celle  des  zones  4  aodifier  par  1 'optimisation,  coane  le  aontre  la  figure  14. 
Les  rdsultats  expdrinentaux  disoonibles  ne  donnent  pas  d' indications  sur  cette  extension  :  elle  est 
estiade  par  des  calculs  des  configurations  lisse  et  aotorisde  par  une  mdthode  de  singularitds. 

La  figure  14  aontre  que  l'effet  de  l'installation  interne  et  celui  de  l'installation  externe  sont  ddcou- 
plds  :  les  zones  d'influence  ne  se  recouvrent  pas.  L'adaptation  de  l'aile  autour  de  chaque  installation 
peut  faire  l'objet  de  calculs  d'optiaisation  sdpards  et  inddpendants. 

De  part  et  d'autre  d'un  m4t,  la  perturbation  est  trds  diffdrente  et  parfois  opposde  ;  les  objectifs  visds 
le  seront  de  mdae.  Or  la  mdthode  adrodynanique,  liaitde  au  calcul  d'une  aile  lisse,  ne  peut  respecter  la 
discontinuitd  du  phdnoadne.  II  faut  done  ddcooposer  l'optinisation  autour  de  chaque  instillation  en  deux 
calculs,  l'un  visant  l'objectif  ddfini  cdtd  intetue,  i'autre  l'objectif  ddfini  du  cdtd  externe  :  il  y 
i  au  total  quatre  calculs  d'optiaisation  4  effectuer. 

5.2.  Calculs  d'optinisation 

L'effet  de  l'installation  motrice  est  beaucoup  plus  important  et  plus  complexe  4  1'intrados  qu'4  1'extra- 
dos.  Les  fonctions  de  modification  utilisdes  dans  les  calculs  d'optiaisation  sont  au  noabre  do  huit  pojr 
1'intrados,  trois  pour  l'extrados,  plus  une  fonction  de  modification  du  vrillage  local.  Toutcs  ne  sont 


21-6 


pas  utilisdes  pour  traitor  chacun  des  quatre-probldaes  d' optiaisation.  A  titro  d'exeaple,  la  figure  15 
aontre  la  ddfinition  des  huit  fonctions  de  aodification  intrados.  Ce  sont  des  adrofonctions  ddfinies  4 
i'aide  de  calculs  bidinensionnels  inverses  de  nanidre  4  agir  de  fagon  bien  ddfinie  chacune  sur  une  zone 
limitdo  de  l'intrados,  depuis  la  ddtente  au  bord  d'attaque  !nodi£icatior.  5)  jusqu'4  la  charge  arridre 
(modification  8) .  La  fonction  de  modification  6  ost  une  hoaothdtie,  utile  pour  les  cas  od  une  eontrainte 
est  iaposde  sur  l'dpaisseur  relative.  On  reaarque  que  les  aodifications  adrodynaniques  localisdes  sont 
obtenues  par  des  aodifications  gdomdtriquec  qui  s'dtendent  presque  toutes  du-bord  d'attaque  au  bord  de 
fuite. 

La  preaidre  optiaisation  effectude  est  eelle  relative  4  1' installation  aotrice  interne,  c5td  interne. 
Coapte  tenu  des  perturbations  adrodynaaiques  aesurdes  ensoufflerie,  il  apparait  que  le  but  principal 
dans  cette  section  est  d'dviter  la  foraation  d'un  choc  situd  4-  environ  204  de  la  corde,  sur  la  voilure 
aotorisde.  Pour  l'optiaisation,  l'objectif  retenu  de  type  repartition  de  pression  est  prdsontd  figure  16. 
Cette  rdpartition  visde  est  ddfinie  pour  coapenser  l'effet  de  Installation  aotrice,  c'est-4-dire,  de 
fagon  4  dininuer  le  niveau  de  vitesso-4  20%  de  la  corde  et  4  accdldrer  l'dcoulcaent  6ntre  40%  et  70%  de 
la  corde  4  l'intrados. 

L'optiaisation  a  dtd  effectude  en  considdrant  l'dpaisseur  au  droit  du  longeron  avant  pour  tenir  coapte 
des  contraintes  structurales.  La  eontrainte  gdoadtrique  est  dcrite  pour  liniter  la  diainution  de  l'dpais¬ 
seur  4  20%  de  la  corde,  notde ,  en  deg4  d'une  borne  donnde.  Plusieurs  calculs  d’optiaisation  avec  une 
eontrainte  gdoadtrique  plus  ou  noins  sdvdre  ont  dtd  effectuds  :  Si  0,  c'est-4-dire  sans  aaincisseaent  au 
droit  du  longeron,  $  <.5%,  /  <.  10%,  et  enfin  un  calcul  sans  eontrainte  gdoadtrique.  Six  fonctions  de 
aodification  intrados  ont  dtd  utilisdes.  La  figure  16  prdsente  l'historique  des  convergences  ot  les 
rdsultats  pour  les  diffdrences  contraintes  considdrdes.  Les  solutions  sont  proches  de  l'objectif  visd 
dans  la  rdgion  du  bord  d'attaque  et  au-del4  de  40%  de  la  corde.  Par  contro  4.X/C  o  20%,  le  niveau  de 
pression  obtenu  n'est  proche  de  la  rdpartition  de  pression  objectif  que  pour  l'optiaisation  sans  con- 
trainte  gdoadtrique  :  les  solutions  interaddiaires  correspondent  aux  diffdrentes  contraintes  inposdes. 
Les  aodifications  gdoadtriques  rdsultantes  au  droit  du  nit  interne  4  20%  de  la  corde  provoquent  une 
variation  de  l'dpaisseur  de  respectiveaent  +  1,8%,  -  3,3%,  -  8,0%  et  -  17,6%. 

Une  adaptation  significative  n'est  done  obtenue  qu'en  l'absence  de  eontrainte  gdoadtrique.  C'est  pourquoi 
4  titre  de  ddaonstration  du  concept  d'adaptation  de  la  voilure,  les  optiaisations  relatives  aux  autres 
sections  ont  dtd  effectudes  sans  eontrainte  gdoadtrique. 

L'optiaisation  relative  4  l'installation  aotrice  interne,  c&td  externe,  a  dtd  effectude  en  considdrant  un 
objectif  de  type  rdpartition  de  pression,  visant  4  neutraliser  l'effet  de  l’installation  aotrice.  On 
cherche  conne  le  aontre  la  figure  17,  4  retarder  la  ddtente  de  bord  d'attaque,  puis  4  accdldrer  l'dcou- 
lenent  de  part  et  d'autre  du  aaxiaua  de  vitesse  4  l'intrados.  La  mdae  base  de  six  fonctions  de  nodifi- 
cation  est  utilisde.  La  solution  obtenue  aprds  14  itdrations,  prdsentde  figure  17,  ne  s'dcarte  de 
l'objectif  que  sur  une  zone  tris  rdduite. 

Alors  que  le  adt  interne  ne  s'dtend  que  jusqu'4  environ  60%  de  la  corde,  le  n4t  externe  occupe  toute  la 
corde  de  l'aile.  Aux  six  fonctions  de  aodification  intrados  utilisdes  pour  l'installation  iuterne,  il 
faut  done  adjoindre  les  fonctions  7  et  8  da  la  figure  15  pour  optiaiser  l’aile  autour  de  l'installation 
externe. 

L'optiaisation  du  cdtd  interne  de  celle-ci  est  prdsentde  sue  la  figure  18.  Dans  une  preaidre  dtape,  le 
probldae  est  abordd  coaae  pour  l’installation  interne,  en  visant  une  rdpartition  de  pression  intrados 
sans  contrdle  de  1'extrados.  La  rdpartition  objectif  ne  pout  pas  dtre  rigoureuseaent  atteinte  sur  les 
vingt  preaiers  pour  cent  de  la  corde  :  le  but  visd  est  de  rdduire  autant  que  possible  le  niveau  de  vites¬ 
se  dans  cette  zone  afin  de  prdvenir  la  foraation  du  choc  visible  sur  la  figure  13.  Dans  cette  preaidre 
d tape,  la  aodification  de  l'intrados  a  une  rdpercussion  adrodynaaique  4  1'extrados,  od  le  niveau  de  vi¬ 
tesse  est  diainud  sur  toute  la  corde,  ce  qui  peut  induire  une  perte  de  portance  peu  souhaitable  sur  la 
voilure  optir.isde. 

La  deuxidae  dtape  vise  4  rdtablir  la  rdpartition  de  pression  extrados  de  l'aile  initiale.  Une  base  trds 
siople  constitute  par  deux  fonctions  de  aodification  de  1'extrados  suffit,  comae  le  aontre  la  figure  18, 
4  rdsoudre  ce  probldae.  La  aodification  adrodynaaique  de  l’intrados  4  la  preaidre  dtape  n'est  pas  remise 
en  cause  dans  la  deuxidae  dtape. 

Coapte  tenu  des  effets  de  l'installation  aotrice  externe  cdtd  externe  prdsentds  figure  13,  1' adaptation 
de  la  voilure  a  dtd  rdalisde  avec  une  optiaisation  siaultande  des  rdpartitiens  de  pression  extrados  et 
intrados.  La  rdpartition  objectif  est  prdsentde  figure  19.  A  1'extrados,  le  but  visd  est  d'augmentcr  le 
niveau  de  vitesse  dans  la  rdgion  supersonique  jusqu'4  40%  de  la  corde  et  de  reculer  ldgdreoent  la 
position  du  choc.  A  l'intrados,  il  s'agit  principaleaent  de  prdvenir  le  ddveloppement  du  pic  de  survi- 
tesse  et  de  dininuer  la  charge  arridre  :  cette  aodification  de  la  charge  arridre  est  ddduite  des  calculs 
en  l'absence  de  rdsultats  expdriaontaux  disponibles  dans  cette  rdgion. 

Cette  optiaisation  est  effectude  avec  douze  fonctions  de  aodification  :  les  huit  fonctions  de  modifica¬ 
tion  intrados  prdsentdes  figure  15,  trois  fonctions  dp  aodification  extrados  et  une  fonction  de  modifica¬ 
tion  relative  au  vrillage  local.  La  solution  obtenue  aprds  quatorze  itdrations,  prdsentde  sur  la  figure 
19,  est  trds  proche  de  la  rdpartition  de  pression  visde,  dont  elle  ne  s’dcarte  gudre  qu'au  voisinage  du 
bord  de  fuite.  Une  aodification  nanuelie  d'une  variable  de  ddcision  a  dfl  etre  effectude  4  l'itdration  9 
pour  dviter  un  aininun  relatif. 


5.3.  Coaparaison  qe  l'aile  initiale  et  de  I'qils,  ontlriisde 

Les  quatre  aodifications  ddfinies  par  les  calculs  d'optiaisation  sans  eontrainte  prdsentds  prdeddenment 
sont  appliqudes  siaultandnent  4  la  voilure  initiale  et  rzccorddes  sur  l'dpaisseur  du  a4t.  A  l'intrados, 
les  raccords  sont  done  en  grande  partie  noyds  dans  l'intersection  avec  les  alts.  Les  aodifications  rela¬ 
tives  4  l'installation  aotrice  externe  s'avdrent  moins  pdnalisantes  par  rapport  aux  contraintes  de  struc¬ 
tures  que  celles  inposdes  par  l'installation  aotrice  interne  ;  la  aodification  siaultande  de  1'extrados 
et  de  l'intrados  y  contribue.  Les  aodifications  de  l'dpaisseur  relative  de  part  et  d'autre  de  l'installa- 
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tion  notrice  externe  4  des  abscisses  (20%  et  60%  de  la  corde)  proches  de  1' emplacement  des  longerons  sont 
respectivenent  -  8,5%  et  +  15,9%  du  cdtd  interne  et  +  4,9%  et  +  8,1%  du  c6td  externe. 

La  verification  la  plus  rigoureuse  de  l'optiaisation  consisterait  en  un  cssai  en  soufflorie  de  la  voilure 
nodifide  dquipde  de  l'installation  notrice.  La  verification  prdsentde  ici  n'est  qu’approxinative  car  elle 
est  effcctude  i  l'aide  d'une  adthode  nundrique  de  singularitds,  dont  les  hypotheses  ne  prennent  pas  en 
cocpte  les  effets  visqueux  ni  les  ondes  de  choc.  Les  ef fets  de  la  conpressibilitd  sont  introduits  par  une 
correction  de  Coetherl. 

Les  dcarts  entre  le  chanp  de  pression  sur  l'aile  initiale  notorisde  ainsi  que  sur  l'aile  optinisde  ooto- 
risde,  et  le  chanp  de  pression  sur  l'aile  initiale  lisse,  calculds  par  cette  mdthode,  sont  prdsentds  sur 
les  figures  20  et  21  pour  l'intrados  et  l'extrados  de  la  voilure. 

A  l'intrados,  od  l'optir.isation  vise  essentiollenent  4  prdvenir  la  fornation  d'un  choc  4  20%  de  la  corde 
du  cotd  interne,  le  but  visd  a  dtd  atteint.  L>.  perturbation  de  l’installation  notrice  interne  cdtd  inter¬ 
ne  est  bien  annulde  dans  cette  region.  Elle  l  dtd  partiellesent  ddplacde  vers  l'anont  et  vers  l'aval,  ce 
qui  ne  devrait  pas  provoquer  de  probldae  particulier  coapte  tenu  de  l'effet  de  l'installation  ddternind 
en  souffleric  et  prdsentd  figure  11.  L'adaptation  effectude  autour  de  l'installation  externe  annule 
presque  entidrenent  la  perturbation  sur  l'aile  optinisde. 

A  l'extrados,  seule  l'aile  au  droit  de  l'installation  aotrice  externe  a  dtd  optinisde  :  ce  qui  apparait 
sur  la  figure  21.  La  diminution  de  la  perturbation  de  l'installation  notrice  externe  confirne  l'intdrdt 
de  controler  la  rdpartition  de  pression  extrados  et  de  aodifier  4  la  fois  les  deux  faces  de  l'aile. 

L'application  prdsentde  net  en  dvidence  l'intdrdt  de  modifier  la  voilure  pour  tenir  coapte  de  l'effet  de 
l'installation  notrice.  Hais  les  rdsultats  de  calculs  nontrent  claireaent  que  dans  une  application  indus- 
trielle  la  totalitd  de  cet  effet  ne  pourrait  pas  dtre  annulde  par  une  modification  de  la  voilure  seule. 

6.  CONCLUSION 

Une  adthode  d'optinisation  de  voilures  peut  donner  lieu  4  deux  types  d’applications  :  1 'optimisation  par 
rapport  aux  coefficients  adrodynaniques  globaux,  par  exenple  la  minimisation  de  la  trainde  pour  une  por- 
tance  donndc,  et  1 'optimisation  en  node  quasi-inyerse,  qui  vise  une  rdpartition  de  pression  donnde. 

Dans  le  preaier  type  d'optinisation,  la  difficultd  consiste  u  obtenir  une  estination  fiable  des  coeffi¬ 
cients  globaux  4  l'aide  d'une  adthode  adrodynanique  qui  doit  dtre  peu  coflteuse.  II  est  indispensable  que 
la  convergence  des  calculs  adrodynaniques  soit  trds  poussde  pour  que  le  calcul  des  fonctions  objectif  et 
contraintes  et  de  leurs  gradients  soit  correct.  Ceci  conduit,  pour  des  considdrations  de  coflt,  4  utiliser 
des  oaillagcs  grossiers,  sur  lesquels  l'estination  du  coefficient  de  trainde  est  ddlicate  :  la  adthode 

usuclle  destination  de  la  trainde  en  fluide. parfait  par  intdgration  de  la  pression  4  la  surface  de 

l'aile  doit  etre  ronplacde  par  unc  technique  de  bilans  dt  quantitd  de  aouvenent  dans  le  cha&p,  dont  la 
prdcision  reste  acceptable  en  maillage  grossier. 

Les  applications  de  la  ndthode  d'optinisation  en  node  quasi-inverse  sont  nonbreuses.  L'adaptation  de  la 
partie  interne  d'une  voilure  dans  un  dcoulenent  transsonique  en  est  un  exenple.  Etant  donnd  le  caractdre 
fortesent  tridinensionnel  des  phdnoadnes  et  la  ndcessitd  de  respecter  des  contraintes  d'avionnabilitd, 
une  approche  par  optinisation  en  code  quasi-inverse  est  bien  appropride  au  traitenent  de  ce  probldne. 

L'approche  quasi-inverse  est  dgalenent  intdressante  pour  optiniser  les  phdnoadnes  d'interaction  entre 
l'aile  et  les  autres  conposants  de  l'avion.  Hdne  si  le  code  adrodynanique  intdgrd  4  la  adthode  d'optini¬ 
sation  n’est  pas  capable  de  noddliser  les  phdnoadnes  coaploxes  d'interaction,  ceux-ci  peuvent  dtre 

dvaluds  par  ailleurs  et  pris  en  conpte  dans  la  ddf inition-de  l’objectif  ou  des  contraintes.  L'exenple  de 

l'adaptation  d'une  voilure  de  quadrirdacteur  nontre  qu'il  est  ainsi  possible  de  rdduire  considdrablenent 
les  perturbations  causdes  par  l'installation  aotrice  en  nodifiant  l'aile  par  optinisation  nuadrique. 
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Fig-1 :  Optimisation  d'une  aile  reclanguiaire  de.grand 
afiongecient  ddiinie  par  un  profil  unique. 


Fi&2 :  Optimisation  bidimensionnelie  de  reference.  Uinimisalion 
de  la  Irainde  de  pression  Cap.  Contrainlc :  Cz>Czo. 


Rg3  :  Optimisation  d'une  aiio  reclanguiaire.  Minimisation  de  ta 
tralnde  de  pression  Cip.  Conlrainle :  Cz>Czo. 


Fig-4 :  Optkisation  d'une  aiie  reclanguiaire.  Uinimisalion  de  la 
trainde  de  choc  Cichoc.  Contiainte  :  CziCzo. 
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Kg  5 :  Optimisation  d'unc  aile  reclangulaire.  Repartition  de 
prcssion  cxtrados  on  objeclii.  Pas  do  conlrainle. 


fig  6  :  Evolution  dc  la  solution  au  cours  de  i'optimisalion. 

Ailc  rectangulairc.  Repartition  dc  prcssion  eitrados  en 
objeclif.  Pas  de  conlrainle. 


soumosmuwsTEii 


fig.7  :  Comparaison  des  programmes  do  minimisation  C0NH1H  ct 
E04VAF.  Ailc  reclangulaire  Repartition  dc  prcssion 
eitrados  en  cbjeclil.  Pas  de  conlrainle, 


<D 


Rj9 :  Optimisation  ea  mode  quasi-in  versa  Repartitions  de 
pression  visees  dans  dcui  sections. 


saumos  v  & 


Fig.lO  :  Optimisation  en  mode  cuasi-inverse.  Premiere  etnps  : 
modification  de  la  zone  (2). 


Fig.ll :  Optimisation  cn  mode  quasi-inverse.  Deuiieao  etape  : 
modification  de  la  zone  (1). 


UdVES  EO-HOUSSE  DE  HACK  ESTRADT  iUrO.OE 


flg.12  :  Optimisation  de  la  partie  interne  d'uae  aile  d'avion  de 
transnori  Calculs  de  verification  U  =  0,62,  Cz  =  0,47. 


AILE  OPTIMISES 


Fig  13  :  Effel  de  ['installation  molrice  sur  les  prcssions  de 
l'aile  d'un  quadrircacteur.  Uesures  cu  soulllerie. 


ng.14  :  Optimisation  d'une  aile  dc  quadrircacteur  tenant  compte 
dc  1'cffet  de  I'installation  molrice.  Dcfim.’on  des  regions 
a  modifier  d'oprea  des  rdsullals  de  calculs  "singulariles" 


Fig.16  :  Optimisation  d'une  aile  de  quadrircacteur.  Gbjeclif ; 

rcpartilion  de  pression  intrudes.  Conlrainlc  geomelrique 
sur  la  diminution  d  dc  i'dpaisseur  4  x/c  -  0,20.  Six 
fonclions  de  modification  inlrados. 


Fig  15  ;  Escmptes  de  fonclions  de  modification  geometrique. 


ng.1V :  Optimisation  d'une  aile  de  quadrirdaclcur.  Objcclil : 
repartition  de  pression  inlrados.  Pas  de  conlrainlc. 
Six  fonclions  ao  modification  inlrados. 
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1.  Introduction  and  historical  survey 


Computers  have  had  a  twofold  impact  on  the  science  of  aerodynamics.  On  the  one  hand 
numerical  simulation  may  be  used  to  gain  new  insights  into  the  physics  of  complex  flows.  On  the 
other  hand  computational  methods  can  be  used  by  engineers  to  predict  the  aerodynamic 
characteristics  of  alternative  designs.  Assuming  that  one  has  the  ability  to  predict  the 
performance,  the  question  then  arises  of  how  to  modify  the  design  to  improve  the  performance. 

This  paper  is  addressed  to  that  question. 

Prior  to  1960  computational  methods  were  hardly  used  in  aerodynamic  analysis.  The 
primary  tool  for  the  development  of  aerodynamic  configurations  was  the  wind  tunnel.  Shapes 
were  tested  and  modifications  selected  in  the  light  of  pressure  and  force  measurements  together 
with  flow  visualization  techniques.  Computational  methods  are  now  quite  widely  accepted  in  the 
aircraft  industry.  This  has  been  brought  about  by  a  combination  of  radical  improvements  in 
numerical  algorithms  and  continuing  advances  in  both  speed  and  memory  of  computers. 

If  a  computational  method  is  to  be  useful  in  the  design  process,  it  must  be  based  on  a 
mathematical  model  which  provides  an  appropriate  representation  of  the  significant  features  of  the 
flow,  such  as  shock  waves,  vortices  and  boundary  layers.  The  method  must  also  be  robust,  not 
liable  to  fail  when  parameters  are  varied,  and  it  must  be  able  to  treat  useful  configurations, 
ultimately  the  complete  aircraft.  Finally  reasonable  accuracy  should  be  attainable  at  reasonable 
cost.  Much  progress  has  been  made  in  these  directions  [1-10).  In  many  applications  where  the 
flow  is  unseparated,  including  designs  for  transonic  flow  with  weak  shock  waves,  useful  predictions 
can  be  made  quite  inexpensively  using  the  potential  flow  equation  [i — ij.  Methods  are  also 
available  for  solving  the  Euler  equations  for  two-  and  three-dimensional  configurations  up  to  a 

*  Reprinted  from  file  proceeding-,  of  tile  I2tli  IMACS  World  ConarcssonScicntific  Compulation  held  in  Pans  in  July  1988. 
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complete  aircraft  [5-10j.  Viscous  simulations  are  generally  complicated  by  the  need  to  allow  for 
turbulence:  while  the  Reynolds  averaged  equations  can  be  solved  by  current  methods,  the  results 
depend  heavily  on  the  choice  of  turbulence  models. 

Given  the  range  of  well  proven  methods  now  available,  one  can  distinguish  objectives  for 
computational  aerodynamics  at  several  levels: 

1)  Capability  to  predict  the  flow  past  an  airplane  or  important  components  in  different  flight 
regimes  such  as  take-off  or  cruise,  and  off  design  conditions  such  as  flutter. 

2)  Interactive  design  calculations  to  allow  rapid  improvement  of  the  design. 

3)  Automatic  design  optimization. 

Substantial  progress  has  been  made  toward  the  first  objective,  and  in  relatively  simple 
cases  such  as  an  airfoil  or  wing  in  inviscid  flow,  calculations  can  be  performed  fast  enough  that  the 
second  objective  is  within  reach.  The  third  objective  has  also  been  addressed  for  various  special 
cases.  In  particular  it  has  been  recognized  that  the  designer  generally  has  an  idea  of  the  kind  of 
pressure  distribution  that  will  lead  to  the  de'ired  performance.  Thus  it  is  useful  to  consider  the 
problem  of  calculating  the  shape  that  will  lead  to  a  given  pressure  distribution.  Such  a  shape  does 
not  necessarily  exist,  unless  the  pressure  distribution  satisfies  certain  constraints,  and  the  problem 
must  therefore  be  very  carefully  formulated:  no  shape  exists,  for  example,  for  which  stagnation 
pressure  is  attained  over  the  entire  surface. 

The  problem  of  designing  a  two  dimensional  profile  to  attain  a  desired  pressure  distribution 
was  first  studied  by  Lighthill,  who  solved  it  for  the  case  of  incompressible  flow  by  conformally 
mapping  the  profile  to  a  unit  circle  [11].  The  speed  over  the  profile  is 

q  =  tyh  (1-1) 

where  <f>  is  the  potential  for  flow  past  a  circle,  and  h  is  the  modulus  of  the  mapping  function.  The 
solution  for  <f>  is  known  for  incompressible  flow.  Let  q<j  be  the  desired  surface  speed.  Then  the 
surface  value  of  h  can  be  obtained  by  setting  q  =  qa  in  equation  (1.1),  and  since  the  mapping 
function  is  analytic,  it  is  uniquely  determined  by  the  value  of  h  on  the  boundary.  A  solution 


exists  for  a  given  speed  q^  at  infinity  only  if 


22-3 


2*1 


(1.2) 


and  there  are  additional  constraints  on  q  if  the  profile  is  required  to  be  closed. 

Lighthill’s  method  was  extended  to  compressible  flow  by  McFadden  [12].  Starting  with  a 
given  shape,  and  a  corresponding  mapping  function  h^,  the  flow  equations  can  be  solved  for  the 
potential  <f>^\  which  now  depends  on  h^.  A  new  mapping  function  h^  is  then  determined  by 
setting  q  =  qa  in  equation  (1.1),  and  the  process  is  repeated.  In  the  limiting  case  of  zero  Mach 
number  the  method  reduces  to  Lighthill's  method,  and  McFadden  gives  a  proof  that  the  iterations 
will  converge  for  small  Mach  numbers.  He  also  extends  the  method  to  treat  transonic  flow 
through  the  introduction  of  artificial  viscosity  to  suppress  the  appearance  of  shock  waves,  which 
would  cause  the  updated  mapping  function  to  be  discontinuous.  This  difficulty  can  also  be 
overcome  by  smoothing  the  changes  in  the  mapping  function.  Such  an  approach  is  used  in  a 
computer  program  written  by  the  author  for  Grumman  Aerospace.  It  allows  the  recovery  of 
smooth  profile'  that  generate  flows  containing  shock  waves,  and  it  has  been  used  to  design 
improved  blade  sections  for  propellers  [13].  A  related  method  for  three  dimensional  design  was 
devised  by  Garabedian  and  McFadden  [14].  In  their  scheme  the  steady  potential  flow  solution  is 
obtained  by  solving  an  artificial  time  dependent  equation,  and  the  surface  is  treated  as  a  free 
boundary.  Ttis  is  shifted  according  to  an  auxiliary  time  dependent  equation  in  such  a  way  that 
the  flow  evolves  toward  the  specified  pressure  distribution. 

Another  way  to  formulate  the  problem  of  designing  a  profile  for  a  given  pressure 
distribution  is  to  integrate  the  corresponding  surface  speed  to  obtain  the  surface  potential.  The 
potential  flow  equation  is  then  solved  with  a  Dirichlet  boundary  condition,  and  a  shape  correction 
is  determined  from  the  calculated  normal  velocity  through  the  surface.  This  approach  was  first 

tried  by  Tranen  [15].  Volpe  and  Melnik  have  shown  how  to  allow  for  the  constraints  that  must  be 
satisfied  by  the  pressure  distribution  if  a  solution  is  to  exist  [16].  The  same  idea  has  been  used  by 
Eenne  for  three-dimensional  design  calculations  [17]. 

The  hodograph  transformation  offers  an  alternative  approach  to  the  design  of  airfoils  in 


22-4 


transonic  flows.  Garabedian  and  Korn  achieved  a  striking  success  in  the  design  of  airfoils  to 
produce  shock-free  transonic  flows  by  using  the  method  of  complex  characteristics  to  solve  the 
equations  in  the  hodograph  plane  [18].  Another  design  procedure  has  been  proposed  by  Giles, 
Drela  and  Thompkins  [19],  who  write  the  two-dimensional  Euler  equations  for  inviscid  flow  in  a 
streamline  coordinate  system,  and  use  a  Newton  iteration.  An  option  is  then  provided  to  treat  the 
surface  coordinates  as  unknowns,  while  the  pressure  is  fixed. 

Finally,  Hicks  and  Henne  have  explored  the  possibility  of  meeting  desired  design  objectives 
by  using  constrained  optimization  [20].  The  configuration  is  specified  by  a  set  of  parameters,  and 
any  suitable  computer  program  for  flow  analysis  is  used  to  evaluate  the  aerodynamic 
characteristics.  The  optimization  method  then  selects  values  of  these  parameters  that  maximize 
some  criterion  of  merit,  such  as  the  lift — to — drag  ratio,  subject  to  other  constraints  such  as 
required  wing  thickness  and  volume.  In  principle  this  method  allows  the  designer  to  specify  any 
reasonable  design  objectives.  The  method  becomes  extremely  expensive,  however,  as  the  number 
of  parameters  is  increased,  and  its  successful  application  in  practice  depends  heavily  on  the  choice 
of  a  parametric  epresentation  of  the  configuration. 

The  purpose  of  this  paper  is  to  propose  that  there  are  benefits  in  regarding  the  design 
problem  as  a  control  problem  in  which  the  control  is  the  shape  of  the  boundary.  A  variety  of 
alternative  formulations  of  the  design  problem  can  then  be  treated  systematically  by  using  the 
mathematical  theory  for  control  of  systems  governed  by  partial  differential  equations  [21]. 

Suppose  that  the  boundary  is  defined  by  a  function  f(x),  where  x  is  the  position  vector.  As  in  the 
case  of  optimization  theory  . applied  to  the  design  problem,  the  desired  objective  is  specified  by  a 

cost  function  I,  which  may,  for  example,  measure  the  deviation  from  a  desired  surface  pressure 
distribution,  but  could  also  represent  other  measures  of  performance  such  as  lift  and  drag.  The 
introduction  of  a  cost  function  has  the  advantage  that  if  the  objective  is  unattainable,  it  is  still 
possible  to  find  a  minimum  of  the  cost  function.  Now  a  variation  in  the  control  Si  leads  to  a 
variation  <51  in  the  cost.  It  is  shown  in  the  following  sections  that  51  can  be  expressed  to  first  order 
as  an  inner  product  of  a  gradient  function  g  with  Si: 

SI  =  (g  ,.  Si) 

Here  g  is  independent  of  the  particular  variation  if  in  the  control,  and  can  be  determined  by 
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solving  an  adjoint  equation.  Now  choose 
«  =  -  Ag 

where  A  is  a  sufficiently  small  positive  number.  Then 

<51  =  -A(g,g)  <  0 

assuring  a  reduction  in  1.  After  making  such  a  modification,  the  gradient  can  be  recalculated  and 
the  process  repeated  to  follow  a  path  of  steepest  descent  until  a  minimum  is  reached.  In  order  to 
avoid  violating  constraints,  such  as  a  minimum  acceptable  wing  thickness,  the  steps  can  be  taken 
along  the  projection  of  the  gradient  into  the  allowable  subspace  of  the  control  function.  In  this 
way  one  can  devise  design  procedures  which  must  necessarily  converge  at  least  to  a  local 
minimum,  and  which  might  be  accelerated  by  the  use  of  more  sophisticated  descent  methods. 
While  there  is  a  possibility  of  more  than  one  local  minimum,  the  cost  function  can  be  chosen  to 
reduce  the  likelihood  of  difficulties  caused  by  such  a  contingency,  and  in  any  case  the  method  will 
lead  to  an  improvement  over  the  initial  design.  The  mathematical  development  resembles  in 
many  respects  the  method  of  calculating  transonic  potential  flow  proposed  by  Brisieau, 

Pironneau,  Glowinski,  Periaux,  Perrier  and  Poirier,  who  reformulated  the  solution  of  the  flow 
equations  as  a  least  squares  problem  in  control  theory  [4]. 

In  order  to  illustrate  the  application  of  control  theory  to  design  problems  in  more  detail, 
the  following  sections  present  design  procedures  for  three  examples.  Section  2  discusses  the  design 
of  two  dimensional  profiles  for  compressible  potential  flow  when  the  profile  is  generated  by 
conformal  mapping.  This  leads  to  a  generalization  of  the  methods  of  Lighthill  and  McFadden. 
Section  3  discusses  the  same  problem  when  the  flow  is  governed  by  the  inviscid  Euler  equations. 
Finally,  Section  4  addresses  the  three  dimensional  design  problem  for  a  wing,  assuming  the  Cow  to 
be  governed  by  the  inviscia  h  <ler  equations.  The  procedures  which  are  presented  require  the 
solution  of  several  partial  differential  equations  at  each  step.  The  question  of  the  most  efficient 
discretization  of  these  equations  is  deferred  for  future  investigation. 
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2.  Design  for  potential  flow  using  conformal  mapping 

Consider  the  case  of  two  dimensional  compressible  invistid  flow.  In  the  absence  of  shock 
waves  an  initially  irrotational  flow  will  remain  irrotational,  and  we  can  assume  that  the  velocity 
vector  a  is  the  gradient  of  a  potential  <p.  In  the  presence  of  weak  shock  waves  this  remains  a  fairly 
good  approximation.  Let  £  ,  T  and  S  denote  vortidty,  temperature  and  entropy.  Then  according 
to  Crocco’s  Theorem,  vortidty  in  steady  flow  is  assodated  with  entropy  production  through  the 
relation 


9x£+TVS=0 

Thus,  the  introduction  of  a  potential  is  consistent  with  the  assumption  of  isentropic  flow,  and 
shock  waves  are  moddled  by  isentropic  jumps.  Let  p,  p,  c  and  M  be  the  pressure,  density,  speed 
of  sound  and  Mach  number  q/c.  Then  the  potential  flow  equation  is 

V  •  p  V  <t>  =  0  (2.1) 

where  the  density  is  given  by 

p={l+^-M2(l-<12)}1/r'1  (2-2) 


while 


yi 

P  =  -^— 7 
7 

© 


c2  =  3E 


(2.3) 


Here  M  is  the  Mach  number  in  th?  free  stream,  and  the  units  have  been  chosen  so  that  p  and  q 

CD 

have  the  val  re  unity  in  the  far  field.  Equation  (2.2)  is  a  consequence  of  the  energy  equation  in  the 
form 


2  2 

=  constant 
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Figure  1 

Suppose  that  the  domain  D  exterior  to  the  profile  C  in  the  z  plane  is  conformally  mapped 
onto  the  domain  exterior  to  a  unit  circle  in  the  a  plane  as  sketched  in  Figure  1.  Let  Rand  6  be 
polar  coordinates  in  the  a  plane,  and  let  r  be  the  inverted  radial  coordinate  1/R.  Also  let  h  be  the 
modulus  of  the  derivative  of  the  mapping  function 


Now  the  potential  flow  equation  becomes 

W  +  1  If  Mt)  =  0  inD  (2-4) 

where  the  density  is  given  by  equation  (2.1),  and  the  circumferential  and  radial  velocity 
components  are 


r  4>n 

U  =  TT>  V  =  T 


(2/>) 


while 


q2  =  u2  +  v2 


(2.6) 


The  condition  of  flow  tangency  leads  to  the  Neumann  boundary  condition 


n  oi 


0  on  C 


(2.7) 


In  the  far  field  the  potential  is  given  by  an  asymptotic  estimate,  leading  to  a  Dirichlet  boundary 
condition  at  r  =  0  (2]. 
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Suppose  that  it  is  desired  to  achieve  a  specified  velocity  distribution  on  C.  Introduce 
the  cost  function 


I  =  5|(«d)2d<?  (2-8) 

The  design  problem  is  now  treated  as  a  control  problem  where  the  control  function  is  the  mapping 
modulus  h,  which  is  to  be  chosen  to  minimize  I  subject  to  the  constraints  defined  by  the  flow 
equations  (2.2  -  2.7). 

A  modification  <5h  to  the  mapping  modulus  ■will  result  in  variations  6<j>,  #u,  Sv  and  6p  to  the 
potential,  velocity  components  and  density.  The  resulting  variation  in  the  cost  will  be 

a  =  J(q-<id)M*  (2-9) 


where  on  C  q  =  u.  Also 


Sn  =  r 


5v~i‘ 


% 


-v 


fih 


while  according  to  equations  (2.2)  and  (2.6) 


do  pu 

W"?’ 


Hence 


Sp  =  ~^  (uiu  +  vSv) 

=  ^^T"^E(U0'^  +  vr%) 


It  follows  that  Si  satisfies 


-  -  |j  (pM2<f>g  ^)  -  r  (pM2r0r  ^) 
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where 


L  =  w  H1  “pj) &_£pr  If)  +  r  If  j^1  r4-£pls} 


(2.10) 


Then  if  ip  is  any  periodic  differentiable  function  which  vanishes  in  the  far  field 


j^LtydS  =  |  pU2  70  •  VV»-% 


dS 


(2.11) 


where  dS  is  the  area  element  rdrdtf,  and  the  right  hand  side  has  been  integrated  by  pans. 

Now  we  can  augment  equation  (2.9)  by  subtracting  the  constraint  (2.11).  The  auxiliary 
function  ip  then  plays  the  role  of  a  Lagrange  multiplier.  Substituting  for  <$q  and  integrating  the 
term 


l 


(q-9d)r^^d(? 


by  parts,  we  obtain 


fl  =  £(q-qd)qTf<w-|w$j[^-T^]  d0-|^L^ds  + j^M2^-  w 


Sh 


dS 


Now  suppose  that  ip  satisfies  the  adjoint  equation 


Lip-0  in  D 


(2.12) 


with  the  boundary  condition 


onC 


(2.13) 
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Then  integrating  by  parts 


pipT  6<f>d6 


and 


=  (q-qd)qids+|pM^.?^ds 


(2.14) 


Here  the  first  term  represents  the  direct  effect  of  the  change  in  the  metric,  while  the  area  integral 
represents  a  correction  for  the  effect  of  compressibility. 

Equation  (2.14)  can  be  further  simplified  to  represent  fl  purely  as  a  boundary  integral 
because  the  mapping  function  is  fully  determined  by  the  value  of  its  modulus  on  the  boundary. 
Set 


'"sji-'+tf 


where 


f  =  log 


dz 

3? 


=  log  h 


and 


<5f  = 


Zh 

T 


Then  f  satisfies  Laplace’s  equation 


Af  =  0  inD 


and  if  there  is  no  stretching  in  the  far  field,  f  h  0.  Thus 


A#=0  inD 
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satisfied  by  f  on  the  boundary  C.  Suppose  that 


log  Jg|J  is  expanded 


as  a  power  series 


(2.19) 


where  only  negative  powers  are  retained  because  otherwise  ^  would  become  unbounded  for  large 
a.  The  condition  that  f  -*  0  as  c  a  implies 


c0  =  ° 


Also  the  change  in  z  on  integration  around  a  circuit  is 


Az  =  A 


dfd^  =  2jric1 


so  the  profile  will  be  closed  only  if 


C1 


=  0. 


On  C  equation  (2.19)  reduces  to 


a)  o 

fQ  +  i  Pq=  £  (an  cos  n 0  +  bn  sin  a$)  +  i  J  (bn  cos  n9~ an  sin  n  6) 
n=0  n=0 


Thus  an  and  bn  are  the  Fourier  coefficients  of  f q,  and  these  constraints  reduce  to 


a0 


=  0, 


—  0,  b^  -  0 


In  order  to  satisfy  these  constraints  we  can  project  g  on  to  the  admissible  subspace  for  f^ 
by  setting 


g  =  g- Aq- Aj  cos  0-B^  sin  0 


(2.2C) 
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where 


[  gd0 

v =11 

g  cos  6  dO 

c 

g  sin  6  d  0 

Then 

|  (g-g)  gd0=O 
C 

and  if  we  take 

ff  =  -Ag 


(2.21) 


it  follows  that  to  first  order 


If  the  flow  is  subsonic  this  procedure  should  converge  toward  the  desired  speed  distribution 
since  the  solution  will  remain  smooth,  and  no  unbounded  derivatives  will  appear.  If,  however,  the 
flow  is  transonic,  one  must  allow  for  the  appearance  of  shock  waves  in  the  trial  solutions,  even  if 
is  smooth.  Then  q  -  is  not  differentiable.  This  difficulty  can  be  circumvented  by  a  more 

sophisticated  choice  of  the  cost  function.  Consider  the  choice 

I  =  ij  [ais2  +  a2|B]  )d*  (2,22) 

C 

where  A1  and  Ag  are  parameters,  and  the  periodic  function  S(v)  satisfies  the  equation 
v  r  ,  d2S  _  „  „ 

V“A2^-q-qd 


(2.23) 
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Then 

fl  =^(A1S«S  +  A2g^6S)d5 

=  |S(A^-A2^W 

=  [  SSqi$ 

6 

Thus  S  replaces  q  -  q^  in  the  previous  formulas,  and  if  one  modifies  the  boundary  condition  (2.13) 
to 


w  _  1  d  fS) 

|ej  onC 


the  formula  for  the  gradient  becomes 


s-S-sq 


(2.24) 


(2.25) 


instead  of  equation  (2.18).  Then  one  modifies  f  by  a  step  -Ag  in  the  direction  of  the  projected 
■fient  as  before. 

The  final  design  procedure  is  thus  as  follows.  Choose  an  initial  profile  and  corresponding 
mapping  function  f.  Then 

1)  Solve  the  flow  equations  (2.2  -  2.7)  for  if>,  u,  v,  q,  p. 

2)  Solve  the  ordinary  differential  equation  (2.23)  for  S. 

3)  Solve  the  adjoint  equation  (2.12)  for  ip  subject  to  the  boundary  condition  (2.24). 


4) 


Solve  the  auxiliary  Poisson  equation  (2.15)  for  V. 
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5)  Evaluate 


„  _  d?  - 

on  C,  and  find  its  projection  g  onto  the  admissible  subspace  of  variations  according  to 
equations  (2.20)  and  (2.21). 

6)  Correct  the  boundary  mapping  function  f^  by 

ff  =  -Ag 

and  return  to  step  1. 

3.  Design  for  the  Euler  equations  using  conformal  mapping 

This  section  treats  the  case  of  two  dimensional  compressible  flow  where  the  potential  flow 
equation  is  replaced  as  a  mathematical  model  by  the  inviscid  Euler  equations.  Let  p,  p,  u,  v,  E 
and  H  denote  the  pressure,  density,  Cartesian  velocity  components,  total  energy  and  total 
enthalpy.  For  a  perfect  gas 

p  =  (r-l)p{E-^(u2  +  v2)}  (3.1) 

and 

pH  =  pE  +  p  (3.2) 

where  7  is  the  ratio  of  specific  heats.  The  Euler  equations  may  then  be  written  as 


where  x  and  y  are  Cartesian  coordinates,  t  is  the  time  coordinate  and 
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p  ■ 

>u 

n 

pv 

pn 

,  1  = 

pu  +p 

pvu 

pv 

puv 

)  g 

0 

pv  +  p 

.pE. 

puH 

pv  H 

(3.4) 


As  in  the  previous  section,  suppose  that  the  domain  D  exterior  to  the  profile  C  in  the  2 
plane  is  mapped  conformally  onto  the  domain  exterior  to  a  unit  circle  in  the  a  plane  (see  Figure 
1).  Assume  also  that  the  outer  boundary  B  of  the  domain  is  very  far  from  the  profile.  Let  the 
derivative  of  the  mapping  function  be 


dz 

3d 


=  h 


(3.5) 


Also  let  r  and  0  be  polar  coordinates  in  the  <r  plane,  where  in  this  case  it  is  more  convenient  to 
take  r  as  the  true  radial  coordinate  denoted  by  R  in  the  previous  section,  and  6  is  measured  in  the 
clockwise  direction.  Define  the  rotation  parameters 


c  =  cos  (P-8) ,  6  =  sin  (0  -  0) 


(3.6) 


and  rotated  velocity  components 


U' 

V 


s 

c 


Then  the  Euler  equations  become 

|(rb2w)  +  fp(hF)  +  |(rhG)  =  0 


(3.7) 


(3.8) 


where 


p 

>U 

pv 

w  = 

pu 

pv 

.pv. 

,  F  = 

pU  U  +  6p 

pH  v  —  cp 
.PUH 

,  G  = 

pVu  +  cp 
pVv  +  sp 
pVE 

(3.9) 


Then  the  flow  is  detwndned  as  the  steady  state  solution  of  equations  (3.8)  and  (3.9),  subject  to 
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the  flow  tangency  condition 


V  =  0  on  C  (3.10) 

At  the  fax  field  boundary  B  conditions  can  be  specified  for  incoming  waves,  while  outgoing  waves 
are  determined  by  the  solution. 

In  contrast  to  the  case  of  potential  flow,  the  pressure  is  not  determined  solely  by  the  speed, 
and  assuming  that  one  wishes  to  control  the  surface  pressure  distribution,  a  suitable  cost  function 
is 


1  =  I  ^  (P  "  Pd)2 


(3.11) 


where  is  the  desired  pressure.  A  modification  to  the  mapping  function  will  influence  equations 
(3.8)  and  (3.9)  through  changes  <5h  and  60  in  both  the  modulus  and  argument  of  gg ,  finally 
leading  to  a  variation  in  the  cost  function 

A  =  }  (P  —  Pd)  SpM  (3.12) 

C 

where  £p  is  the  variation  of  the  pressure. 

Now  the  mapping  variations  cause  variations  in  the  rotation  parameters 


6s  =  c60,  6c  =  -b60 

6(hs)  =  sih  +  hc60 ,  6(hc)  =  c£h  —  hs 50 


Define  the  Jacobian  matrices 


A  = 


dl 
Tfu  ’ 


(3.13) 


C  =  sA  -  cB 


D  =  cA  +  sB 


(3.14) 
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Then  the  variation  5w  in  w  satisfies 


l^hCfw)  +  -|(rhD5w)  =  -  ^FSh  +  hG  5/3)  -  |j  r(G<5h  -  hF<5/3) 


(3.15) 


Also 


SV  =  0  on  C 


(3.16) 


At  the  outer  boundary  there  will  be  no  variation  in  characteristic  variables  corresponding  to 
incoming  waves.  If  we  take  the  outer  boundary  B  at  a  fixed  radius,  incoming  waves  correspond  to 
negative  eigenvalues  of  D.  Suppose  that  D  is  represented  as  T  A  T-1,  where  A  is  a  diagonal 
matrix  containing  its  eigenvalues,  and  the  columns  of  T  are  eigenvectors  of  D.  Define 


fiw  =  T-1  «w 


and  6vt  as  the  components  of  £w  corresponding  to  negative  eigenvalues  of  T.  Then 


5w  =0  on  B 


(3.17) 


Since  6vt  satisfies  the  constraint  (3.15),  we  can  replace  equation  (3.12)  by 


^  (p  -pd)6pd0- (hC5w)  +  ^  (rhD<5w)jdrd0 
- 1|  ipT  (F0h  +  hG 60)  H-  J  r(G«h  -  hF$j0)]drd0 


(3.18) 


where  the  vector  ip  is  a  Lagrange  multiplier,  and  the  superscript  T  denotes  the  transpose.  Suppose 
that  ip  is  the  steady  state  solution  of  the  adjoint  equation 

U_c'r!$-rDTU  =  0  inD  (3.19) 

At  the  outer  boundary  B  conditions  can  be  specified  for  incoming  waves,  corresponding  to  positive 
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eigenvalues  of  D ^  =  T  1  A  T^.  Define 
#=  TTtf 

and  as  the  components  of  $  corresponding  to  positive  eigenvalues  of  D.  Then  we  can  set 

$+  =  0  on  B  (3.20) 

If  we  integrate  equation  (3.18)  by  parts  the  contribution 


rh  ipVS'KdO 


=  |  rh  $  A  Svr  d  0 
B 


vanishes  because  of  the  complementary  boundary  conditions  (3.17)  and  (3.20)  satisfied  by  £w  and 
$  at  the  outer  boundary.  If  <5h  and  SP  decay  fast  enough  in  the  far  field  the  contribution 


r  (Gfli  —  hF$?)  dO 


will  also  be  negligible.  Thus  we  find  that 


J  (p  -  pd)  6pd6  +  |  (hD5w  +  GSh  -  hF SP)  dO  +  J 


J  =  J  j  {(FT^  +  GTiipx)6h  +  (GTfy-FTr*r)  hSP^didO 


‘0  ' 

[0 

c5p 

+  P 

«(hc) 

stfp 

£(hs) 

n 

Thus  using  the  relations  (3.13) 


fl  ~  I  (p_pd)^d<?  +  |  (<^2  +  s^3)^Phd<?  4- 1  p(c^2  +  s^)fflidtf- 1  p(s^2  -  c^)#hd0  +  J 
Now  let  satisfy  the  boundary  condition 


h(c^2  +  s^3)  =  -  (p  -  pd)  on  C 


(3.22) 


Then 


Finally  we  can  use  the  fact  that  the  mapping  function  is  fully  determined  by  its  boundary 
value  to  reduce  J  to  a  boundary  integral.  Set 


log  JiUf.fi/? 


where 


f  =  log 


dz 

3? 


=  log  h 


and 


ff  = 


TT 


Also  f  and  /?  separately  satisfy  Laplace's  equation 


Af  =  0,  A/?=  0 


and  jointly  they  satisfy  the  Cauchy  Riemann  equations 
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Let  the  auxiliary  function  P  satisfy  the  equation 


AP  =  h(FT^+GTr^r)  inD 


(3.24) 


and  the  boundary  condition 


P  =  0  on  C 


(3.25) 


Also  let  the  auxiliary  function  Q  satisfy  the  equation 


AQ  =  h(GT^-FTr^r)  inD 


(3.26) 


and  the  boundary  condition 


f^  =  hpN2  +  c^3)  onC 


(3.27) 


Then 


J  =  (AP  «f+ AQ$)drd0 


=  ]{«§  +  hp(s^2  +  Cil>3)  -  Q  |  ^}df? 

c 

=  _[  {«§■ + hp(s^2  +  Ctf-g)  -  Q  ff}d0 


Thus  finally 


1 


fl  =  gffd  0 


(3.28) 


where 


S  =  ?7  +  ^-(P-Pd)P 


(3.29) 


As  in  the  previous  section,  an  appropriate  modification  of  f  is 


«  =  -Ag 

where  g  is  the  projection  of  g  onto  the  admissible  subspace  of  variations  defined  by  equations 
(2.20)  and  (2.21),  and  A  is  a  sufficiently  small  positive  number.  Then 

fl  =  -A  |  g2  i6  <  0 

If  the  flow  is  transonic,  shock  waves  are  likely  to  be  formed,  and  again  it  may  be  desirable 
to  use  a  more  sophisticated  cost  function  to  produce  a  smooth  shape  change.  In  this  case  we  can 
set 

Ml  [Als2  +  A2(3§]2]d*  (3‘3°) 

c 

where  Aj  and  A2  are  positive  parameters,  and  the  periodic  function  S(0)  satisfies  the  equation 

2 

AlS_A2*[Jjf=p“pd  (3-31) 

Then 


Thus  S  replaces  p  -  p^  in  the  previous  formulas.  If  one  modifies  the  boundary  condition  (3.22)  to 
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hfcV’g  +  sV'g)  =  -  S  on  C  (3.32) 

the  formula  for  the  gradient  becomes 

ftp 

S  =  Sp  (3.33) 

instead  of  equation  (3.29),  and  an  appropriate  modification  of  f  is  again  -Ag. 

The  final  design  procedure  using  the  Euler  equations  is  thus  as  follows.  Choose  an  initial 
profile  and  corresponding  mapping  function  f.  Then 

1)  Solve  the  flow  equation  (3.8)  for  w  by  integrating  to  a  steady  state. 

2)  Solve  the  ordinary  differential  equation  (3.31)  for  S. 

3)  Solve  the  adjoint  equation  (3.19)  with  the  boundary  conditions  (3.20)  and  (3.32)  for  $  by 
integrating  to  a  steady  state. 

4)  Solve  the  auxiliary  Poisson  equations  (3.24)  and  (3.26)  for  P  and  Q. 

5)  Evaluate 


on  C,  and  find  its  projection  g  onto  the  admissible  subspace  of  variations  according  to 
equations  (2.20)  and  (2.21). 

6)  Correct  the  boundary  mapping  function  f^  by 
«»-. Ag 


where  X  >  0,  and  return  to  step  1. 
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4,  Wine  design  using  the  Euler  equations 


In  order  to  illustrate  further  the  application  of  control  theory  to  aerodynamic  design 
problems,  this  section  treats  the  case  of  three-dimensional  wing  design,  again  using  the  inviscid 
Euler  equations  as  the  mathematical  model  for  compressible  flow.  In  this  case  it  proves 
convenient  to  denote  the  Cartesian  coordinates  and  velocity  components  by  Xp  X2,  xg  and  Up  u2, 
Ug,  and  to  use  the  convention  that  summation  over  i  =  1  to  3  is  implied  by  a  repeated  index  i. 
The  three-dimensional  Euler  equations  may  then  be  written  as 


where 


5fi 

*4 


=  0 


w  = 


p 

pvx 

PU? 

pu3 

pE 


(4.1) 


(4.2a) 


PUj 

>2 

>3 

P«1  +p 

•  f2~ 

pu2ui 

,  fg- 

pu3ui 

PUiU2 

pu2  +p 

pUgUg 

mlu3 

^2U3 

PU3  +P 

.PUjE 

.PU2E 

.^3B  • 

(4.2b) 


Also 


P  =  (7-1)  p(  E-51), 


pH  =  pE  +  p 


(4.3) 


Consider  a  transformation  to  coordinates  Xp  X2,  Xg  where 


dx. 


1  dX\ 

=-n-± 


J  =  det(H), 


(4.4) 
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The  Euler  equations  can  now  be  written  as 


FT  +  3XT_U 


(4.5) 


when 


sx 

W  =  Jw, 


(4.6) 


Define  the  contravariant  velocity  vector 


‘V 

'V 

U2 

=  H-1 

u2 

kJ 

■  u3  ■ 

(4-7) 


Then 


F.=J 


pUi 

axj 

pUiui  +  3s^p 

ax. 

pUiU2  +  ^P 

ax; 

pUiu3  +  H^p 

[pU 


(4.8) 


Assume  now  that  the  new  coordinate  system  conforms  to  the  wing  in  such  a  way  that  the  wing 
surface  Bw  is  represented  by  X2  =  0.  Then  the  flow  is  determined  as  the  steady  state  solution  of 
equation  (4.5)  subject  to  the  flow  tangency  condition 


U2  =  °  onBw 


(4.9) 


At  the  far  field  boundary,  conditions  can  be  specified  for  incoming  waves  as  in  the 
two-dimensional  case,  while  outgoing  waves  are  determined  by  the  solution. 


Suppose  now  that  it  is  desired  to  control  the  surface  pressure  by  varying  the  wing  shape.  It 
is  convenient  to  retain  a  fixed  computational  domain.  Variations  in  the  shape  then  result  in 
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corresponding  variations  in  the  mapping  derivatives  defined  by  H.  Introduce  the  cost  function 


HjJfP-p/dXrt 

B... 


(4.10) 


where  pa  is  the  desired  pressure.  A  variation  in  the  shape  will  cause  a  variation  dp  in  the  pressure 
and  consequently  a  variation  in  the  cost  function 


<51  = 


Sp  dXjdXg 


(4.11) 


Since  p  depends  on  w  through  the  equation  of  state  (4.3),  the  variation  dp  can  be 
determined  from  the  variation  dvr.  Define  the  Jacobian  matrices 


A;  = 


*fi 

W' 


Ci  =  HijAj 


(4.12) 


Then 

olj'  ($Fj)  =  0 


(4.13) 


where 


(4.14) 


and  for  any  differentiable  vector 


J  I^T-  ^  dv  =  J  n.^ 

D  bouda 


£F.  ds 
bouda  r  ies 


(4.15) 


where  n^,  n2  and  ng  are  the  components  of  a  unit  vector  normal  to  the  boundary.  On  the  wing 
surface  Bw ,  =  n^  =  0  and  it  follows  uom  equation  (4.9)  that 
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0 

'0 

dX0 

ax. 

+  p 

ax. 

dX0 

*4* 

ax. 

.0 

.0 

Suppose  now  that  ip  is  the  steady  state  solution  of  the  adjoint  equation 
if-C?D^0  inD 


(4.16) 


(4.17) 


At  the  outer  boundary  incoming  characteristics  for  ip  correspond  to  outgoing  characteristics  for 
t w .  Consequently,  as  in  the  two-dimensional  case,  one  can  choose  boundary  conditions  for  ip  such 
that 


ni^T^i  ^  =  0 


If  the  coordinate  transformation  is  such  that  £(JH  *)  is  negligible  in  the  far  field,  the  only 
remaining  boundary  term  is 


Let  ip  satisfy  the  boundary  condition 


J^2  Hi +  ^3  Hf  +  h  Hf)  =  “  (P  “  Pd)  on  Bw 


Then,  since  it  follows  from  equation  (4.17)  that 


f 


‘i 


6w  dV  =  0 


(4.18) 
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we  find  that 

=  j  !rr  5(J  fjdv  ~  jj  { v(J§)  +  +  *4jt4  }  P  ^ 


x.y 


X,Y 


(4.19) 


Figure  2 

A  convenient  way  to  treat  a  wing  is  to  introduce  sheared  parabolic  coordinates  through  the 
transformation 


x  =  ^{x2-(Y  +  S(X,Z))2} 
y  =  X(Y  +  S(X,Z)) 

z=  Z 

Here  x,  y,  z  are  Cartesian  coordinates,  and  X  and  Y+S  correspond  to  parabolic  coordinates 
generated  by  the  mapping 

x  +  iy  =  |(X  +  i(Y  +  S))2 

at  a  fixed  span  station  Z.  The  surface  Y=0  is  a  shallow  bump  corresponding  to  the  wing  surface, 
with  a  height  S(X,Z)  determined  by  the  equation 

X  +  iS=  12  (x6  +  iyg) 


where  xfi(z)  and  yg(2)  are  coordinates  of  points  lying  in  the  wing  surface.  We  now  treat  S(X,Z)  as 
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the  control. 


In  this  case 


R  = 


X-(Y+S)SX 
Y+S  +  XSX 


0 


~  (Y+S)  -(Y+S)SZ- 

X  xsz 

0  1 


while 

J  =  X2  +  (Y+S)2 


and 


X 


-  (Y+S+XSX) 


0 


Y+S  0 

(X-{Y+S)SX  -JSZ 

0  J 


Also 


6J  =  2(Y+S)  SS 


and 


6(JH-1)  = 


0 

-(«s+x«sx) 

0 


5S 

-  (assx+(Y+s)«sx) 

0 


0 

-(&T  SZ+J<5SZ) 
1 


Inserting  these  formulas  in  equation  (4.19)  we  find  that  the  volume  integral  in  61  is 


l 


6SfjdV 


1$  |(^S+X5Sx)f1  +  (6SSx+(Y+S)6Sx)f2  +  (6JSz+J<5Szf3)} 


,  f  .T - 

+  J  ^z  OJQV 


dV 


wheio  S  and  SS  are  independent  of  Y.  Therefore,  integrating  over  Y,  the  variation  of  the  cos 
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function  can  be  reduced  to  a  surface  integral  of  the  form 


(P(X,Z)ffi  +  Q(X,Z)£SX  +  R(X,Z){Sz)dXdZ 


Also  the  shape  change  will  be  confined  to  a  bounded  region  of  the  X-Z  plane,  so  we  can  integrate 
by  parts  to  obtain 


A  = 


'I 


-|§)  SSdXdZ 


Thus  to  reduce  I  we  can  choose 


®  -  ~-Mp  “  fjf  “  f§) 


where  A  is  sufficiently  small  and  non-negative. 

In  order  to  impose  a  thickness  constraint  we  can  define  a  baseline  surface  Sq(X,Z)  below 

which  S(X,Z)  is  not  allowed  to  fall.  Now  if  we  take  A  =  A(X,Z)  as  a  non-negative  function  such 
that 


S(X,Z)  +  £S(X,Z)  >  SQ(X,Z) 

Then  the  constraint  is  satisfied,  while 

SI  =  -f|  A(P  - -  J|)2  dXdZ  <  0 
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5.  Conclusion 


The  purpose  of  the  last  three  sections  is  to  demonstrate  by  representative  examples  that 
control  theory  can  be  used  to  formulate  computationally  feasible  procedures  for  aerodynamic 
design,  The  cost  of  each  iteration  is  of  the  same  order  as  two  flow  solutions,  since  the  adjoint 
equation  is  of  comparable  complexity  to  the  flow  equation,  and  the  remaining  auxiliary  equations 
could  be  solved  quite  inexpensively.  Provided,  therefore,  that  one  can  afford  the  cost  of  a 
moderate  number  of  flow  solutions,  procedures  of  this  type  can  be  used  to  derive  improved 
designs.  The  approach  is  quL,  general,  not  limited  to  particular  choices  of  the  coordinate 
transformation  or  cost  function,  which  might  in  fact  contain  measures  of  other  criteria  of 
performance  such  as  lift  and  drag.  For  the  sake  of  simplicity  certain  complicating  factors,  such  as 
the  need  to  include  a  special  term  in  the  mapping  function  to  generate  a  corner  at  the  trailing 
edge,  have  been  suppressed  from  the  present  analysis.  Also  it  remains  to  explore  the  numerical 
implementation  of  the  design  procedures  proposed  in  this  paper. 
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ABSTRACT 

An  aerodynamic  design  optimization  technique  which  couples  direct  optimization  algorithms 
with  the  analysis  capability  provided  by  appropriate  computational  fluid  dynamics  (CFD) 
programs  Is  presented.  This  technique  Is  Intended  to  be  an  aid  in  designing  the  aerodynamic 
shapes  and  test  conditions  required  for  the  successful  simulation  of  aircraft  engine  Inlet 
conditions  In  a  ground  test  environment.  However,  the  method  Is  applicable  to  other 
aerodynamic  design  problems.  The  approach  minimizes  a  nonlinear  least-squares  objective 
function  which  may  be  defined  In  a  region  remote  to  the  geometric  surface  being  optimized.  In 
this  study,  finite-difference  Euler  and  Navler-Stokes  code*  were  applied  to  obtain  the 
objective  function  evaluations,  although  the  optimization  method  could  be  coupled  with  any 
CFO  analysis  technique.  Results  are  presented  for  a  NACA0012  airfoil,  converger.t/Jlvergent 
nozzles,  and  a  planar,  supersonic  fortbody  simulator  design. 

NOMENCLATURE 


B  *  Jacobian  approximation 

F_  =  Least  squares  objective  function 

gijTu)  =  Bernstein  basis  function 

J  “  Jacobian  matrix  of  R  with  respect  to  P 

M  =  Total  number  of  design  parameters 

Mx  =  Mach  number  component  along  the  x-axIs 

My  *  Mach  number  component  along  the  y-axls 

Mz  =  Mach  number  component  along  the  z-axls 

N  °  Total  number  of  residual  components 

Up  =>  Total  number  of  reference  plane  grid  points 

He  =  Total  number  of  parameter  constraints 

P  =  Design  parameter  vector 

Pi  =  Design  parameter 

Pf  »  Total  pressure 

ri  =  Least-squares  residual  component 

R  »  Least-squares  residual  vector 

t  =  HACA0012  airfoil  thickness  parameter 

Tt  =  Total  temperature 

AP  »  Computed  change  In  design  paraiieters 

x  =  NACA0012  airfoil  axial  coordinate 

xn  »  Position  vectors  of  Bezier  control  points 

x(u)  =  Bernsteln-Bezier  polynomial 

x(u,v,w) =  Three-dimensional  Bezier  polynomial 

y(x)  =  Function  which  defines  a  NACA0012  airfoil 


1.0  INTRODUCTION 

Ouring  the  past  three  decades  Computational  Fluid  Dynamics  (CFD)  has  emerged  as  a  discipline  which 
allows  the  analysis  of  many  previously  Intractable  problem*  In  Mud  mechanics.  Although  CFD  Is  still  In 
a  stage  of  rapid  growth  and  development,  It  Is  already  being  wtlely  used  to  enhance  the  aerodynamic 
design  process  (Ref.  1).  The  most  common  contribution  of  CFD  In  aerodynamic  design  has  been  to  provide 
direct  analyses  of  existing  or  proposed  design  configurations  as  a  means  of  evaluating  the  design's 
utility.  Coupling  numerical  optimization  methods  with  the  versatile  analysis  capability  a.'forded  by 
modern  CFO  techniques  offers  the  potential  to  *  low  many  aerodynamic  deslqns  to  be  optimized  relative  to 
specified  design  criteria  In  a  fashion  heretofore  impossible,  the  objective  of  this  paper  Is  to  present  a 
coupled  CFD/noriinear  optimization  method  which  is  being  developed  for  application  to  aerodynamic  design 
problems.  This  is  accomplished  through  the  optimization  of  selected  design  parameters  by  minimizing  a 
nonlinear  least  squares  objective  functle- ,  The  technique  presented  is  applicable  In  both  two  and  three 
dimensions  and  In  principle  could  be  coupled  with  any  appropriate  CFO  technique. 

Aerodynamic  design  optlm.zation  utilizing  CFD  has  been  the  subject  of  several  recent  papers.  An 
Inverse  design  capability  was  implemented  Into  an  Euler  code  by  Zannetti  and  Pandolfl  (Ref.  2).  A  similar 
capability  was  Implemented  Into  a  thin-layer  Navler-Stokes  code  by  Yang  and  Ntone  (Ref.  3).  Design 


*The  research  reported  herein  was  performed  by  the  Arnold  Engineering  Development  Center  (AEOC),  Air 
Force.  System's  Co?wand.  'dork  and  analysis  for  this  research  were  done  by  personnel  of  Sverdrup 
Technology,  Ir,  .,/AZDC  Croup,  operating  contractor  of  the  AEDC  propulsion  test  facilities.  Further 
reproduction  Is  authorized  to  satisfy  the  needs  of  the  U.  S.  Governoment. 


23-2 


optimizations  have  been  performed  by  utilizing  a  family  of  base  designs  to  define  basis  functions  from 
which  the  optimum  design  can  be  determined  (e.g.,  Vanderplaats  (Ref.  4),  Barger  and  Hoitra  (Ref.  5),  and 
Pittman  (Ref.  6)).  Madabhushi,  Levy,  and  Pincus  (Ref.  7)  coupled  a  spatially  parabolized  Havier-Stokes 
code  with  a  quasi-Newton  optimization  algorithm  for  application  to  subsonic  duct  design.  Jenkins  and 
Hatfield  (Ref.  8)  coupled  a  method-of-characteri sties  flow  solver  with  the  Hooke  and  Jeeves  pattern- 
search  optimization  algorithm  to  aid  in  the  design  of  supersonic  turbine  stators.  Each  of  these 
techniques  was  successfully  applied  to  the  class  of  design  problem  for  which  they  were  developed. 
However,  the  aerodynamic  range  of  applicability  can  be  extended  if  nonlinear  optimization  is  coupled  with 
a  general  purpose  Euler/Navier-Stokes  solver. 

The  aerodynamic  design  optimization  problem  which  motivated  this  work  is  Illustrated  in  Fig.  1.  This 
figure  depicts  an  inlet-engine  compatibility  test  within  a  generic  ground  test  facility  designed  to 
evaluate  the  performance  of  an  Integrated  propulsion  system.  In  this  problem  the  indicated  forebody 
simulator  must  be  designed  In  conjunction  with  the  free-jet  flow  properties  (total  pressure,  total 
temperature,  Mach  number,  and  flow  angle).  The  design  requirement  Is  to  produce  a  flow  field  entering  the 
engine  inlet  in  the  free-jet  installation  which  is  very  similar  to  that  which  would  be  encountered  in 
flight  (Ref.  9).  The  underlying  premise  is  that  it  is  irrelevant,  to  the  engine/lnlet  combination,  from 
whence  the  conditions  came  as  long  as  an  adequate  match  exists.  The  aerodynamicist  must  specify  a 
forebody  simulator  geometry  and  free-jet  fluid  properties  which  produce,  within  design  tolerance,  the 
desired  fluid  dynamic  state  at  the  region  of  Interest.  The  fluid  properties  are  specified  at  a  reference 
plane  upstream  of  the  engine  Inlet,  hereafter  referred  to  as  the  inlet  reference  plane  (RP). 

This  optimization  problem  possesses  several  interesting  features  In  that:  (1)  the  flow-field 
constraints  are  Imposed  at  a  location  away  from  the  geometric  surface  which  is  being  optimized,  (2)  some 
free-jet  fluid  properties  must  be  optimized,  (3)  discontinuous  or  localized  high  gradient  behavior  may 
occur  within  the  design  space  (e.g.,  shocks  or  onset  of  separated  flow),  and  (4)  a  history  of  prior 
similar  designs  does  not  exist.  These  characteristics  preclude  the  direct  application  of  techniques 
previously  developed  since  the  fluid  dynamic  analysis  requirements  indicate  that  the  optimization 
algorithm  be  coupled  to  a  three-dimensional  Havier-Stokes  code  nr  an  Euler  code. 

For  this  design  problem,  the  fluid  dynamic  state  is  completely  specified  at  the  RP  and  an  objective 
function  can  be  defined  at  the  RP  which  measures  the  error  norm  between  the  desired  fluid  dynamic 
properties  and  the  fluid  properties  computed  for  a  particular  design  point.  The  design  requirement  is  to 
minimize  this  highly  nonlinear  objective  function  with  respect  to  identified  design  parameters  to  yield 
the  optimal  design.  The  error  norm  was  selected  to  be  a  least-squares  deviation  between  the  target  flow- 
field  variables  and  the  values  computed  for  a  given  design  point.  The  least-squares  form  was  selected 
because:  (1)  the  method  is  very  versatile,  (2)  extensive  literature  is  available  on  general  nonlinear 
least-squares  minimization,  and  (3)  efficient  Newton  and  quasi-Newton  methods  are  well  documented  for  the 
nonlinear  least-squares  problem. 

Application  to  a  complete  three-dimensional  forebody  simulator  design  (FBS)  has  not  yet  been  achieved, 
but  simpler  examples  demonstrating  development  of  key  features  of  the  design  process  are  presented.  The 
examples  presented  include  a  NACA0012  airfoil,  a  two-dimensional  and  a  three-dimensional  convergent/ 
divergent  nozzle,  and  a  planar,  supersonic,  forebody  simulator. 

2.0  NUMERICAL  TECHNIQUE 


2.1  CFO  Analysis 

A  typical  free-jet  test  envelope  can  range  from  low  subsonic  flow  to  moderately  high  supersonic  flows 
with  the  free-jet  nozzle  potentially  inclined  at  high  angles  of  attack  relative  to  the  test  article.  The 
appropriate  aerodynamic  analysis  for  the  motivating  problem  is  thus  a  complex,  three-dimensional,  flow- 
field  computation  necessitating  the  application  of  an  Euler  code  or  a  Navier-Stokes  code  to  produce  an 
accurate  simulation. 

In  this  study  all  of  the  CFD  analyses  were  performed  by  application  of  PARC,  a  general  purpose,  finite 
difference  Euler/Havier-Stokes  CFO  code  (Ref.  10)  which  applies  a  diagonalized  version  of  the  Beam  and 
Warming  algorithm  to  solve  the  governing  partial  differential  equations.  The  PARC  code  has  been  applied 
extensively  at  the  Arnold  Engineering  Development  Center  (AEDC)  and  elsewhere  to  analyze  a  variety  of 
complex  internal  and  external  fluid  mechanics  problems  (Ref.  11).  This  particular  CFD  code  was  selected 
because  of  its  robustness,  ease  of  use,  and  reliability.  It  produces  consistent  and  repeatable  flow 
simulations  in  the  sense  that  small  perturbations  to  design  parameters  are  accurately  reflected  in  the 
flow-field  solution.  All  of  the  computational  grids  utilized  herein  were  generated  by  application  of  the 
INGRID  code  developed  by  Soni  (Ref.  12). 

2.2  Optimization  Algorithm 

The  nonlinear  least-squares  minimization  is  formulated  as  follows:  Let  the  residuals  ri(Pi . PH), 

1  »  1,  2,  .  . .,  N,  be  functions  of  M  design  parameters.  The  design  parameters  may  be  geometric,  fluid 
dynamic,  or  both.  To  minimize  rj,  in  the  least-squares  sense,  values  for  the  parameters,  Pj,  are  found 
which  minimizes: 


FflV|,2 . (1] 

I«l 

wnere  ri  denotes  the  difference  between  the  N  specified  reference  plane  quantities  and  corresponding  N 
computed  quantities  associated  with  the  M  parameters.  This  sum  can  be  written  In  vector  form  as  R(P)Tfi(P) 
where  R(P)  is  a  vector  with  components  n  which  are  functions  of  the  parameters  Pj. 

The  residuals  are  comprised  of  differences  between  fluid  dynamic  properties  at  the  reference  plane 
(RP).  The  set  of  variables  used  herein  to  define  the  RP  fluid  state  is:  (!)  RP  total  pressure,  PTrp,  (2) 


RP  total  temperature,  Ttrp,  and  (3)  RP  directional  Mach  number,  Hxrp,  Myrp,  and  MZrp.  In  two  dimensions 
one  Mach  number  component  is  eliminated.  Variable  constraints  are  imposed  by  addition  of  barrier 
functions,  such  as  the  inverse  function  (Ref.  13),  added  to  the  objective  function,  thus,  the  expression 
RTr  becomes: 


uT,^i|(>\p-pr)-  +(vTt)‘  +  (vM‘)‘  +(vMJ'  (2) 

where  Nr  is  the  number  of  geometrically  distinct  reference  plane  points,  4>j,  represents  the  barrier 
functions,  and  Np  Is  the  number  of  parameter  constraints.  Since  each  term  In  Eq.  (2)  contains  five 
residual  components  for  each  1,  in  order  to  put  this  In  the  form  of  Eq.  (1),  N  «  5NP  +  Np  must  hold.  In 
Eq.  (2)  the  subscript  rp  denotes  the  specified  RP  values  while  unsubscripted  values  denote  RP  values 
computed  for  a  particular  trial  design  (set  of  design  parameters).  Quantities  In  Eq.  (2)  are  normalized 
by  appropriate  reference  quantities  to  produce  target  RP  values  of  order  one. 

A  popular  and  efficient  algorlti"  for  minimizing  the  nonlinear  least-squares  form  of  Eq.  (1)  Is  the 
Gauss-Newton  method  (Ref.  13)  or  one  jt  Its  variants  such  as  Hartley's  modified  Gauss-Newton  method  (Ref. 
14).  Applying  the  Gauss-Newton  method  to  minimize  Eq.  (1)  yields  an  optimization  algorithm  of  the  form: 

r  r  (3) 

JTJAI*  =  JTIt 

where  J  denotes  the  ,  n'  a,  natrlx  of  R  with  respect  to  P.  Equation  (3)  defines  an  M  by  M  system  of 
equations  which  is  use-.  .  .  -ompute  the  change,  AP,  In  each  of  the  M  design  parameters,  Pj.  To  apply  this 
algorithm,  J  Is  evaluate,  I./  finite  difference  approximation  to  obtain  the  partial  derivative  of  each 
residual  component  with  1*  ,,ct  to  each  design  parameter.  This  requires  M  +  1  function  evaluations  to 
compute  the  M  partlals  .o'  each  residual.  Since  a  CFO  solution  Is  used  to  obtain  each  function 
evaluation,  determination  inis  Jacobian  Is  by  far  the  most  expensive  part  of  the  algorithm. 

An  extension  of  this  algorithm  is  Broyden's  quasi-Newton  method  (Ref.  13).  Broyden's  extension 
modifies  the  standard  Gauss-Newton  method  by  approximating  the  Jacobian,  J,  at  the  k  +  1  Iteration  from 
the  Jacobian  and  other  data  available  at  Iteration  k  rather  than  recomputing  J  directly.  Broyden's  method 
Is  given  by: 

r  t  (1) 

btbap=btr 

where  the  Jacobian  approximation,  B,  Is  updated  at  iteration  k  +  1  according  to: 


(AR.-B^iAP l  (5) 

U  + - - - 


and  Bo  Is  obtained  by  an  initial  finite  difference  approximation  to  the  Jacobian.  Application  of  the 
Gauss-Newton  algorithm  requires  M  +  1  function  evaluations  for  each  iteration  while  Broyden's  extension 
requires  M  +  1  function  evaluations  for  the  first  Iteration  but  only  one  evaluation  for  subsequent 
iterations.  Because  of  the  expense  of  evaluating  the  objective  function,  a  line  search  was  not  e  ployed 
unless  the  computed  variable  change  failed  to  reduce  the  objective  function.  Following  Hartley  (Ref.  14), 
a  quadratic  polynomial  was  applied  whenever  a  line  search  was  used. 

3.0  RESULTS 

3.1  HACA0012  Airfoil 


A  NACA0012  airfoil  was  used  as  a  simple  example  to  Illustrate  aerodynamic  optimization  in  the  presence 
of  separated  flow.  This  Is  a  cotmon  airfoil  which  has  been  extensively  analyzed  and  Is  defined  by: 

y(x)  =  5t(0.2969xl  -  0.126x  -  0.3516xs  +  0.2843x3  -  0,1015x4)  ^ 

where  the  parameter,  t,  determines  the  maximum  airfoil  thickness.  For  the  NACA0012  airfoil,  the  thickness 
parameter  Is  specified  as  0.12. 

The  PARC  CFD  code  was  used  to  define  the  target  RP  properties  by  computing  the  laminar  flow  field 
about  this  airfoil,  subject  to  the  Indicated  boundary  conditions  Indicated  in  Fig.  2.  A  Reynolds  number, 
based  on  chord  length,  of  10®  was  specified  which  produced  a  flow  field  with  an  attached  boundary  layer 
(Fig.  3).  Defining  the  target  profile  numerically  assured  that  an  absolute  global  minimum  existed  within 
the  design  space.  The  RP  was  located  at  the  airfoil  trailing  edge  and  extended  to  the  boundary  of  the 
computational  domain,  although  tho  influence  of  the  body  was  minimal  approximately  two  chord  lengths  Into 
the  domain.  The  desired  RP  properties  were  then  used  to  form  the  nonlinear  least-squares  objective 
function,  defined  by  Eq.  (2),  which  was  minimized  by  application  of  Broyden's  algorithm. 

Enhancement  of  CFO  analysis  capability  per  se  Is  not  the  purpose  of  this  research.  Thus,  no  special 
effort  was  made  to  produce  a  highly  accurate  CFD  simulation.  For  this  simple  problem,  however,  the  PARC 
code  simulation  was  consistent  with  results  obtained  by  others  (e.g.,  Jameson  and  Mavrlplls  (Ref.  15)). 
Each  simulation  was  examined  to  assure  that  the  flow-field  solution,  particularly  at  the  RP,  was 
converged  to  minimize  the  adverse  Influence  of  temporal  variations  upon  the  design  space  Jacobian.  In 
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this  example,  the  PARC  solution  was  converged  until  the  norm  of  RP  conservation  variables  was  constant  to 
eight  signifies  it  figures. 

The  design  parameter  (airfoil  thickness)  was  doubled  as  an  Initial  guess  to  begin  the  optimization. 
This  value  was  selected  since  the  contour  subject  to  the  stated  boundary  conditions  produced  a  flow  field 
which  was  highly  separated  (Fig.  4)  in  contrast  to  the  attached  target  solution  (Fig.  3).  As  noted,  the 
reference  plane  was  placed  at  the  trailing  edge  of  the  airfoil  passing  through  the  region  of  separated 
flow. 

For  this  example  the  correct  optimum  was  located,  by  Broyden's  algorithm,  within  0.1  percent  In  six 
Iterations  requiring  seven  function  evaluations.  Figure  5  compares  the  target  geometric  profile  with  the 
Initial  guess  profile,  the  first  Iteration  profile,  and  the  optimal  profile  as  determined  by  Broyden's 
algorithm.  Figures  6  and  7  show  the  reduction  of  the  objective  function  and  the  convergence  history  of 
the  design  parameter,  t,  versus  Iteration  number,  respectively.  As  evidenced  by  these  figures,  the 
Broyden's  algorithm  Isolated  the  global  minimum  quite  e'flctently.  The  optimum  was  located  within  1 
percent  In  four  Iterations  and  was  Isolated  within  0.1  percent  In  six  Iterations. 

3.2  Invlscld  Planar  Converglng/Oiverglng  Noz2le 

An  Invlscld,  planar,  converging/diverging  nozzle  (Fig.  8)  was  used  to  illustrate  optimization  of 
multiple  design  parameters  of  diverse  type.  The  design  variables  for  this  problem  were  Inflow  total 
pressure,  Inflow  total  temperature,  and  the  nozzle  wall  contour.  The  simultaneous  variation  of  Inlet 
total  conditions  and  nozzle  wall  contour  is  not  necessarily  representative  of  a  typical  nozzle  design 
problem,  but  this  example  was  constructed  because  simultaneous  variation  of  free- jet  total  conditions  and 
a  variable  geometry  Is  required  for  the  motivating  forebody  simulator  design  problem. 

The  wall  contour  was  a  three-parameter  Bernstein-Bezler  polynomial  (Ref.  16)  defined  as  follows: 


x(u)  =  y  - — u1(l-ii)l"'"xi;OSusl 
UO  <"-»!■! 

where  xo,  xi,  X2,  .  .  .  ,  xn  denote  the  position  vectors  of  the  n  +  1  geometric  control  points.  The  Be2ler 
parameterization  was  used  because  it  provides  a  high  degree  of  variability  for  a  given  number  of  design 
parameters  relative  to  other  parametric  representations.  This  Is  an  Important  feature  for  the  forebody 
simulator  design  problem.  The  Bezier  parameters  were  located  axially  at  the  Inlet  plane,  the  midpoint, 
and  the  exit  plane,  as  Indicated  In  Fig.  8.  The  exit  plane  control  point  was  held  constant  while  the 
first  two  parameters  were  allowed  to  vary  during  the  optimization.  These  two  geometric  parameters, 
combined  with  the  nozzle  inlet  total  temperature  and  the  nozzle  Inlet  total  pressure,  produced  a  total  of 
four  design  parameters.  Since  the  design  parameters  are  of  different  type,  each  was  normalized  by  a 
reference  value  yielding  nominal  parameter  values  of  unity.  Geometric  parameters  were  nondlmenslonallzed 
by  the  nozzle  exit  plane  half-height.  Inflow  total  pressure  and  total  temperature  were  nondlmenslonallzed 
by  the  target  total  pressure  and  total  temperature,  respectively. 

Broyden's  quasl-llewton  algorithm  was  again  applied  In  this  example.  For  the  first  iteration,  the 
Jacobian  was  approximated  by  a  one-sided  finite  difference  of  each  of  the  N  residuals.  A  sensitivity 
analysis  was  performed  to  determine  a  step  size  for  the  geometric  parameters  In  the  finite  difference 
approximation  which  yielded  accurate  partla’  derivatives.  The  parameter  sensitivity  study  was  especially 
important  when  applying  Broyden's  algorithm,  since  the  performance  of  quasl-llewton  algorithm*  Is 
dependent  upon  the  accuracy  with  which  the  Jacobian  Is  initially  approximated. 

A  target  solution  was  defined  by  selecting  the  Bezier  parameters  to  produce  a  nominal  2:1  area  ratio 
nozzle  and  applying  PARC  to  analyze  the  configuration.  The  exit  pressure  was  selected  to  be  well  below 
second  critical  to  assure  supersonic  flow  In  the  divergent  portion  of  the  nozzle.  Tins  solution  was  used 
to  define  RP  properties  providing  the  data  necessary  to  form  the  least-squares  problem.  As  an  Initial 
guess,  the  Inflow  height  and  the  nozzle  throat  height  parameters  were  reduced  such  that  the  nozzle  area 
ratio  approximately  doubled  and  the  geometric  throat  was  shifted  forward.  The  target  inflow  total 
temperature  and  total  pressure  parameters  were  doubled  for  the  initial  guess.  The  disparity  between  the 
target  design  and  the  initial  guess  Is  Illustrated  by  comparing  the  centerline  Hach  number  profiles  fo' 
the  target  design  and  for  the  Initial  guess  (Fig.  9).  As  can  be  seen,  the  exit  target  Hach  number  is 
nominally  50  percent  below  the  Initial  guess  with  a  corresponding  variation  within  the  rest  of  the 
nozzle.  Again,  no  special  effort  was  made  to  produce  a  highly  accurate  CFD  simulation,  although  results 
for  the  target  nozzle  configuration  agree  well  with  one-dimensional  theory  as  Indicated  by  comparing  the 
computed  centerline  Hach  number  with  one-dimensional  theory  (Fig.  10), 

Broyden's  quasl-llewton  algorithm  was  applied  and  converged  to  the  correct  answer  In  four  Iterations 
which  required  ninr  function  evaluations.  Typical  convergence  of  the  RP  properties  Is  Illustrated  in  Fig. 
11,  which  shows  RP  Hach  number  profiles  for  various  design  Iterations.  The  reduction  In  the  objective 
function  is  illustrated  in  Fig.  12.  Ourlng  the  optimization,  inflow  total  conditions  converged  to  within 
1  percent  of  the  correct  value  In  one  Iteration.  This  Is  because,  for  this  invlscld  example,  pressures 
and  temperatures  scale  linearly  with  the  specified  total  conditions.  Thus,  the  objective  function  varies 
linearly  with  these  parameters  and  rapid  convergence  was  expected  for  these  parameters  since  a  Gauss- 
Hewton  type  algorithm  was  applied.  As  is  well  known,  for  an  optimization  problem  In  which  the  objective 
function  Is  linear  in  all  of  the  parameters,  the  Gauss-He  iton  algorithm  cnnvprnes  to  the  exact  solution 
in  one  iteration.  The  geometric  parameters  converged  more  slow  y  but  still  at  an  acceptable  rate.  The 
convergence  of  the  full  geometry  defined  by  the  Individual  p3'  ameters  is  Illustrated  in  Fig.  13,  which 
shows  the  Iterative  variation  of  the  nozzle  wall  contour. 
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3.3  Inviscld  Three-Dimensional  Nozzle 

A  three-dimensional,  rectangular  nozzle  (Fig.  14)  was  used  to  demonstrate  that  the  nonlinear  least- 
squares  optimization  method  is  applicable  In  three  dimensions.  The  nozzle  geometry  and  interior  grid  were 
defined  by  a  three-dimensional  Bezier  polynomial  represented  by: 


*(u,v,w)=  XII  *j  Vg|>'U>g?<v)g£(w)  '  ' 

1«0  i«0  k®0 

Here  xijk  denotes  the  position  vectors  of  the  control  points,  g^(u;,  gj(v),  and  g£(w),  are  Bernstein 
basis  functions  of  degree  p,  q,  and  r,  respectively,  while  u,  v,  and  w  are  parameters  ranging  from  0  to  1 
(Ref.  15).  The  Bernstein  basis  function,  gf|(u),  was  defined  by: 

gf<«)=  ;  P),7-  ul(l-u),l>-l,;i  =  0.1,...p  (9) 

and  the  other  basis  functions  were  analogously  defined. 

Four  control  points  were  specified  at  each  of  five  axial  planes  such  that  each  axial  cross  section  was 
rectangular.  The  design  parameters  were  two  coefficients,  Pi  and  P2,  which  implicitly  determined  the 
distance  between  the  control  points  in  the  'y'  and  ’z1  directions  at  the  mid-plane  (Fig.  14).  The  target 
geometry  corresponded  to  values  of  unity  for  each  parameter  which  produced  a  nozzle  with  a  nominal  exit 
to  throat  area  ratio  of  2.5.  Total  conditions  were  specified  at  the  nozzle  inlet  and  a  static  pressure 
below  second  critical  was  selected  at  the  nozzle  exit  which  provided  supersonic  flow  development  in  the 
divergent  portion  of  the  nozzle.  This  geometry  and  these  boundary  conditions  produced  a  flow  with  a 
nominal  exit  Mach  number  of  2.5  when  analyzed  by  application  of  the  Euler  version  of  the  PARC  code. 

For  an  initial  guess,  the  design  parameters  Pi  and  P2  were  set  equal  to  2.0  and  2.5,  respectively, 
which  produced  a  high  area  ratio  nozzle  with  a  nominal  exit  Mach  number  of  5.8.  Unlike  the  target  nozzle, 
which  was  square  at  each  axial  cross  section,  the  initial  guess  geometry  had  a  square  cross  section  at 
the  inflow  plane,  which  transitioned  to  a  rectangular  cross  section  at  the  mid-plane,  and  then 
transitioned  again  to  a  square  at  the  exit  plane.  The  large  difference  in  exit  flow  conditions  for  the 
Initial  guess  was  imposed  to  illustrate  that  the  initial  guess  flow  field  does  not  necessarily  need  to 
closely  resemble  the  desired  optimum  to  obtain  acceptable  results.  The  difference  in  the  flow  fields  for 
the  target  and  initial  guess  nozzles  is  Illustrated  by  comparing  the  centerline  Mach  number  profiles  for 
the  two  designs  (Fig.  15). 

A  sensitivity  analysis  on  the  geometric  design  parameters  indicated  that  the  objective  function 
partial  derivatives  were  very  sensitive  to  parameter  step  size  because  of  nonlinear  effects  and  numerical 
error  Inherent  In  the  objective  function  evaluations.  Although  the  roost  stable  step  size  determined  was 
applied,  Broyden's  algorithm  did  not  converge  to  the  global  minimum.  However,  the  Gauss-Newton  algorithm 
was  successfully  applied  and  the  optimum  was  reached  in  six  iterations  requiring  eighteen  function 
evaluations.  Figure  16  illustrates  the  RP  convergence  by  comparing  RP  Mach  number  profiles  along  the  y 
axis  for  various  iterations.  The  achieved  reduction  In  objective  function  and  the  design  parameter 
convergence  Is  depicted  in  Figs.  17  and  18,  respectively. 

3.4  Inviscld  Supersonic  Planar  Forebody  Simulator 

A  two-dimensional  analog  to  the  motivating  design  problem  was  constructed  as  shown  in  Fig.  19.  PARC 
was  applied  to  compute  the  target  flow  variables  inviscidly  at  the  indicated  reference  plane.  The  five 
design  parameters  shown  In  Figure  19  were  then  perturbed  to  initialize  the  optimization.  For  this  case, 
the  variable  geometry  was  defined  parametrically  as  a  Bezier  curve  Eq.  (7)  with  four  independent 
parameters.  One  additional  design  parameter  was  Introduced  by  allowing  the  Mach  number  to  vary  at  the 
Inflow  plane.  For  the  initial  guess,  the  Mach  number  parameter  was  increased  by  50  percent  and  the 
geometric  parameters  were  reduced  by  10  to  70  percent.  This  produced  quite  different  flow  fields  in  the 
RP  region  due,  primarily,  to  the  difference  in  shock  structure  and  shock  strength. 

As  with  the  three-dimensional  nozzle,  a  sensitivity  analysis  Indicated  that  objective  function  partial 
derivatives  were  very  sensitive  to  parameter  step  size  and,  consequently,  Broyden's  algorithm  was  not 
applied.  The  Gauss-Newton  algorithm  was  applied,  and  convergence  was  obtained  in  five  iterations 
requiring  31  function  evaluations.  However,  the  maximum  Mach  number  deviation  was  less  than  1  percent 
after  only  two  optimization  steps  requiring  13  function  evaluations  which,  for  many  applications,  may  be 
adequate.  A  comparison  of  the  reference  plane  Mach  number  profiles  for  the  initial  guess,  the  target 
solution,  and  the  final  converged  solution  is  made  in  Fig.  20,  which  shows  excellent  agreement  between 
the  tprget  and  final  solutions.  Figure  21  is  a  plot  of  the  objective  function  value  versus  design 
iteration  number  which  Illustrates  the  rate  at  which  the  minimum  was  located.  Figure  22  depicts  the 
convergence  history  for  each  of  the  five  design  parameters.  Figure  23  further  Illustrates  convergence  to 
the  correct  FBS  geometry  by  comparing  FBS  contours  at  various  Iterative. 

4.0  CONCLUSIONS 

A  direct  optimization  technique  (coupling  an  existing  Euler/Navier-Stokes  solver  with  efficient 
nonlinear  least-squares  minimization  algorithms)  has  been  developed  for  and  applied  to  representative 
aerodyramic  design  problems.  It  was  demonstrated  by  example  that  the  Euler/Navier-Stokes  CFO  simyiaHcis 
WPTP  i  aMo  cncuQh  for  use  In  Cvupling  with  newton  based  optimization  algorithms.  In  fact,  for  two 
examples  presented  a  quasi-Newton  algorithm  was  successfully  applied. 

To  date,  this  research  has  evaluated  the  feasibility  of  coupling  nonlinear  optimization  methods  with 
CFO.  Existing  Gauss-Newton  and  quasi-Newton  optimization  algorithms  were  employed  with  minimal 
modifications  and  encouraging  results  were  obtained.  Although  the  quasi-Newton  algorithm  was  not 
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successful  In  all  examples,  it  was  significantly  more  efficient  when  applicable.  Alternating  between  the 
two  algorithms  may  be  a  more  efficient  strategy  if  a  reliable  switching  criteria  can  be  determined, 
because  of  the  ultimate  Intended  application,  the  optimization  algorithms  were  coupled  with  an 
Euler/Navier-Stokes  CFD  code  which  makes  the  function  evaluations  computationally  expensive.  However,  the 
same  technique  could  be  coupled  with  a  less  complex  CFD  technique  for  design  problems  In  which  an 
Euler/Navier-Stokes  simulation  is  not  required. 

The  approach  described  provides  the  designer  with  a  potentially  powerful  tool  to  assist  in  many 
designs  for  which  a  measure  of  design  quality  (objective  function)  can  be  adequately  defined.  Because  of 
the  flexibility  afforded  by  current  CFD  codes,  this  technique  can  be  applied  to  virtually  any  steady- 
state  aerodynamic  optimization  problem  for  which  the  selected  CFD  code  is  capable  of  providing  a  reliable 
aerodynamic  analysis.  However,  because  of  the  computational  expense  due  to  the  multiple  CFD  simulations 
the  technique  will  most  likely  be  restricted  to  aerodynamic  configurations  such  as  the  noted  FBS  design 
for  which  satisfaction  of  the  design  criteria  is  of  great  Importance  and  simple  alternative  design 
methods  do  not  exist. 
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SIDE  VIEW  OF  INLET/NOZZLE 

FREE-JET  NOZZLE  EXIT  GEOMETRY 


SIDE  VIEW  FRONT  VIEW 


Fig.  1.  Generic  forebody  simulator  configuration. 


Fig.  2.  Viscous  airfoil  test  case. 
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Fig.  7.  Viscous  airfoil  design. parameter 
convergence. 


Fig.  9.  Planar  nozzle  centerline  Mach  number 
distribution. 


Fig.  11.  Planar  nozzle  RP  Mach  number  profiles. 
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Fig.  8,  Planar  nozzle  test  case. 


Fig.  12.  Planar  nozzle  objective  function 
reduction. 
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•  13.  Planar  nozzle  wall  contour  variation. 


Fig.  14.  3-D  nozzle  test  case. 
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Fig.  15.  3-0  nozzle  centerline  Mach  number 
contours. 
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Fig.  16.  3-D  nozzle  RP  Mach  number  variation. 
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Fig.  19.  Planar  supersonic  forebody  simulator 
optimization. 


Fig.  20.  Supersonic  forebody  simulator  RP 
Mach  number  profiles. 


Fig.  21.  Supersonic  forebody  simulator  objective 
function  reduction. 


Fig.  22.  Supersonic  forebody  simulator  parameter 
convergence. 
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Fig.  23.  Supersonic  forebody  simulator  contour 
variation. 
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SPECIALISTS '  MEETING 
ON 

COMPUTATIONAL  METHODS  FOR  AERODYNAMIC  DESIGN  (INVERSE)  4  OPTIMIZATION 
22-23  May  1989 
LOEN,  NORWAY 

Prof.  J.  Slooff 

Good  afternoon  everybody.  As  you  will  have  noticed  there  are  two  regaining  points  on  our  agenda  this 
afternoon.  One  is  the  Technical  Evaluator's  rcaarks  and  the  other  is  the  Round  Table  Discussion.  The 
first  one.  The  Technical  Evaluator's  renarks,  is  a  one-nan  show,  if  you  like,  but  each  of  you  is  invited, 
of  course,  to  participate  in  the  Round  Table  Discussion  that  will  follow  afterwards. 

I  think  the  Technical  Evaluator  has  the  toughest  job  of  all  of  us.  He  is  supposed  to  listen  carefully  to 
each  of  the  individual  papers,  so  he  cannot  allow  hlnself  to  dose  off  or  have  sons  sunshine  outside.  In 
addition  to  that  he  has  to  digest  the  information  in  a  very  short  tine  project  it  against  his  own 
framework  of  thinking,  assess  Che  picture  that  he  gets  this  way,  end  conmunicate  that  assessment.  I  am 
glad  that  we  have  found  Mr.  Preston  Henne  from  Douglas  Aircraft  Company  to  act  as  the  Technical  Evaluator 
of  this  meeting.  I  am  very  glad  for  two  reasons.  First  because  he  is  somebody  from  industry,  and  all  of 
Che  methods  that  we  are  developing  should  have  at  least  as  the  ultimate  goal  that  they  are  of  some  use  for 
industry  to  improve  their  products.  So  that  is  a  very  good  reason  to  ask  somebody  from  industry  to 
evaluate  a  conference  like  this.  The  second  reason  why  I  am  very  pleased  with  Mr.  Preston  Henne  is  that 
he  himself  has  been  active  in  design  methods.  I  think  he  was  the  one  that  developed  the  first 
three-dimensional  transonic  inverse  method  and  apart  from  that  he  has  a  lot  of  experience  also  in 
numerical  optimization  and  other  types  of  design  problems  and  techniques. 

Mr.  Henne  is  currently  Manager  of  Program  Engineering  of  the  MD90  at  Longbeach  in  California.  I  invite 
him  to  please  take  the  mike  and  give  us  his  remarks. 

Mr.  Henne 


I  would  like  to  thank  the  AGARD  Fluid  Dynamics  Panel  for  inviting  me  to  come  and  be  the  Technical 
Evaluator.  It  is  an  honor  for  me  to  do  that.  It  is  a  pleasure  to  be  here  in  this  kind  of  environment. 

For  those  of  you  that  don’t  know  me,  Joop  has  given  a  good  introduction.  I  have  been  working  in  the 
aerodynamic  design  area  for  about  20  years.  My  wife  thinks  that  since  I  have  been  doing  that  for  20  years 
and  I  have  an  oyrgrowth  of  gray  hair  that  I  must  be  an  expert  in  something.  I  have  been  involved  in  CFD 
in  application  for  design  problems,  for  airfoils,  wings,  propulsion  system  installations.  In  this 
conference  1  feel  like  I  am  in  my  clement  because  I  have  done  both  a  design  method  or  two,  2-D  and  3-D, 
and  I  have  done  numerical  optimization  in  one  form  or  another.  Consequently,  I  felt  pretty  comfortable  in 
taking  on  the  role  of  a  Technical  Evaluator. 

Coming  to  the  conference  I  debated  as  to  whether  or  not  I  wanted  to  be  a  good  guy  or  a  bad  guy.  I  had 
made  the  decision  to  be  a  good  guy.  Unfortunately,  that  decision  has  waned  in  two  days  so  I  am  probably 
going  to  turn  out  to  be  a  bad  guy.  So  let  me  apologize  beforehand  if  I  might  be  a  little  bit  too  harsh. 
Don't  take  it  personally.  I  will  probably  make  some  critical  comments  about  some  of  the  work  and 
hopefully  we  can  still  be  friends  and  walk  away  from  here  that  way. 

Let  me  start  off  by  congratulating  the  AGARD  Fluid  Dynamics  Panel  for  recognizing  the  need  for  a 
conference  like  this.  I  think  that  it  is  long  overdue  and  I  hope  that  an  activity  like  this  con 
continue.  I  think  that  it  Is  important.  I  want  to  make  some  points  along  the  way.  I  have  identified  six 
things  that  I  want  to  make  sure  come  across.  The  first  point  Is  that  I  have  a  question.  That  question 
is,  "why  is  it  that  the  area  of  design  methods  has  lagged  the  analysis  methods  to  the  point  It  has”?  1 
would  like  to  hear  some  discussion  of  that  in  the  Round  Table  session.  I  think  that  that  would  be  a 
question  to  tackle.  I  think  that  it  has  lagged  too  much,  being  one  that  has  seen  the  power  of  design 
methods  doing  things  useful  for  a  product  line.  I  am  concerned  chat  we  are  missing  opportunities  with  the 
lag  that  we  have  between  the  analysis  method  and  design  methods.  So  that  Is  point  1. 

I  would  like  to  compliment  Joop  and  the  staff  at  NLR  for  their  early  work  in  inverse  designs.  I  think 
that  they  had  some  foresight  at  NIR  and  they  initiated  a  lot  of  work  a  few  years  ago.  In  the  nid-70's  at 
McDonnell  Douglas  we  had  a  distinct  opportunity  when  Terry  Traenen  worked  for  us.  He  produced  wliat  I  felt 
to  be  a  first  successful  two-dimensional  transonic  design  method.  He  has  been  recognized  for  that  as 
being  the  father  of  the  Traenen  method.  In  seeing  that  applied  to  a  number  of  design  problems  in  the 
mid-70's,  I  took  and  then  extended  his  approach  to  three  dimensions,  which  is  the  example  that  Joop 
mentioned.  In  that  process  I  recognized  the  power  and  the  capability  that  such  a  procedure  provides  you 
over  an  above  just  simply  cutting  and  trying.  Unfortunately,  I  think  it  takes  a  personal  exposure  like 
that  to  really  drum  up  the  enthusiasm.  I  presented  an  AIAA  paper  on  that  three-dimensional  method  in 
1980.  In  the  audience  was  Paul  Ruppert  and  apparently  at  that  time  at  Boeing  no  such  methods  existed  or 
they  were  unsuccessful.  His  approach  afterwards  was,  "well,  we  don't  really  need  an  inverse,  because  we 
can  just  run  enough  direct  solutions  to  make  sure  that  we  got  the  right  answer",  I  was  a  bit  taken  aback 
by  that,  but  X  see  in  recent  publications  Paul  has  taken  a  little  bit  different  tack.  Apparently  they  now 
have  Invented  a  3-d  inverse,  nearly  10  years  later,  and  it  sounds  like  It  is  the  greatest  thing  since 
SEX.  I  think  that  it  takes  a  personal  experience  to  sec  tint  and  understand  what  an  Inverse  method  can 
really  do  for  ycu.  That  may  be  one  of  the  reasons  that  the  development  of  design  methods  like  that  has 
lagged  the  development  of  the  direct  solution. 

As  a  result  of  that  kind  of  a  position,  X  feel  that  in  today's  environment  there  is  a  need  for  both,  which 
Is  ay  second  point.  There  is  every  bit  as  much  need  for  design  method  as  for  an  analysis  method.  It  Is 
like  a  few  years  ago  someone  in  CFD  said  that  they  were  going  to  get  rid  of  all  the  wind  tunnels.  Well, 
that  hasn't  happened,  you  need  them  both.  In  the  computational  area  you  need  both  design  and  analysis. 
They  really  do  complement  each  ocher. 
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Before  I  cane  here  I  wrote  down  what  I  thought  were  some  standard  classifications  of, methods  that  fall  in 
a  design  method  category.  The  classifications  1  cane  up  with  were  what  I  would  call'I?  true  Inverse, 
where  you  simply  specify  a  pressure  with  no  apriori  knowledge  of  any  aerodynamic  surface,  and  compute  a 
surface;  that  is  what  I  would  call  true  inverse.  We  also  have'2!  a  fictitious  gas  scheme.  I  would  call 
the  approach  that  Terry  Traenen  and  I  U3ed(2)  the  transpiration  integration,  if  you  will,  and  1  think 
Joe  Volpe's  is  essentially  similar  to  that.  We  have'1*!  residual  correction  methods.  We  have' 5!  an 
Euler  scheme  in  which  you  iterate  streamlines  if  you  have  a  streamline  coordinate  system.  We  have'*’' 
parametric  optimization. 

To  that  grouping  of  categories,  I  would  like  to  make  two  more  points.  Relative  to  fictitious  gas,  my 
point  is,  why  do  it?  I  think  fictitious  gas  is  a  waste  of  time.  1  think  the  use  of  the  fictitious  gas 
model  is  academic  at  best,  in  order  to  be  a  real  design  method  you  have  to  be  capable  of  changing  the 
entire  aerodynamic  surface.  A  restriction  of  that  capability  constrains  the  designer,  and  you  are  not 
going  to  get  the  best  answer.  Fictitious  gas  is  one  of  those  methods  that  is  in  that  category.  Another 
point  to  be  made  is  relative  to  parametric  optimization.  1  have  done  methods  using  numerical 
optimization.  I  also  developed  one  using  evolution  theory,  which  also  was  in  a  paper  presented  today  but 
did  not  get  discussed,  so  1  was  disappointed  in  that.  I  am  skeptical  about  numerical  optimization  or 
parametric  optimization.  I  think  that  the  name  numerical  optimization  is  a  misnomer,  in  fact  I  think  that 
the  name  is  Incorrect.  It  ought  to  be  called  parametric  improvement  because  you  ore  never  guaranteed  that 
you  have  the  optimum.  All  you  would  have  to  do  is  to  introduce  an  additional  parameter  and  you've 
introduced  the  uncertainty  that  you  haven't  found  the  optimum.  Until  you  have  infinite  set,  you  are  just 
improving  the  configuration,  you  arc  really  not  optimizing.  Unfortunately  this  afternoon  probably 
convinced  me  X  ought  to  be  a  bad  guy  because  Hr.  Bock  managed  to  take  my  two  points  and  combine  them  both 
into  one;  solution  using  a  numerical  optimization  scheme  combined  and  driving  a  fictitious  gas  scheme, 
which  I  find  amazing. 

1  went  through  the  publications  and  1  must  have  missed  one,  because  I  counted  21.  I  tried  to  group  them 
by  categories  as  to  where  they  fell.  This  is  a  little  bit  biased  because  it  is  divided  up  into  inverse 
methods  and  optimization  methods.  Part  of  this  distribution  was  fixed  from  the  onset.  In  terms  of  true 
inverses  by  my  reckoning,  and  there  were  five  that  I  couldn't  classify,  there  were  none  presented,  which  I 
find  interesting  but  not  surprising.  In  fictitious  gas  X  think  that  three  authors  quoted  the  use  of 
fictitious  gas  in  one  form  or  another;  the  transpiration  integration,  I  think  three  authors  utilized  that; 
residual  correction  -  three;  streamline  iteration  -  I  think  one  showed  the  results  for  that,  and  in  the 
parametric  optimization  there  were  six  that  I  saw  as  clear  parametric  improvement  schemes,  if  you  will. 

The  part  of  this  that  I  find  a  little  disconcerting  is  that  A  papers  of  that  21  paper  set  verified  what 
they  had  done  with  some  sort  of  a  test.  The  other  17  were  more  or  less  on  academic  exercise,  and  the 
proof  that  they  had  gone  in  the  right  direction,  that  they  had  gotten  the  right  sign  on  the  change,  really 
was  not  shown.  So  I  would  offer  up  a  challenge  that  we  need  to  do  a  little  bit  better  job  in  validating 
or  at  least  correlating  that  what  we  arc  doing  in  the  design  method  really  is  appropriate.  I  asked 
several  tines  what  the  drag  sensitivity  was,  for  example.  Until  you  take  your  method  and  show  what  its 
drag  accuracy  is  in  terms  of  a  large  sample  with  a  standard  deviation  on  your  drag  calculation  compared  to 
sone  measurements,  I  don't  believe  you  are  justified  in  using  drag  in  your  optimization  scheme  or  in  your 
inverse  design.  If  you  have  done  that  and  you  can  show  chat  the  change  that  you  ore  making  is  above  the 
error  band,  then  you  ought  to  be  willing  to  spend  money  on  that  configuration.  You  ought  to  be  able  to 
spend  a  lot  of  money  because  you  are  justified.  If  you  are  down  in  the  error  band,  I  defy  you  to  commit  a 
lot  of  money  to  an  improved  configuration.  It  is  a  sure  career-limiting  move  to  do  that.  The  fifth  point 
I  would  like  to  make  is  simply  that  you  need  statistical  correlation  before  you  can  really  Justify  the  use 
in  a  design  environment,  that  is,  in  a  production  environment  where  you  are  going  to  spend  a  lot  of  money- 

let  me  point  out  some  highlights  of  the  Conference.  I  was  glad  to  see  Tony  Jameson  brought  into  the 
program  because  I  think  in  the  last  year  he  has  sort  of  taken  on  the  design  problem  and  offered  a  fresh 
look  at  it.  In  his  own  way  he  has  once  again  brought  a  more  formal  math  basis  to  a  problem  while  at  the 
same  time  not  losing  sight  of  the  goal,  trying  to  do  something  of  a  very  practical  nature.  So  I  think  his 
presentation  was  very  timely,  his  insertion  into  the  program  was  a  very  good  one.  I  hope  that  his 
approach  will  be  pursued  not  only  by  him,  but  will  be  picked  up  by  others  in  the  industry,  in  government, 
research  agencies,  and  schools,  universities,  etc.  A  number  of  people  have  followed  his  flow  codes,  his 
direct  solutions.  I  hope  that  there  is  an  interest  by  others  in  his  approach  because  it  is  usually  pretty 
firm. 

I  would  like  to  point  out  what  I  thought  were  some  other  good  works.  Mr.  Borges,  for  example,  I  think  at 
least  did  a  thorough  job  in  getting  all  the  way  through  to  a  hardware  validation.  I  am  not  sure  his 
method  is  the  most  sophisticated,  but  at  least  he  took  It  all  the  way  through  a  hardware  validation,  and  I 
would  like  to  commend  him  for  that.  The  same  thing  is  true  of  Mr.  Reneaux  even  though  he  used  the 
numerical  optimization  or  a  parametric  optimization,  I  am  a  little  skeptical  of,  he  did  show  an  improved 
airfoil  section  validated  by  tests.  He  showed  in  the  validation  or  in  the  original  computational  design 
an  improvement  in  drag  divergence  Mach  number.  I  happen  to  know  for  the  methods  he  is  talking  about  the 
increment  in  drag  divergence  Mach  number  that  he  was  seeking  between  the  two  configurations  is  well  above 
the  error  band  for  that  method.  I  know  *  .he  method  is  capable  of  discriminating  to  levels  of 
Increment  much  lower  than  that.  So  I  thi  that  he  was  justified  in  doing  the  test  and  his  results 

verified  that,  so  a  commendation  is  deserved.  Almost  a  commendation,  I  thought  he  was  going  to  get  one, 
to  Mr.  Van  Egmond  from  NLR.  I  thought  he  finally  was  going  to  come  to  the  point  of  driving  a  design 
method  with  a  parametric  description  of  the  pressure  in  which  he  drove  the  parameters  with  the  numerical 
optimization.  I  thought  he  was  going  to  do  that,  but  he  really  didn't.  Sort  of  a  not  quite  commendation 
goes  also  to  Dr.  Malone.  He  had  the  greatest  title  in  which  he  was  doing  inverse  Navicr-Stokes  work.  As 
it  turns  out  all  he  is  really  looking  for  is -attached  flow,  so  I  question  why  on  e»rth  you  wools  r-n 
12,000  iterations  to  do  an  attached  flow  problem,  sounds  like  a  great  deal  of  overhead  for  a  practical 
design  situation. 

I  will  close  with  my  last  point.  The  sixth  point  I  would  like  to  make  is  that  I  think  that  there  are 
enough  independent  agencies,  authors,  developers,  in  this  area  now  where  perhaps  AGARD  ought  to 
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contemplate  a  contest,  tea y be  an  airfoil  design  contest,  if  you  will.  Perhaps  analogous  to  the  Holst 
airfoil  analysis  set  that  was  run  at  NASA  Aces  a  couple  years  ago.  With  that  1  thank  you  for  being  here 
to  listen  to  me. 

Prof.  J.  Slooff 

Thank  you  very  much,  Preston,  for  your  very  to  the  point  and  no  doubt  to  some  people  provocative  remarks . 
Thank  you  for  that  in  particular  because  X  think  that  it  will  help  me  in  trying  to  get  a  vivid  Round  Table 
Discussion. 

Before  we  go  into  that,  X  should  point  out  that  this  is  going  to  be  recorded  and  printed  in  the  conference 
proceedings,  but  don't  be  afraid.  You  will  have  a  written  account  of  what  you  said  before  it  is  published 
and  you  will  be  asked  to  correct  it  if  you  like.  So  please,  before  you  speak  8ive  your  name  and 
affiliation  clearly. 

What  I  would  like  to  do  now  is  perhaps  first  give  the  opportunity  to  react  on  what  Mr.  Henne  has  said. 
Perhaps  after  that  we  can  have  some  remarks,  comments  or  questions  with  respect  to  some  individual  papers 
for  which  there  was  no  time  during  the  question  period  after  the  particular  paper.  Maybe  at  the  end  we 
can  try  to  make  some  sort  of  a  wrap-up  where  we  perhaps  might  try  to  evaluate  the  different  limitations 
and  possibilities  of  the  various  approaches  and  that  may  perhaps  help  us  in  setting  out  directions  for  the 
future.  Who  would  like  to  answer  some  of  the  questions  or  comments  of  Mr.  Henne? 

Dr.  W.  Schmidt 


Based  on  your  comments  I  would  like  to  come  back  to  two  points;  one  is  the  fictitious  gas  and  the  second 
one  is  the  numerical  improvement  procedure.  Now  as  far  as  fictitious  gas  is  concerned,  I  would  say  it 

needs  your  own  experience  to  really  get  the  best  out  of  it.  I  cannot  agree  with  your  statement, 

especially  because  X,  quite  some  years  ago,  had  a  very  interesting  experience  by  using  it,  although  my 
initial  position  was  very  similar  to  yours.  It  turns  out  that  if  you  use  fictitious  gas  as  it  stands, 

with  the  additional  shape  functions  that  are  being  built  in  to  modify  the  airfoil  in  those  areas  where  the 

fictitious  gas  is  not  working,  then  this  approach  is  very,  very  attractive.  There  arc  examples  of  design 
airfoils  that  are  flying  and  you  might  be  quite  amazed  by  seeing  that.  Secondly,  if  you  use  this  type  of 
approach  in  combination  with  a  driving  mechanism  that  is  giving  you  a  chance  to  mix  the  different  things 
that  otherwise  arc  very  difficult  to  handle  via  an  optimization  method,  then  this  is  extremely  powerful. 

I  would  still  say  that  it  is  beyond  our  understanding  what  is  the  best  pressure  distribution.  Those 
methods  will  give  you  something  that  is  good  on  pressure  and  on  shape  because  you  can  get  something 
immediately  that  can  be  manufactured.  If  you  don't  do  that,  if  you  prescribe  pressure,  and  X  have  done 
this  actually  myself  sometime  around  the  mid-70's  on  small  disturbance  methods,  as  you  might  know,  you 
very  often  end  up  with  shapes  that  arc  not  closed  or  were  very  funny  and  very  difficult  to  manufacture.  I 
would  still  say  that  the  type  of  method  by  mixing  different  things,  and  the  fictitious  gas  is  nothing  else 
but  a  shape  function  or  a  pressure  function  or  whatsoever,  you  can  end  up  with  very,  very  good  tools. 

Prof.  J.  Slooff 


Thank  you  Wolfgang.  I  made  a  note  here  of  a  very  interesting  remark  that  Mr.  Henne  gave  us.  I  will 
repeat  it  since  he  mumbled  away  a  little  bit  at  that  particular  point  in  time,  I  think  he  didn't  dare  to 
say  it  out  very  loudly,  but  it  kind  of  struck  me.  He  said,  "3-d  Inverse  methods  arc  the  greatest  thing 
since  SEX".  I  thought  he  was  going  to  talk  about  numerical  cohabitation  in  his  next  statement,  but 
fortunately  he  didn't. 

There  is  one  other  point  that  I  noted  myself  which  I  think  Mr.  Van  Egmond  is  probably  eager  to  answer.  I 
think  that  you  misunderstood  what  he  was  doing,  he  was  in  fact  using  numerical  optimization  to  drive 
pressure  distribution  shape  function  parameters  to  get  to  an  optimized  pressure  distribution,  but 
presumably  Mr.  Van  Egmond  wants  to  say  something  to  that  himself. 

Mr.  Van  Egmond 

In  fact  I  did  not  quite  understand  what  your  criticisms  were.  What  we  try  to  do  is  to  use  optimization 
techniques  to  drive  pressure  distributions  to  some  kind  of  improved  design.  You  need  of  course  additional 
constraints  and  some  design  experience  so  to  say,  in  order  to  stay  within  feasible  pressure 
distributions.  But  once  having  defined  those  distributions,  and  we  have  to  sec  this  in  combination  with 
the  NXR  Inverse  calculation  methods  for  the  geometry,  as  target  distributions  we  can  finally  calculate  new 
geometries  but  still  we  have  to  incorporate  geometry  constraints  in  order  tc  keep  the  geometry  within 
reasonable  limits. 

Mr.  P.  Henne 


The  example  you  gave  for  the  Liebeck  airfoil  I  believe  was  like  that.  Did  you  also  drive  the  transonic 
pressure  distribution  through  what  I  would  call  an  inverse  code  and  the  code  created  the  airfoil?  You 
did.  OK  then  I  will  take  my  "almost"  away  and  I'll  give  you  an  accolade.  I  think  that  that  approach  has 
distinct  possibilities. 

Prof.  J.  Slooff 


I  would  like  to  get  a  little  comment  on  his  remark  on  error  bands.  I  think  fhat  in  principle  he  is 
absolutely  correct,  but  there  is  a  "but"  to  it  I  think,  particularly  in  situations  where  one  is  trying  to 
improve  upon  existing  configurations,  existing  airfoils,  wings,  that  are  not  too  far  away  from  the 
configuration  that  you  may  expect  to  end  up  with.  In  that  case  you  may  hope  that,  although  perhaps  you 
have  on  absolute  accuracy  in  your  drag  prediction  say  of  5  counts  or  something,  your  relative  accuracy,  on 
an  Incremental  basis,  may  be  somewhat  better  than  those  5  counts.  In  such  a  case  minimizing  drag  as  a 
criteria  for  optimization  is  perhaps  not  absolutely  hopeless.  Would  you  care  to  say  something  to  that? 
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Mr.  P.  Hcr.no 

There  is  a  tcndancy  to  want  to  say  that  ju3t  because  ny  oethod  can't  get  an  absolute  drag  value,  I  can 
still  use  it  incrementally.  It  is  stIH  a  very  dangerous  proposition  to  do  that.  1  have  gone  after  S 
counts,  Identified  by  methodology  that  was  no  more  accurate  than  5  counts,  spent  what  would  be  a  email 
personal  fortune  on  a  wind  tunnel  model  and  had  the  Increment  come  out  to  be  taro.  Speaking  from  some 
bitter  experience  it  Is  still  dangerous  to  do  that. 

Prof.  J.  Slooff 


That  is  not  too  bad  though;  it  could  have  been  negative,  I  presume. 

Alright,  any  other  comments  on  the  Technical  Evaluator's  remarks.  Yes  Mr.  Deponte. 
Mr.  go  Ponte 


About  the  comment  of  testing  and  certifying  programs,  1  think  one  of  the  reasons  to  have  this  meeting  is 
to  bring  together  people  so  that  one  could  make  some  work  and  some  others  will  go  on  continuing  and 
testing  and  so  on.  X  don't  think  It  is  a  good  reason  to  say  that  some  methods  were  not  tested.  Because 
If  it  Is  unknown  to  other  people,  It  cannot  be  tested. 

Prof.  J.  Slooff 


Thank  you  for  that  comment.  Anybody  like  to  say  something?  How  about  John  Malone? 
Dr.  J.  M3lone 


I  think  that  your  point  was  that  X  didn't  have  a  separated  flew  problem  in  the  paper.  That  is  a  valid 
point.  There  will  be  one  ocming,  there  is  work  on  one  now.  That  third  problem  actually  wasn't  trivial, 
it  was  a  problem  that  Mr.  Narramore  had  tried  to  solve  with  our  e'dsting  potential  flow  inverse,  the  one 
that  can’t  design  a  leading  edge.  v,hen  he  reanalyzed  the  different  designed  shapes,  he  was  never  able 
to  natch  the  target  pressures.  So  that  was  sort  of  a  blind  test  in  his  mind  of  the  algorithm.  Yes, 
normally  just  for  a  shocked  case,  you  wouldn't  want  to  use  a  NavierrStokes  code.  The  socoid  point  of 
developing  the  methodology  was  to  get  us  complete  airfoil  contours  with  catpressibilifcy  effects  and 
while  we  were  at  it,  let’s  go  ahead  and  try  for  strong  viscous  effects,  too. 

Mr.  P.  Ilennc 


Then  I  will  consider  yours  a  progress  report.  Is  that  fair? 
Dr.  J.  Malone 

Yes,  I  guess  so.  a  reasonable  amount  of  progress,  X  think. 
Mr.  P.  Henno 


Let  me  add  a  comment  to  that.  I  would  hope  that  sometime  in  the  future,  I  don't  know  i£  it's  in  my  career 
or  not,  but  X  hope  sometime  in  the  near  future  we  really  do  get  to  the  point  of  doing  design  with 
Navier-Stokes.  There  is  a  whole  area  of  application  there  when  you  talk  about  design,  not  in  terms  of 
aerodynamic  efficiency,  but  in  terms  of  airplane  development  and  design,  perhaps  structurally  more  than 
anything  else,  where  separated  flows  are  important.  Obviously  they  arc  important  for  a  military 
application  in  terms  of  manoeuvring  requirements,  but  even  in  the  commercial  business  there  is  an  entire 
regime  where  massive  separation  exiats  and  if  we  could  only  calculate  it  and  design  for  it,  we  could 
probably  do  a  lot  better  job  in  the  airplane  design.  I  was  hoping  when  1  came  that  you  would  show  us  a 
case  like  that  and  you  didn't  quite  make  it. 

Mr.  W.  Schmidt 

Preston,  just  following  up  this  point  yoJ  just  cade.  Do  you  think  there  is  any  single-point  design  in 
industry,  and  if  not,  what  I  aseume  you  will  say,  can  you  think  of  any  design  method  other  than  using 
numerical  optimization  that  can  produce  multiple  point  designs? 

Mr.  P.  Henne 


That  is  a  tough  box  to  get  out  of.  The  answer  to  the  first  question  is  obviously  that  a  real  design 
problem  is  a  multi-point  design  problem.  We  have  successfully  done  multi-point  design  problems  without  a 
numerical  optimization  scheme  using  just  an  inverse.  You  simply  end  up  looking  at  the  multiple  points. 

So  that  ia  maybe  a  poor  man's  driver  on  the  inverse.  But  nevertheless,  you  can  do  It  that  way.  That  is 
why  I  think  that  the  combination  of  a  numerical  driver  in  front  of  the  pressure  distribution  which  you 
then  impose  on  the  design  method  has  some  possibilities. 

Prof.  J.  biooff 


1  intend  to  come  back  to  that  issue  somewhat  later,  but  I  have  a  proposition  to  open  the  lid  of  the  box 
you  threw  yourself  into.  But  before  that  let  me  ask  if  there  is  anybody  else  who  would  like  to  say 
something,  either  as  a  reaction  to  what  Mr.  Henne  said  or  questions  or  comments  on  any  of  the  individual 
papers  we  had  during  the  past  two  days.  If  not,  perhaps  you  will  permit  me  to  put  a  messy  viewgraph  that 
X  made  during  coffee  break  on  the  projection  machine. 
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What  I  tried  to  do  here  Is  to  make  some  sort  of  a  crude  evaluation  of  the  possibilities  of  various 
approaches,  where  I  have  distinguished  between  1)  direct  or  analysis  type  tuthods,  2)  pure  inverse  type 
methods,  what  I  call  direct  numerical  optimization,  4)  an  approach  that  1  call  constrained  inverse 

numerical  optimization  and,  I  added  a  new  one,  5)  the  optimal  control  type  of  approach  that  Jameson 

Introduced,  at  least  in  my  world  yesterday.  1  also  have  put  here  a  list  of  what  I  think  are  requirements 
that  an  aerodynamic  designer  would  like  to  have  some  control  over.  Control  over  the  aerodynamics  in  one 
thing.  I  would  say  that  in  any  practical  case  you  wild  have  to  deal  with  multiple  design  requirements  in 
the  aerodynamic  sense.  However,  the  designer  also  wants  control  over  the  geometry  for  several  reasons, 
the  most  important  one  being  that  the  aerodynamic  shape  should  accommodate  a  structure  of  sufficient 
strength  and  stiffness.  He  will  also  have  requirements  with  respect  to  the  computational  effort 

involved.  Finally  there  is  an  aspect  that  can  be  of  rather  decisive  practical  importance  in  some  cases 

but  which  is  of  a  very  fundamental  mathematical  nature;  that  is  the  question  of  uniqueness  of  the  problem 
that  is  being  posed,  or  the  question  of  whether  the  problem  is  not  an  ill-posed  one  in  the  mathematical 
sense. 

He  now  look  at  the  various  types  of  methods  that  we  have.  It  is  clear  that  with  direct  methods  only,  we 
have  no  direct  control  at  all  over  the  aerodynamics,  but  of  course  we  have  full  control  over  the 
geometries.  Ke  can  come  up  with  a  shape  and  compute  the  aerodynamic  characteristics  as  good  as  the 
physics  and  numerics  of  the  code  will  allow. 

Kith  pure  inverse  methods  we  have  almost  the  opposite  situation.  Ihcre  we  have  fairly  good  control  over 
the  aerodynamics.  For  instance,  we  have  direct  control  over  pressure  distribution  and  through  that  on  lift 
and  pitching  moment,  but  no  direct  control  over  drag.  Ke  only  have  an  indirect  control  over  drag  because 
it  will  bo  connected  in  some  way  to  the  pressure  distribution.  However,  there  is  no  guarantee  that  a 
transonic  flow  will  be  shochless.  Even  If  you  specify  a  pressure  distribution  that  does  not  have  any 
shock  waves  on  the  surface  you  may  still  have  the  shock  waves  hanging  in  the  flow  field,  as  we  have  seen 

these  last  two  days.  That  is  one  example  of  why  you  don't  have  full  control  over  drag. 

Kith  inverse  methods,  the  uniqueness  or  ill-posedness  of  the  problem  pops  up  already  in  some  sense.  Not 

so  much  it  2-d,  where  if  you  satisfy  the  closure  condition  and  the  regularity  condition  near  the 

stagnation  point  at  the  leading  edge  therefs  not  too  much  of  a  problem.  But  in  3-d  many  people  have  had 
the  experience  that  a  3-d  Inverse  problem  may  not  be  well  posed.  That  is,  there  nay  be  several  solutions 
with  greatly  differing  geometry  producing  almost  the  sane  pressure  distribution  and  that  is  always  a  bad 
situation  for  any  numerical  scheme. 

Direct  numerical  optimization  has  almost  all  these  possibilities  combined,  at  least  in  principle,  1 
think.  But  there  the  result  depends  in  particular  on  things  like  the  choice  of  the  objective  function, 
the  choice  of  the  constraints  and  the  number  of  variables.  These  determine  the  amount  to  which  one  does 
rciily  hove  direct  contiol  over  the  aerodynamics  and  to  a  certain  extent  perhaps  also  over  the  geometry. 
i1* . . . '  related  to  that  XU  u.y  point  ol  view  la  tiie  question  oi  uuiqunesa  or  fll-pobedueas  of  the 

problem.  That  in  my  experience  also  depends  strongly  on  wliat  you  define  as  your  objective  function  and 
what  you  define  as  the  constraints.  The  more  open  you  leave  your  definition  of  the  objective  function, 
the  larger  1  guess  will  be  the  risk  that  you  do  not  rciily  have  a  unique  solution. 
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In  Che  constrained  inverse  numerical  optimization  type  of  approach  one  first  derives  a  target  pressure 
distribution  by  driving  parameters  that  describe  the  pressure  distribution;  for  instance,  like  Mr.  Van 
l'gmond  did,  through  oininlzlng  the  drag  subject  to  constraints  on  lift  and  pitching  moment  and  an  average 

pressure  or  suction  level  that  can  be  related  to  thickness.  Then  you  can  put  that  target  pressure 

distribution  into  an  inverse. method  and  cone  up  with  a  Bhape  that  will  produce  that  target  pressure 
distribution.  In  my  opinion  it  is  absolutely  necessary  to  have  geometric  cons .raints  in  the  Inverse 
problco  for  two  reasons:  to  have  the  control  over  the  geometry  since  otherwise  you  might  still  end  up  with 
a  geometry  that  no  structural  engineer  is  going  to  accept,  but  also  to  help  you  in  removing  any  problems 
associated  with  uniqueness  or  lll-poscdnees  of  the  problem.  I  don't  pretend  that  we  fully  understand  how 
and  when  this  constrained  inverse  3-d  procedure  really  does  have  a  unique  solution,  but  cur  experience  is 
that  with  geometrical  constraints  you  do  not  have  too  many  problems  of  that  sort. 

If  we  go  to  optimal  control,  I  think  that  shares  tost  of  the  advantages  and  disadvantages  of  the 

constrained  inverse  numerical  optimization  technique,  but  I  think  it  is  being  done  on  a  much  more  elegant, 

a  mathematically  much  more  well-founded  basis.  I  would  very  much  like  to  see  more  developments  along  this 
line. 

If  you  look  at  the  relative  computational  efforts  of  these  various  schemes  and  1  call  the  computational 
effort  of  one  direct  flow  solution  as  unity,  then  one  might  say  that  generally  in  a  transonic  Inverse  case 
something  of  the  order  of  10  iterations,  a  computational  effort  of  about  10  times  that  of  an  analysis 
method,  is  required.  For  direct  numerical  optimization,  it  depends  pretty  much,  of  course,  on  the  number 
of  free  parameters  that  one  has.  For  a  number  of  free  parameters  of  about  10,  is  my  impression,  we 
already  have  a  computational  effort  of  about  100  relative  to  this  measure  here.  Constraining  the  inverse 
numerical  optimization  requires  only  slightly  more  computational  effort  than  the  pure  inverse.  The  same 
in  my  appreciation  is  the  case  for  the  optimal  control.  Adding  that  up  all  together  I  think  tliat 
constrained  Inverse  numerical  optimization  and  optimal  control  approaches  are  worthwhile  investigating 
further  and  perhaps  that  should  help  us  in  setting  out  our  future  directions. 

One  final  remark  on  drag  that  has  been  mentioned  before.  It  is  not  just  numerical  accuracy  in  the  sense 
of  how  accurate  you  can  integrate,  for  instance,  pressure  or  skin  friction  which  is  crucial  for  drag 
minimization.  It  is  also  important  to  try  to  find  other  means  of  getting  values  of  drag;  particular  it  is 
interesting  to  be  able  to  separate  drag  into  its  basic  viscous,  wave  drag  and  induced  drag  components.  I 
have  seen  one  example  where  that  has  been  used  successfully  and  that  wa3  the  example  by  Monsieur  Destarac, 
which  I  think  was  a  very  good  example  of  the  necessity  that  one  has  to  be  smarter  than  Just  Integrating 
pressures  and  skin  frictions  in  order  to  get  better  accuracy  for  drag. 

I  would  like  to  lca»e  it  at  that  and  hopefully  sons  of  you  may  want  to  comment  on  this  further. 

Mr.  W.  Schmidt 


I  think  what  you  said  with  the  slide  you  showed  us  is  fully  correct  if  you  talk  about  inviscid  flow,  and 
essentially  what  you  are  showing  is  inviscid  flow.  However,  if  you  look  into  viscous,  real  life  flow, 
than  I  think  that  I  don't  see  any  reason  or  any  way  to  specify  pressure  distribution.  You  actually  should 
specify  skin  friction  or  shape  parameter  or  things  like  this  and  then  based  on  an  inverse  boundary  layer 
method  get  pressures,  then  based  on  that  pressure  get  shapes.  If  you  do  that  as  an  inverse  design  method, 
you  do  the  viscous  case.  If  you  do  this  inverse  design  method  then  the  figures  you  arc  quoting  on 
efficiency  won't  work,  and  the  consistency  is  a  big  question  also  and  the  largest  question  to  me  is 
imagination  because  I  have  no  idea  of  how  skin  friction  or  shape  parameter  should  look  like  in  a 
three-dimensional  shape  as  a  prescribing  parameter. 

Prof.  J.  Slooff 


First  of  all  let  me  3ay  that  the  constrained  inversed  numerical  optimization  approach  has  been  done  with 
viscous  effects.  It  is  my  appreciation  that  a  similar  thing  can  be  done  in  the  optimal  control  approach 
that  Jameson  suggested.  As  to  shape  factors  and  skin  friction,  the  inverse  numerical  optimization 
procedure  does  have  the  possibility  in  principle  to  handle  these  because  in  a  target  pressure  distribution 
optimization  approach,  you  are  using  boundary  layer  codes  there  is  no  reason  why  you  couldn't  specify  skin 
friction  as  part  of  the  objective  function  If  you  would  like  to  do  so. 

I  guess  we  are  all  getting  tired  and  the  scenery  and  sunshine  are  too  inviting  outside.  Let  me  finish 
with  thanking  you  all  for  your  participation  to  this  meeting  which  I  personally  feel  was  quite  successful; 
I  thank  all  the  authors  for  their  work  and  their  contributions;  the  audience  for  participating  in  the 
discussions;  and  the  Technical  Evaluator  in  particular  for  his  Interesting  and  stimulating  remarks.  I 
would  like  to  finish  by  asking  Derek  Feckham  to  do  the  official  closing  procedure. 

Mr.  D.  Peckham 


He  will  be  doing  a  full  official  closing  procedure  on  Thursday  after  the  end  of  our  second  meeting  but  it 
seemed  to  be  wrong  not  to  have  some  closing  remarks  today  now  that  we  have  come  to  the  end  of  our  first 
specialist  meeting.  I  would  like  to  thank  the  chairman  of  the  Program  Committee  for  this  first  meeting, 
Professor  Slooff,  and  his  Program  Committee  for  organizing  this  meeting  and  the  members  of  his  Program 
Committee  who  acted  as  session  chairmen.  Joop  lias  already  thanked  the  authors  for  their  excellent 
presentations  and  for  keeping  to  their  allotted  times  which  I  think  is  very  important  in  these  procedures 
and  I  would  like  to  aea-my  thanxs  to  his.  Some  of  you  will  be  leaving  Ivuight  ot  tomorrow  after  this 
first  meeting  so  on  your  behalf  may  I  thank  the  Norwegian  authorities  for  their  excellent  organization  and 
to  Mrs.  Inge  Hoff,  Mayor  of  Stryn  commune  for  her  welcoming  remarks  on  Monday.  Also,  may  I  wish  those  of 
you  who  are  leaving,  a  safe  journey  home. 
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